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ABSTRACT

A nonhydrostatic numerical model is used to simulate two-dimensional frontogenesis forced by either horizontal
deformation or shear. Both inviscid frontogenesis prior to frontal collapse and frontogenesis with horizontal
diffusion following collapse are considered. The numerical solutions generally agree well with semigeostrophic
(SG) theory, though differences can be substantial for intense fronts. Certain deviations from SG that have
been previously discussed in the literature are, upon closer examination, associated with spurious gravity waves
produced by inadequate resolution or by the initialization of the numerical model. Even when spurious waves
are eliminated, however, significant deviations from SG still exist: gravity waves are emitted by the frontogenesis
when the cross-front scale becomes sufficiently small, and higher-order corrections to SG may also be present.
In the postcollapse solutions (where they are most prominent), the emitted waves are stationary with respect
to the front and lead to a band of increased low-level ascent just ahead of the surface front. It is suggested here
that, when small, the deviations from SG arise as the linear forced response to the cross-front accelerations

neglected by SG.

1. Introduction

Building on the early diagnostic studies of Sawyer
(1956 ) and Eliassen ( 1962), the semigeostrophic (SG)
theory of Hoskins and Bretherton (1972) has explained
the basic dynamics of frontogenesis (for a somewhat
different perspective, see also Williams 1972). Semi-
geostrophic theory predicts the formation of a frontal
singularity in a finite time, a prediction that has been
supported numerically, within the limits of their dis-
cretization, by primitive equation (PE) models (Gall
etal. 1987; Garner 1989). As the frontal scale becomes
increasingly small, however, the cross-front geostrophic
balance assumed by SG becomes increasingly poor
{(Hoskins and Bretherton 1972; Davies and Miiller
1988), and there is the likelihood that dynamical effects
ignored by SG will then be important. In this paper,
we use a nonhydrostatic numerical model to examine
idealized, two-dimensional fronts prior to and following
the time of frontal collapse predicted by SG. Our prin-
cipal concern is the behavior of fronts in regimes where
SG solutions are potentially incomplete or invalid; in
such regimes, an important associated issue is the extent
to which frontal dynamics remain balanced or, con-
versely, the extent to which frontogenesis emits gravity
waves. With horizontal grid spacing of O(10 km), we
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find only small differences between PE and SG dy-
namics for inviscid, precollapse solutions, as long as
spurious gravity wave sources are excluded from the
simulations. At times beyond SG frontal collapse,
however, emitted gravity waves of significant amplitude
appear in the cross-front circulation from solutions with
horizontal diffusion.

Although there have been previous PE simulations
of two-dimensional fronts, their results concerning the
latter stages of frontal development differ in important
aspects. Gall et al. (1988, hereafter GWC) used a non-
hydrostatic model to simulate inviscid, deformation-
induced frontogenesis. In these high-resolution solu-
tions (with horizontal and vertical grid spacings of less
than 5 km and 320 m, respectively), a train of gravity
waves, stationary with respect to the front, eventually
appears above the frontal surface. These results, how-
ever, are at odds with Garner’s (1989, hereafter G89)
simulations of frontal collapse using a Lagrangian nu-
merical model. Garner’s solutions exhibit no noticeable
counterpart of the GWC waves, but do possess a dis-
tinctive split in the frontal updraft near the “nose” of
the front, as well as disturbances that propagate away
from the front (counterparts of which were also noted
by GWC). None of the above features are found in
SG solutions, whose vertical velocity is smooth and
has a single maximum right up to the time of collapse.
Since the simulations of both GWC and G89 include
no explicit dissipation, there is a tendency for the so-
lutions to become poorly resolved as the frontogenesis
proceeds, and numerical errors in one or both models
might thus reasonably explain these discrepancies. In-
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deed, inadequate resolution of sloping baroclinic zones
in gridpoint models is known to produce spurious
gravity waves (Pecnick and Keyser 1989; Persson and
Warner 1991).

In contrast to GWC and G89, other numerical stud-
ies, which looked at times farther from SG frontal col-
lapse or used substantial horizontal diffusion, have
agreed well with SG predictions. Koclas et al. (1986),
whose integrations stopped 5 hours before the time of
collapse predicted by SG, found that their finite-ele-
ment PE simulations of the deformation-induced front
were very similar to analytic SG solutions. Reeder and
Keyser (1988) reached similar conclusions for front-
ogenesis forced by a combination of confluence and
horizontal shear, although they noted that significant
local differences between their PE and SG solutions
could appear near intense upper-level fronts.

A further question is whether the SG prediction of
a frontal singularity holds for the PE. Orlanski and
Ross (1984) proposed that the terms neglected by SG
could restrict frontal collapse by shifting the horizontal
convergence relative to the vertical vorticity, but other
simulations have found this mechanism to be ineffec-
tive (Gall et al. 1987; Reeder and Keyser 1988; G89).
In particular, both Gall et al. (1987) and G89 employ
specialized numerical techniques to achieve high hor-
izontal resolution near the front, and both find that
the frontal scale becomes as small as the numerical
discretization will allow. Garner also shows that SG
accurately predicts the time and location of frontal col-
lapse. Although this problem will not concern us here,
neither of these studies proves that an inviscid “brake”
for frontogenesis may not exist once the front collapses
to sufficiently small scales, since even the Lagrangian
simulations of G89 contain potentially large truncation
errors near the front (see section 3b of G89). Nev-
ertheless, such results do imply that, as a practical mat-
ter, numerically stmulated inviscid fronts will collapse
to the grid scale in models with horizontal resolutions
of O(1 km).

Few theoretical treatments of frontal dynamics near
collapse exist and, relatedly, there has been little agree-
ment on the interpretation of PE frontal simulations.
Ley and Peltier (1978) examined the emission of grav-
ity waves from fronts by calculating the linear, low-
frequency gravity wave response to a forcing modeled
on the cross-front acceleration neglected by SG. Al-
though neglecting all nonuniformity of the flow near
the front and specifying a priori the structure of the
crossfront acceleration, their calculations did suggest
that the terms neglected by SG will always force gravity
waves. Gall et al. (1988) hypothesized that the forcing
of waves by the frontogenesis could excite standing
waves in the cold air beneath the surface front and that
these resonant waves would in turn corrugate the fron-
tal surface and provide the horizontal scale for the sta-
tionary waves above the front. The importance of
gravity wave emission was questioned by G89, who
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conjectured instead that “nonwavy imbalances” were
primarily responsible for the differences between his
frontogenesis simulations and SG solutions. These
nonwavy imbalances would be the next-order correc-
tions to SG in an expansion of the PE for small cross-
front flow, and as such are distinct from freely prop-
agating gravity waves. Other work has focused on ex-
tending SG solutions beyond frontal collapse, either
by incorporating singularities into SG solutions (e.g.,
Cullen and Purser 1984; Koshyk and Cho 1992) or by
ad hoc parameterization of diffusion and wave disper-
sion within an internal boundary layer associated with
the front (Blumen 1992). In either case, such studies
do not directly address the effect of the neglect of the
cross-front acceleration by SG.

Thus, in what follows we ask if frontal dynamics
can, for very intense fronts, differ substantially from
the SG paradigm, and if so, whether emitted gravity
waves account for a significant portion of the differ-
ences. We examine these questions in the context of
two model problems, the deformation- and shear-in-
duced fronts. The physical description of the model
problems is given in section 2, along with an outline
of the numerical methods used in the integrations. In
order to isolate the effects of the cross-front accelera-
tions neglected by SG, the fronts considered here are
two-dimensional and nearly adiabatic and inviscid ex-
cept very near and following frontal collapse, when
explicit horizontal diffusion is included in the numer-
ical model to limit the scale contraction of the solutions.
Other effects that will likely produce differences from
SG dynamics, such as boundary-layer processes and
alongfront variability or instabilities, are ignored. Dis-
cussion of the results is divided into three parts: invis-
cid, precollapse solutions at moderate resolution in
section 3, postcollapse solutions with explicit horizontal
diffusion in section 4, and solutions with high spatial
resolution in section 6. Along the way, we identify
gravity waves associated with two distinct physical
sources, those generated ‘“‘externally” by temporal
variations in the frontogenetical forcing and those gen-
erated internally by the intensity of the frontal circu-
lation, as well as more familiar but spurious waves as-
sociated with model initialization and insufficient res-
olution. When spurious gravity waves are eliminated,
SG provides a good approximation of the model fronts.
Section 5 provides some brief analysis both of the
higher-order corrections to SG and of the gravity wave
emission. We show that emitted gravity waves should -
be noticeable away from the front before the SG so-
lution becomes invalid and that, at least in some of
the cases examined here, the higher-order corrections
to the SG cross-front circulation are substantially
smaller than the emitted gravity waves. Our results are
summarized in section 7.

An understanding of the behavior of inviscid fronts
near collapse or diffusion-limited fronts following col-
lapse is of more than academic interest. Although no



3196

case of gravity wave emission from a front has been
documented observationally, gravity waves (or other
wavelike disturbances) have appeared in high-resolu-
tion simulations of baroclinic waves and have been
hypothesized to contribute to the mesoscale banding
of cloud and precipitation in midlatitude cyclones
(Polavarapu and Peltier 1990; Tremblay 1992). Fur-
thermore, both model simulations and operational
mesoscale forecasts now routinely achieve horizontal
resolutions of less than 15 km, but there is little in the
way of either observations or theory upon which to
judge such numerical solutions. In the above cases, it
is also likely that the simulation or forecast of fronto-
genesis is at least partially controlled by explicit hori-
zontal diffusion.

2. Model problems and numerical methods
a. The physical problems

We consider two frontal problems, the deformation-
induced front and the shear-induced front within an
Eady wave, formulated as in Hoskins and Bretherton
(1972) and Williams ( 1967), respectively. Both these
fronts are two-dimensional in the sense that the frontal
flow is strictly independent of the alongfront coordi-
nate.

Adopting x and y as the Cartesian coordinates across
and along the front, the flow in both cases consists of
a known background flow (#, v, ) plus y-independent
perturbations, which will be denoted by lowercase
variables without an overbar. For the deformation
front,

i=—ax, 6 = (6,/g)N*z, (la)

where a = o(¢) is the deformation rate, N2 is a constant
ambient static stability, and 6, = 300 K. Frontogenesis
is forced by this deformation flow acting on an initial
potential temperature field 6(x, z) and an associated
alongfront wind v(Xx, z). The background flow for the
shear front is the Eady (1949) basic state for baroclinic
instability:

U= ay,

i=Az, D=0, 9=%(*fAy+NZZ), (1b)

where A is the constant vertical shear. A developing
Eady wave then provides the horizontal shear [in v(x,
* z)] and differential temperature advection that force
the frontogenesis.
The frontal flow is governed by the Boussinesq
equations,

2,X'F\"V;"f’kavz—V(15+‘g_0k+vax’ (2a)
dt 6o
%H.va:ueﬂ, (2b)
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d¢
dt

where ¢ = ¢,00(p/po)* "7, v is the artificial horizontal
diffusion coeflicient for all frontal variables, ¢, is the
sound speed, d/dt = 8, + (it + u)d, + wa,, and other
notation is conventional. Although the motions studied
here are nearly anelastic and hydrostatic, the com-
pressible continuity equation (2¢) and the nonhydro-
static accelerations in (2a) are retained for computa-
tional reasons.’

For either front, the flow is confined between rigid
horizontal boundaries at z = 0, H and will have uni-
form PV initially, where the PV is given by

a=0'[/kK+VXEF+WVI-V@+0), (3)

with pp = 1 kg m~>. Lateral boundary conditions are
decay of the frontal variables as | x| = oo for the de-
formation front, and periodicity for the shear front.

Specific instances of both the deformation- and
shear-induced fronts will be examined in detail. The
initial v and @ fields for the deformation front are ob-
tained, as discussed in section 2b, by inverting the uni-
form interior PV for ¢ subject to the geostrophic co-
ordinate boundary conditions

9 =(A8/7)tan"'X/L, z=0,H, (4)

where X = x + f~'v,. We use the following values for
various parameters: A = 13.8 K, L = 360 km, H =9
km, « = 02f =2 X 107°s7!, and N?> = 3.76
X 107° s7!, which gives an initial PV of 0.115 PVU.
With these choices, our solutions may be directly com-
pared with the “moderate PV” case of G89; the initial
v and 6 + 8 fields are shown in his Fig. 4a.

For the shear front, the basic state has vertical shear
A = 3 X 1073s7! and stratification N?> = 0.981
X 107% 572, The resulting values of the y-temperature
gradient and interior PV are —0.92 K/100 km and
0.272 PVU, respectively. The domain has horizontal
periodicity of 4000 km and depth H = 10 km.

= —¢2V-v, (2¢)

b. The numerical model

We integrate the nonhydrostatic equations (2) as
described in Skamarock and Klemp (1992) using a
quasi-compressible time-split scheme based on that of
Klemp and Wilhelmson (1978). Briefly, the equations
are differenced on a spatially staggered grid with the
velocity components #; located one half Ax; from the
(¢, 0) points; spatial derivatives are calculated with
second-order centered differencing. To maintain com-
putational efficiency, the pressure gradient terms, the
divergence term, the buoyancy term in (2a), and the

! When o(¢) is not a constant, the background flow given by (1a)
is not an exact solution of the compressible equations. However, the
compressible corrections to ( 1a) are small for typical values of « and

dajdt.
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vertical advection of the horizontally averaged potential
temperature in (2b) are integrated with small time steps
stable for the acoustic modes using a scheme that is
semi-implicit in the vertical. All other terms are inte-
grated over a large time step that is limited only by the
advection velocity. Other than the horizontal diffusion,
the only explicit dissipations in the numerical model
are a filter on the leapfrog time step following Robert
(1966) and “divergence damping” terms in the x- and
z-momentum equations following Skamarock and
Klemp (1992).

The periodic lateral boundary conditions for the
Eady wave are trivial to implement numerically, but
the decay conditions required for the deformation front
are problematic given a limited computational domain.
Most PE simulations of the deformation front have
simply fixed the frontal variables at their initial values
on the lateral boundaries ( Williams 1972; Keyser and
Pecnick 1985; Koclas et al. 1986). We find that these
boundary conditions generate gravity waves with am-
plitudes large enough to complicate the identification
of gravity waves from other sources. Our current choice
of boundary conditions follows Klemp and Wilhelm-
son (1978) for u, v, w, and ¢: x derivatives of v and
w are set to zero at inflow boundaries and calculated
by one-sided differences at outflow boundaries, a ra-
diation condition (using the phase speed of the gravest
internal mode) is applied for #, and no conditions are
imposed on ¢. The time tendency of # at the lateral
boundaries, in contrast, is set equal to its value one
grid point inward. As long as the initial baroclinity is
concentrated away from the lateral boundaries, the
choice of boundary condition for § makes little differ-
ence in the evolution of v and 6 in the interior. These
boundary conditions do, however, significantly
reduce the generation of gravity waves over the initial
12-36 h.

The initial conditions for the deformation front
simulations consist of an alongfront jet and potential
temperature distribution in thermal wind balance, to-
gether with a frontal circulation (#, w) diagnosed from
the Sawyer—Eliassen equation (Sawyer 1956; Eliassen
1962). In essence, the model is initialized with the SG
solution at a given time.

Specifically, @ is first calculated in geostrophic co-
ordinates, given its distribution on the boundaries, by
inverting the PV equation. After transforming 6 to the
physical grid, ¢ and v are calculated from the hydro-
static and geostrophic relations, respectively. The
ageostrophic streamfunction y is then calculated from
the Sawyer-Eliassen equation

(gaz/ao + ¢zz)¢/xx - 2¢xz¢xz + (f2 + d)xx)\bzz

_2a¢XZ7
—2A ¢y,

for the deformation front

for the shear front.

This is derived from (2) by assuming thermal wind
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balance for v and 6 and forming fj-9.(2a) — (g/
6,)9,(2b). Defining Y on a grid staggered by one-half
grid interval in each coordinate direction from the ¢
points, we use successive overrelaxation to solve (5)
subject to

0
¢v=0o0n z=0,H and 5%:1“"0 on x = FXxg,

where x = =xjp are the lateral boundaries and g’
=0,/n2/(gh,H*). Use of the approximate decay
condition above also helps to reduce the initial pulse
of gravity waves from the lateral boundaries.

The shear front simulations are initialized with a
small-amplitude (0.1 m s™! in v) balanced disturbance,
from which the most unstable Eady wave rapidly
emerges. Once the wave reaches large amplitude, its
development and the associated frontogenesis are in-
dependent of the initialization.

Since the flow variations may rapidly collapse to the
grid scale in the vicinity of the front, the numerical
solutions are checked to ensure that truncation errors
remain negligible. This is achieved either by verifying,
when computationally feasible, that the solutions are
grid independent, or by simply monitoring the PV for
spurious anomalies. (A given feature of a solution is
“grid independent” if it is unchanged by a doubling of
both the horizontal and vertical resolution.) Experience
indicates that PV conservation is the more stringent
test, in that noticeable PV anomalies appear before
any features of interest become dependent on the grid
spacing. In what follows, we will discuss only those
aspects of the numerical solutions that have at least
passed the grid-independence test.

Before differences between PE and SG fronts can be
understood, it is necessary to define reference SG fields
with which to compare the PE solutions. In order to
focus on how the PE and SG dynamics differ near
frontal collapse (rather than on how small errors ac-
cumulate in a prognostic SG simulation), we choose
to diagnose SG fields from the instantaneous PV dis-
tribution in the PE solutions. Orlanski and Ross (1977)
briefly consider a similar but less systematic approach.

Denoting the diagnosed SG variables with the sub-
script sg, the algorithm begins with the calculation of
¢s from the PV distribution via

3% \(g b 9% ¢ \?
2 S8 KTt &Y _ g
(f + )( + (922) (axaz)

ax? J\ b, 0z
_Jfe(, 9480
=0 pod = - ) (6a)

with the boundary conditions
0dse _ &
0z 00

Note that g is the total PV, given by (3). This yields
the mass field that, subject to the cross-front geostrophic

6, z=0,H. (6b)
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balance assumed by SG, is consistent with g. [ When
cross-front geostrophic balance is assumed, the analog
of PV conserved by the SG equations is as in (6a), i.e.,
it does not involve the alongfront component of vor-
ticity (Hoskins and Bretherton 1972).] Again, (6) is
solved using successive overrelaxation with ¢, defined
on the same grid as Y and the boundary conditions
(6b) evaluated using 6 at the lowest and uppermost
grid levels from the PE solution. Given ¢, the SG
ageostrophic circulation is obtained from (5), after re-
placing ¢ with ¢,,. In general, some adjustment of the
volume average of g is necessary so that (6 ) is solvable,
but the adjustments are small and the diagnosed sec-
ondary circulation ( #,, w,,) is not sensitive to this pro-
cess.

3. Inviscid fronts near collapse
a. Deformation fronts with constant o

First consider the deformation-induced front, as in
G89. The simulations discussed in this section have
moderate resolution, using horizontal and vertical grid
spacings of 25 km and 225 m, and use a computational
domain with xg = 2700 km. The relative grid spacing
is motivated by the SG solution, for which the ratio of
vertical to horizontal scales is roughly f/N ~ 0.01.

Figure 1a shows the vertical velocity and potential
temperature after 16 h, 40 minutes prior to the collapse
predicted by SG. As the front has intensified, the max-
imum ascent has increased from 1.2 cms™'atf =0
to 3.2 cm s™', and its location has dropped toward the
surface front. At this time, v (not shown; see Fig. 4b
in G89) varies from —32 m s™! at the surface to 32
m s~! at the lid.

The vertical velocity is smooth near the center of
the domain but, away from the center, a variety of
ripples are visible in the isolines. This solution agrees
well with that of G89, as can be seen by comparing
Fig. 1 to his Fig. 5b, which depicts w at 16.7 h. In fact,
if our simulation is continued to 16.7 h, the frontal
updraft splits into two distinct maxima as in G89, al-
though even at 16 h our gridpoint solution does not
resolve the most intense portion of the fronts and pos-
sesses significant positive PV anomalies where the
fronts intersect the horizontal boundaries.

The diagnosed SG vertical velocity, shown in Fig.
1b, resembles the model w in both magnitude and gen-
eral structure but lacks any “bumps.” The difference
field, w — w, (Fig. 1c), reveals that the bumpiness in
w has a distinct spatial structure. The dominant features
are a sequence of updrafts and downdrafts having the
vertical structure of the gravest mode (vertical wave-
length 2H) and extending from the frontal nose at x
~ 400 km laterally away from the front past x = 800
km. Closer inspection, however, also hints at features
almost directly above the frontal nose that have the
form of the second mode in z, with vertical wave-
length H.
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(a) w, ©+3 at 16 h (=1.15)

Z(km) ©

[=]

w0

Z(km)

o

[{e]

Z(km)

o

800

F1G. 1. Deformation front at 16 h (8 = 1.15), using parameters
of G89: (a) w (contour interval 0.5 cm s™') and 8 (heavy gray lines,
contour interval 2 K), (b) w,, (contour interval 0.5 cm s7'), and (c)
w — wy, (contour interval 0.2 cm s7!). Only the central 1800 km of
the computational domain is shown, and tick marks denote grid
points. :

If the disturbances in Fig. 1c are gravity waves, they
must be approximately hydrostatic because of their
horizontal scale and, in a uniform medium, will be
horizontally nondispersive and have phase speed ¢
= N/m, where m is the vertical wavenumber. If such
waves are embedded in a deformation flow given by
(1a), they will, to a first approximation, propagate to-
ward their “stationary line” at x = N/(am) with speed
— ax + N/m (Jones 1969). Both the horizontal wave-
length following a wave packet and the distance be-
tween a packet and its stationary location decrease as
exp(— at). Neglecting effects of the frontal flow on the
wave propagation, the gravest and first internal modes
in these simulations have phase speeds +17.6 m s™!
and +£8.8 m s}, respectively, and for « = 0.2 f have
stationary lines at x = +880 km and x = +440 km, in
good agreement with the locations of the disturbances
in Fig. 1c of vertical wavelength 2H and H.

The nature of these disturbances can be more con-
clusively determined by examining their dependence
on « and comparing with the behavior expected of
gravity waves. Figure 2 shows w, w,,, and w — w,, for
a simulation with @ = 0.1 f, x3 = 5400 km, and begin-
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(a) w, 9+3 at 32 h (B=1.15)

w

Z(km)

o

Z(km)

o

o

800

FiG. 2. Deformation front with @ = 0.1 fat 32 h (8 = 1.15): (a)
w (contour interval 0.25 cm s™') and @ (heavy gray lines, contour
interval 2 K), (b) wy,(contour interval 0.25 cm s ™'}, and () w — wy,
(contour interval 0.025 cm s'). All parameters are as in Fig. 1 except
a=0.1f.

ning from initial conditions given by (4). (For com-
parison with the a = 0.2 f case, this simulation is con-
tinued to 32 h, since the SG solutions have the property
that v and 6, and the spatial structure of # and w, de-
pend only on the integrated deformation 8 = f (; adt’.)
With « and the background deformation flow reduced
by half, any gravity waves present should propagate
roughly twice as far from the front. This behavior can
be seen in Fig. 2, where the disturbances have moved
significantly farther away from the front, the gravest
modes having propagated almost out of the figure and
the modes of vertical wavelength 2H spreading over a
region 300 km wide. We conclude that internal waves
are by far the largest contributors to w — wg,.2

Based largely on the agreement between the observed
location and that predicted by linear wave theory, G89

2 Other prominent features in Fig. 2c include an updrafi~downdraft
couplet that slopes along the frontal surface and structures near the
frontal nose with scales comparable to the grid scale. Because the
nose of the front is poorly resolved at this time, these features depend
on the grid spacing, reflecting truncation errors in both the model
solution and the diagnosis of wy,. However, the waves propagating
away from the front do not depend on the model resolution.
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also attributes the isolated maximum in w near x = 800
km to the gravest internal wave ( possibly generated by
the model initialization), and notes that waves of
wavelength H may be responsible for some of the rip-
ples in w above the nose of the surface front. However,
he suggests that the splitting of the frontal updraft is
not associated with freely propagating gravity waves
but instead is due to a higher-order correction to the
SG solution. The balanced corrections to SG are dis-
cussed in section 5, but it is apparent in this case that
propagating gravity waves account for most of the dif-
ferences from the SG solution.

The propagation characteristics of these waves are
further illustrated in Fig. 3, which displays the wave
amplitude

H
ax, 1) = (2H)"' fo (W — wyg) sin(nnz/H)dz, (7)

forn=1,2and a = 0.2f, 0.1f. There are clear signals
of wave propagation away from the front and toward
the predicted stationary lines (indicated by gray vertical
lines), except in the case of the second mode for «
= (.2 fwhere the waves are trapped within the frontal
region and are nearly stationary at x = 400 km. In
qualitative agreement with ray-tracing arguments, the
propagation slows and the horizontal wavelengths de-
crease near the stationary lines. Note also the weak
pulses propagating inward from the lateral boundaries.

b. Variable deformation, o = aft)

-All the waves shown in Fig. 3 exist with significant
amplitude even at early times, This is contrary to what
would be expected if the accelerating frontogenesis were
the generating mechanism and suggests that much of
the wave energy is a spurious result of the model ini-
tialization.

The influence of the numerical initialization may
be lessened by allowing the deformation rate to slowly
increase from zero as a function of time, since the initial
geostrophically balanced alongfront jet with u, w, and
« all zero is a known, wave-free solution to the equa-
tions. We choose the following time dependence for
o

a(t) = o[l — exp(—*/7%)], (8)
which provides a smooth transition from «a = da/dt
= 0 initially to the final value of «. Although beginning
the integrations with o = 0 eliminates any waves as-
sociated with the initial conditions, the time variation
of a may result in production of gravity waves; con-
sider, for example, the limit 7 — 0.

Difference fields w — wy, are shown in Fig. 4 for two
simulations with ay= 0.1f, the first using r = 1 d and
the second 7 = 0.5 d. The integrations continue until
the integrated deformation 8 = 0.2 X (16 h) = 1.15,
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a,;, o=0.2f
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FIG. 3. a,(x, ) and a,(x, ¢) [defined by (7)] for the deformation-front simulations with o = 0.2 f(top
panels: contour interval 0.2 cm s~ for a; and 0.05 cm s~ for 4,) and a = 0.1 f(bottom panels: contour
interval 0.025 cm s for q; and 0.0125 cm s~ for @, ). Vertical gray lines indicate the approximate locations

at which the modes are stationary.

so that the solutions are directly comparable with the
constant « case shown in Fig. 2. Gravity waves are
present in both simulations and their amplitude de-
pends strongly on 7, with wave amplitudes increasing
by nearly a factor of six as 7 decreases from 1 d (Fig.
4a) to 0.5 d (Fig. 4b). Hence, these waves are likely
produced by the time variation of @ and would pre-
sumably vanish for sufficiently large 7. In addition,

w

a) w - wg at §=1.15 for T=1d
'

Z(km)

o

Z(km)

(=]

- 400 0 800
X(km)

FIG. 4. w — wy, (contour interval 0.025 cm s™') for the deformation
front with variable o a(?) is given by (8) with ay= 0.1 fand 7 = 1
d(a)or = 0.5d(b).

wave amplitudes for 7 = 1 d are roughly one-third of
those in the constant deformation case, again indicating
that the waves shown in Figs. 1 and 2 arise largely from
the model initialization.

Regardless of their source, the gravity waves repre-
sent a small correction to the SG solution when 7 = 1
d. The maximum in w, for example, is more than 1.5
cm s~!, while the maximum in w — w,, away from the
frontal surface (where truncation errors in the diag-
nostic calculations overwhelm the physical signal) is
0.034 cm s™'. Thus, in this case, there is little difference
between the PE and SG dynamics up to an hour before
frontal collapse (as will be confirmed by higher-reso-
lution simulations in section 6 ), and in particular, none
of the deviations from the SG solution noted by G89
or GWC are present.

¢. Shear-induced fronts

Since initializing the Eady wave with sufficiently
small perturbations eliminates gravity wave sources in
the model initialization, simulations of shear-induced
fronts can be used to check some of the above conclu-
sions. The basic integration begins with initial condi-
tions and parameter choices as in section 2. The ver-
tical and horizontal grid intervals are 0.3125 km and
31.25 km, respectively, and again have a ratio of
roughly f/N.

Eight days after initialization, a strong front has
formed within the Eady wave, as illustrated by the 8
field in Fig. 5a. The vertical velocity (also Fig. 5a) has



15 SEPTEMBER 1993

(a) w, 9+8 at day 8

4000
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FiG. 5. Eady wave at day 8, using parameters of section 2: (a) w
(contour interval 1 cm s™') and 6 (heavy gray lines, contour interval
10K), (b) w — wy, (contour interval 0.1 cm s™!). The full, horizontally
periodic domain is shown and tick marks denote grid points.

magnitude and structure similar to that in the defor-
mation front, and the alongfront wind (not shown)
varies +48 m s~', Other integrations with initial con-
ditions of different amplitudes produce essentially
identical solutions, though of course the time required
depends on the initial amplitude.

For an Eady wave with a 4000-km wavelength, SG
theory predicts frontal collapse when the alongfront
geostrophic wind, v, = f ~'¢,, reaches 64 m s In the
model, v, should reach this amplitude at roughly day
8.4, if we use the growth rate of the Eady wave in the
model to extrapolate forward from day 8. Consistent
with the SG prediction, the model solution is ade-
quately resolved at day 8, yet signs of truncation errors
soon indicate that the front has collapsed past the grid
scale: a weak local maximum in the PV appears at the
nose of the front within the next hour and continues
to grow rapidly to a maximum value of nearly 0.3 PVU
by day 8.2. Doubling both the horizontal and vertical
resolution delays the onset of PV generation by less
than two hours. Hence, as in the deformation front,
SG frontal collapse coincides broadly with the loss of
resolution in the model simulation.

The contours of w exhibit noticeable ripples, though
compared to the gravity waves in the simulations of
the deformation front, these disturbances are more lo-
calized near the surface and upper-level fronts (com-
pare Figs. 1 and 5) and propagate slowly, if at all, rel-
ative to the fronts. Consideration of w — wy, (Fig. 5b)
reveals that the disturbances are not present in the SG
solution. Again, as in the deformation front, the dis-
turbances amount to only small corrections to the SG
fields and have no obvious correspondence to the de-
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viations from SG noted by G89 and GWC. However,
unlike the deformation front, the disturbances do not
depend on the model initialization and must therefore
arise from the internal dynamics of the Eady wave and
front. (Because the front is near collapse at day 8, di-
agnostic quantities such as w — w,, depend weakly on
the resolution. Nevertheless, halving both grid intervals
increases the magnitude of w — wy, by 20%, but does
not affect the spatial structure.)

Superimposed on the smaller-scale wavelike distur-
bances in w — wy, is a component with similar ampli-
tude but having scales comparable to that of the Eady
wave, suggesting that both emitted waves and higher-
order corrections to SG are present. Consistent with
the interpretation that the two components have dif-
ferent origins, the larger-scale component exists even
before significant frontogenesis has occurred and grad-
ually increases with time, while the small-scale down-
draft near the surface front (and the corresponding up-
draft near the lid) does not appear until just prior to
collapse.

4. Fronts with dissipation following collapse

The diagnostic SG solution provides a good ap-
proximation to the model solutions in the foregoing
inviscid simulations. In particular, no counterpart to
the stationary gravity waves of GWC appears in the
simulations, and the deviations from SG noted by G89
turn out to be gravity waves associated with imperfect
initialization of the model, rather than being inherently
produced by the internal dynamics of the front.

However, there are indications from the shear-front
simulation that, as collapse approaches, small devia-
tions from SG are generated by the frontogenesis. These
deviations should increase as the cross-front scale con-
tracts and the cross-front acceleration increases, as dis-
cussed in section 1. Unfortunately, the contraction of
the frontal scale also means that truncation errors must,
at some point, begin to influence the numerical sim-
ulation. Increasing the resolution can extend the in-
viscid solutions closer to the time of SG collapse, yet
in practice the frontal scale decreases rapidly enough
that little extra time is gained.

In order to focus on the deviations that arise from
the internal dynamics of the front, we add explicit hor-
izontal diffusion to the simulations [i.e., » # 0in (2)].
Although dissipative processes may limit frontal col-
lapse in the atmosphere, choosing the dissipation to
have the form of horizontal diffusion has little physical
justification and is at best a simple model of the actual
physics. Nevertheless, adding diffusion allows the so-
lutions to be integrated beyond the inviscid frontal col-
lapse and enables us, at least in specific cases, to dem-
onstrate more conclusively the nature of differences
between the model and SG dynamics. Besides limiting
the cross-front scale, the presence of diffusion also has
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the advantage that the simulations are less sensitive to
the model initialization. We examine below both the
continued intensification of frontogenesis within the
Eady wave, which is accompanied by substantial in-
creases in wave emission, and the eventual steady state
of the dissipative deformation front.

a. Shear-induced fronts with dissipation

The simulations of the “viscous™ shear front are
identical to the inviscid simulations, except » = 10°
m? s~ ! is used in (2 ) and results will be shown for sim-
ulations with horizontal and vertical grid spacings of
15.6 km and 156 m, respectively. The simulations with
diffusion begin from the inviscid solution at day 8,
which is well resolved at that time.

By day 9 (i.e., after one day with » # 0), the max-
imum vertical velocity has increased to more than 16
cm s~!, as shown in Fig. 6a, and the alongfront velocity
(not shown) varies +90 m s~'. With the continued
growth of the baroclinic wave, the frontal updraft has
split into an intense upward jet at the nose of the front
and secondary maximum aloft over the frontal surface.
The Eady wave reaches its maximum amplitude as
measured by |v| somewhat after day 10, when the wave
“equilibrates” as described by Nakamura and Held
(1989).

Near the front, local dissipative effects are evident
in the limitation of the front to resolvable scales—at
day 9, the solution with horizontal diffusion is smooth
and grid independent, while the inviscid integration
(not shown) is dominated by numerical noise. In ad-
dition, with dissipation PV is no longer materially con-
served and, as shown in Fig. 6b, positive PV anomalies
with magnitudes of more than 20 PVU develop at the
fronts by day 9. Although our simulations use purely
horizontal diffusion, the anomalies are similar in
structure to those found by Nakamura and Held (1989)
using a full V2 diffusion.

The generation of positive PV within the frontal zone
may be qualitatively understood from the PV equation
for (1),

where the PV flux is F = —p(0,¢ + 6¢x). The flux
divergence is nonzero wherever there are gradients in
heating along vortex lines or gradients in potential
temperature along the curl of the momentum forcing.
Near the surface front, 8., is negative (Hoskins and
Bretherton 1972) and all gradients decay upward. As-
suming that {,, ~ —/*¢, where /is a cross-front length
scale, both terms in F then parallel the vorticity vector
and decrease upward. Since { points into the domain
near the surface front, there is a convergent flux of PV
into the domain, resulting in the generation of a positive
PV anomaly. Similar arguments hold for the front at
the lid.
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FIG. 6. Eady wave at day 9, with horizontal diffusion turned on
since day 8: (a) w (contour interval 3 cms™') and 8 (heavy gray
lines, contour interval 15 K), (b) wy, (contour interval 3 cm s~
and g (heavy gray lines, contours at 1, 4, 10 PVU), and (¢) w — Wy
(contours at 1, 3, 6 cm s™'). In (¢), the critical surface for the waves
(i + u = 0) is shown in gray. Tick marks appear every 2 grid points.

Figures 6b,c display w,, and w — wy,, respectively.
While the SG vertical velocity has the smooth, wedge-
shaped structure familiar from the inviscid fronts, the
difference field w — wy, is dominated by narrow [O(75
km)] plumes of ascent and descent stacked above the
nose of the surface front. In addition, w, and w — wy,
now have nearly the same magnitude, in contrast to
the situation one day earlier. Quantitative changes in
w — wy, occur gradually as the integration continues
and the Eady wave evolves, yet the general pattern re-
mains fixed relative to the Eady wave without evidence
of horizontal propagation.

Although SG predicts that localized PV anomalies
near a front can produce ripples in the vertical velocity
(Chan and Cho 1989), the smoothness of w,, indicates
that such effects are weak in this case, so that the dis-
turbance is due to dynamics neglected by SG. In fact,
the differences between w and wy, appear to be due to
a gravity wave: its specific characteristics, such as the
phase tilts into the flow with height and the confine-
ment of wave amplitude to a restricted horizontal do-
main above the front, are consistent with an approxi-
mately hydrostatic and stationary wave propagating
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upward from a source near the nose of the front. Es-
timating the mean # + u and N in the “wavy” layer
tobe 10 ms™' and 1.2 X 107257, respectively, the
hydrostatic dispersion relation for stationary internal
waves predicts a vertical wavelength of N/(& + u)
~ 7.2 km, in fair agreement with the wavelength of
the disturbance. Furthermore, since the wave is ap-
proximately stationary, it has a critical surface where
# + u = 0, which is indicated by a gray line in Fig. 6c.
The decrease in the vertical wavelength below the crit-
ical surface, which is evident in the curving of the phase
lines toward the horizontal, and the vanishing of wave
amplitude above the critical surface are also consistent
with an upward-propagating stationary wave that is
absorbed near the critical surface.

We have verified that this numerical solution is well
resolved (by producing virtually identical simulations
at both doubled and halved spatial resolutions) and is
qualitatively independent of the time at which the hor-
izontal dissipation is turned on. Thus, we conclude
that the frontogenesis is forcing gravity waves. Ques-
tions remain concerning the role of the horizontal dif-
fusion, since the emitted waves depend on the mag-
nitude of the diffusion (their amplitude increasing and
their horizontal scale shrinking as the diffusion is re-
duced) and the inviscid simulations exhibit only a hint
of similar waves. Below, we will suggest that the dif-
fusion’s primary role is to determine the minimum
scale of the front.

The internal wave shown in Fig. 6c¢ is in some ways
reminiscent of the stationary waves above the frontal
surface in the simulations of Gall et al. (1988). How-
ever, Gall et al. also find standing waves trapped be-
neath the front that, they suggest, corrugate the frontal
surface and set the scale for the waves above the front.
Our solutions exhibit no counterpart to these standing
waves.,

b. Nearly steady deformation fronts

In the presence of dissipation, the deformation front
reaches a steady state in which the frontogenetical ef-
fects of the large-scale deformation are balanced by
dissipation (Williams 1974). Unlike the inviscid so-
lutions, this steady state contains no remnant of the
gravity waves generated by the model initialization.

Choosing a horizontal diffusion of v = 10° m?s™!
but otherwise using the G89 parameters, our simula-
tions of the deformation front reach a nearly steady
state by 48 h. The solutions are not completely steady,
since there is a slow [O(1 m s™')] translation of the
fronts outward from x = 0. We present results for a
horizontal grid spacing of 12.5 km and, because the
diffusion strongly damps gravity waves produced at the
lateral boundaries, we return to the simple conditions
that all variables are permanently fixed at their initial
values at the lateral boundaries.

The vertical velocity and 8, and the alongfront ve-
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locity and PV, are shown at 48 h in Fig. 7. As in the
postcollapse Eady wave, the steady-state frontal updraft
splits into two distinct maxima (Fig. 7a) and large-
amplitude PV anomalies develop along the frontal sur-
face (Fig. 7b). The split in w again results in an as-
cending jet at low levels near the frontal nose.

Once again, the diagnosed w;, is smooth and devia-
tions from the SG solution account for most of the
structure in w above the frontal nose, as shown in Fig.
7c. In this case, w — wy, is a relatively small correction,
with a magnitude of less than 1 cm s™' compared to 5
cm s~ for wy,. The structure of w — w,, is dominated
by a disturbance of vertical wavelength H, located
above the frontal nose; this vertical wavelength is again
consistent with a stationary hydrostatic gravity wave.
(Recall from the inviscid simulations that the “ini-
tialization™ waves of vertical wavelength H were sta-
tionary almost directly above the surface front when
a = 0.2f.) The weak phase tilts with height indicate
that the stationary wavelength and the depth of the
domain are close enough for a standing wave to form.

Thus, it appears that gravity waves again contribute
strongly to the differences between the model and SG
solutions. The waves have scales somewhat greater than

(@) w, ¥+10 at 48 h ($=3.46)
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F1G. 7. Deformation front with horizontal diffusion (other param-
etersasin G89)at 48 h (8 = 3.46): (a) w(contour interval I cm s™!)
and 6 (heavy gray lines, contour interval 2 K), (b) v (contour interval
10 m s™') and ¢ (heavy gray lines, contours at 0.15, 0.3, 0.6 PVU),
and (c) w — w, (contour interval 0.2 cm s™'). Only the central 1800
km of the computational domain is shown.
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those of waves emitted by the shear front and different
vertical structure, consistent with wave propagation
through the two distinct cross-front flows.

We note that there are certain similarities, particu-
larly in # and v, between this steady-state front and the
postcollapse SG solutions of Cullen and Purser (1984)
and Koshyk and Cho (1992). In both ¢ (Fig. 7a) and
v (Fig. 7b), a region of intense gradients (i.e., the front)
extends upward from the surface and separates broad
gradients on the cold side of the front from much
weaker gradients on the warm side. Without a more
detailed comparison, however, it is not clear that these
discontinuous SG solutions would be obtained in the
limit of zero horizontal diffusion.

5. Analysis

The foregoing numerical simulations indicate that,
near and following frontal collapse, small but signifi-
cant deviations from SG are present. Prior to collapse,
the deviations from SG for the shear front appear to
include both gravity waves and higher-order corrections
to SG, while the deformation-front simulations contain
gravity waves associated with either the model initial-
ization or with time variations of «, which may mask
other deviations from SG. In postcollapse solutions
with diffusion, gravity waves appear to account for most
of the differences from SG (at least in the secondary
circulation ); since spurious gravity wave sources have
been eliminated in these solutions, the waves must be
emitted by the frontogenesis.

In this section, we scale the PE and look explicitly
at how deviations from the SG solutions arise as either
inertia—gravity waves or higher-order balanced correc-
tions. We derive certain scaling properties of the higher-
order corrections and use these to demonstrate more
conclusively that gravity waves dominate the correc-
tions to the SG crossfront circulation in the case of the
“steady-state” deformation front. Although we do not
provide a comprehensive analysis of the wave emission,
we will discuss some parameter dependencies of both
the corrections and the emitted waves.

a. Frontal scaling and the SG equations

Following Hoskins and Bretherton (1972), we in-
troduce separate scales for the cross- and alongfront
velocities and nondimensionalize (1) using

z~nh,

u~U=¢eV, w~ hU/l= €V,

6~ 0,f1V/gh.
9

Three parameters have been introduced in (9): the

frontal parameter, e = U/V; the aspect ratio, 8 = i/

and the Rossby number, Ro = V/ fI. Typically, fronts
are characterized by ¢ < 1 and Ro = O(1).

x~I,
v~V,
t~! ~ U/l=Roe, ¢~fIV,
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The scalings may be refined by relating 4 to /, and
Uto V, as in the SG solutions. In geostrophic coordi-
nates, the vertical scale of the SG solution is the Rossby
depth, fL/N, where L is the horizontal scale and N?
= (gpo/ f0o)q (e.g., see Hoskins and Bretherton 1972).
An identical relation of length and height scales holds
in physical coordinates, since the SG solution satisfies,
for example, v,/v, = vx/vz. For our purposes, the
background buoyancy frequency N adequately ap-
proximates N and we choose

h=fIl/N, 6=f/N.

To relate U and V, note that the Sawyer-Eliassen
equation (5) suggests that fit, should be of magnitude
comparable to av, for the deformation front, and to
Av, for the shear front. Hence, for the deformation
front,

i

U= (a/f)V, ¢
and for the shear front,
U= (A/N)V, e=A/N.

Neglecting nonhydrostatic and compressible terms,
the nondimensionalizations (9) applied to (2) yield

alfs

eZ(Ro % +v- Vﬁ) —v=—¢, + e Euy, (10a)

Ro%+v-Vt‘)+u=vax, (10b)

6—¢.=0, (10c)

Ro 46 +v-Vf = Eb,,, (10d)
dt

U+ w, =0, (10e)

where E = v/(¢f1?), and d/dt = 8, + (Ro™'&t + u)dx
+ wd,. The nondimensional background variables (#,
v, 8) are given by (—x, y, z) for the deformation front,
and (z, 0, —y + z) for the shear front.

When ¢ < 1 and Ro = O(1), the natural approxi-
mation to (10) is to neglect terms proportional to 2
in (10a), while retaining ( 10b-e). The resulting equa-
tions are the SG equations, modified by horizontal dif-
fusion.

The approximation of cross-front geostrophic bal-
ance introduces errors that are O(e? Ro, ¢2E). As noted
in the Introduction, these errors increase near collapse,
since / shrinks and both Ro and E grow (thinking of /
as the instantaneous cross-front scale), while e is con-
stant. If the cross-front scale shrinks to the point that
e2 Ro ~ 1, the cross-front acceleration can not be ne-
glected in (10a) and SG is formally invalid.

The numerical solutions indicate that diffusion se-
lects the minimum / and prevents collapse. Similarly,
(10b) and (10d) predict that, when » # 0, E ~ Ro
and diffusion balances advection near collapse, since
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both Ro and E become large. The minimum scale is
then / ~ v/ eV, while the maximum Ro ~ eV2/f».

Table 1 lists the values of nondimensional param-
eters for four of the numerical simulations and com-
pares scaling estimates for #, u,, and du/dt with values
obtained directly from the model output. In agreement
with the numerical results, all the simulations except
that of the postcollapse Eady wave are in regimes where
the corrections to SG should be small (i.e., ¢* Ro is
small). In fact, because of the tendency for the front
to form where u =~ 0, ¢ Ro overestimates du/dt, so
that cross-front geostrophic balance (and SG) is a rea-
sonable first approximation even for the postcollapse
shear front. The estimates for » and u, are also en-
couragingly accurate.

Because the scaling overestimates the cross-front ad-
vections, the solutions with diffusion have E < Ro,
rather than £ ~ Ro. The simulations do, however,
confirm the linear dependence of / on » predicted by
the scaling. For example, if the diffusion in the shear-
front simulations is varied, the maximum vertical vor-
ticity at a given time varies linearly with »™!.

b. Higher-order corrections to SG

The next-order corrections to SG can be obtained
by writing

V= v + 20"+ O(eY),
U= ug + 2u' + O(e*), (11)

where the subscript sg now denotes a solution of the
prognostic SG equations [i.e., (10) with O(e?) terms
neglected]. Substituting (11) into (10) yields, at O(¢?),

etc.,

v = ¢y = Fy, (12a)

Rodv' + v' - V(D + Rovg,) + u' — Ev, = 0, (12b)
6 — ¢, =0, (12¢)

Rody 6"+ v’ - V(6 + Roby,) — Efy,. =0, (12d)

uy +wp=0, (12¢)
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where F;, = Rod,, + Voo VI — Ettgpy,, and dog = 9,
+ (& + ug)0x + Wy, d,. While (12a-e) are prognostic
equations for the primed variables, a similar expansion
in powers of €2 can be used to extend to higher orders
our technique for diagnosing the SG solution from the
model PV.

The SG solution forces the next-order corrections
via Fy,, which consists of the cross-front acceleration
and diffusion neglected by SG. Unlike the SG solution,
the corrections include an ageostrophic contribution
to the alongfront wind, since Fs, appears in (12a).
Equations (12) are otherwise dynamically similar to
SG; they retain the (linearized ) material derivatives of
v’ and 6’ while neglecting du'/dt, and thus do not sup-
port internal gravity waves. Because they are forced by
terms neglected by SG, the next-order corrections are
O(e? Ro, €2E) compared to the SG solution.

The higher-order corrections to SG have a depen-
dence on the basic-state parameters that can be used
to distinguish them from gravity waves. For fixed E,
the SG equations and (12) are independent of . Vary-
ing « or A (with E fixed) thus does not change the
spatial structure of either the SG solution or the higher-
order corrections, but simply rescales time and the
magnitude of the cross-front circulation. In contrast,
the spatial structure of gravity waves embedded in the
frontal flow is sensitive to «, as shown in Figs. 2 and
3 and discussed in section 3.

We have repeated the simulation of the steady-state
deformation front (section 5b, Fig. 7) using a = 0.1 f
and v = 0.5 X 10°> m? s™'. Results are shown in Fig. 8
(E is unchanged from the previous case with a = 0.2
and » = 10°> m?s~', since both « and » have been
halved). Comparison of Fig. 8a with Fig. 7a shows
that, as predicted by the nondimensional form of the
SG equations, # is nearly identical in the two solutions.
The structure of w — w,,, however, changes funda-

~mentally (Fig. 8b). The primary features of the «
= (.2 fcase, which have the structure of standing waves
of wavelength 2H above the frontal nose, are not pres-
ent when « = 0.1f. Instead, above the surface front
w — w,, consists of an updraft sloping away from the

TABLE 1. Various dimensional and nondimensional parameters for different simulations, and comparison of scaling estimates with
quantities obtained directly from the simulations. Values are calculated as follows: V is the maximum of |v] over the computational
domain; Ro is the ratio of the maximum vertical vorticity to f; [ = V/(fRo); ¢ is given by the estimates preceding (10); E = v/(efl%); and
u, uy, and du/dt denote the maximum values of those quantities in the simulations. Note that ¢ is the scaling estimate for u/V, ¢Ro is the
estimate for u,/f, and € Ro is the estimate for the ratio of du/dt to [V,

14 I du
Case (ms™) Ro (km) € ulVv E eRo ) f €Ro dt / ud
G89,»=0,16h 32 3.0 106 0.2 0.28 0. 0.6 0.9 0.12 0.05
Eady, v = 0, day 8 45 2.6 173 0.3 0.24 0. 0.78 0.39 0.23 0.06
G89, v = 10° m? 57!, steady
state 38 4.2 90 0.2 0.26 0.62 0.84 1.1 0.17 0.08
Eady, » = 10° m? s™!, day 9 90 24 38 0.3 0.24 2.3 7.2 34 2.2 0.3
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FIG. 8. Deformation front, with parameters as in Fig. 7 except o
=0.11,at 96 h (8 = 3.46): (a) w (contour interval 0.5 cm s~!) and
6 (heavy gray lines, contour interval 2 K) and (b) w — wy, (contour
interval 0.02 cm s7).

front, a downdraft oriented vertically above the frontal
nose, and, finally, an updraft-downdraft couplet slop-
ing along the frontal surface.’

Since the structure of these features changes as «
varies, w — Wy, is not, as conjectured by G89, associated
mainly with higher-order corrections to SG, but must
contain significant gravity waves. When « = 0.2, the
structure of w — wy, is consistent with a stationary
gravity wave, indicating that gravity waves dominate
the higher-order corrections. When a = 0.1 f, the grav-
ity wave signal in w — w,, is less distinct; in this case,
stationary waves should have vertical wavelengths of
somewhat less than 4H above the frontal nose, de-
creasing to 2H at the edge of the domain shown in Fig.
8. Thus, it is likely that both higher-order corrections
and waves are present when « = 0.1 f, as was the case
for the precollapse Eady wave.

Although at best they explain only a portion of the
differences between the model and SG cross-front cir-
culations, the next-order corrections to SG approxi-
mate the ageostrophic alongfront wind, v,, reasonably.
Returning to the steady-state deformation front with
o« = 0.2f, Fig. 9 compares the model v, with that pre-
dicted by (12a). In contrast to w — wy,, which for this
front is associated almost exclusively with gravity waves
(Fig. 7c), v, is clearly dominated by the next-order
correction to SG. In v,, gravity waves appear as rela-

3 As noted previously for Fig. 2c, the updraft-downdraft couplet
depends on the grid spacing and is a result of truncation errors. The
other primary features in w — w, persist at higher resolutions.
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tively small deviations from the corrections to SG, as
shown by the difference between v, and that predicted
by the corrections (Fig. 9¢). The agreement between
v, and ( 12a) diminishes for the postcollapse Eady wave,
although (12a) still predicts the correct sign and mag-
nitude for v,.

¢. Gravity wave generation and propagation

By formally expanding the PE in powers of €2, one
could, in principle, produce successively higher-order
corrections to SG. Such a series solution, however, can
not describe freely propagating gravity waves and need
be only asymptotically valid. Alternatively, linear
equations governing any small deviations away from
SG can be obtained by subtracting the SG equations
from the full PE and neglecting terms that are quadratic
in the deviations. Letting primes denote the deviations,
the resulting equations are identical to (12) except that
(12a) is replaced by

e[Rodu’ + v' - V(& + ug) — Euly)
_v/+¢;=—Fsg' (13)

No profound progress has been made; these are the
hydrostatic PE, linearized about the known (approx-
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FIG. 9. As in Fig. 7 but (a) v, (contour interval 0.4 m s™'), (b)

the ageostrophic v predicted by (12a) (contour interval 0.4 m s™'),

and (c) the difference of the two fields (contour interval 0.2 m s™).
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imate) SG solution and forced by Fi,.* By linearizing,
we neglect any modification of the frontogenesis by the
deviations.

Understanding the differences between the PE and
SG solutions now amounts to determining the linear
response to the forcing Fj,. Clearly, internal waves,
inertial oscillations, and “balanced” perturbations (i.e.,
the higher-order corrections to SG) are all possible
components of the response. Their relative magnitudes
will depend on the temporal and spatial scales of the
SG solution, through both the forcing and the coeffi-
cients of (12b-e) and (13).

First, we note that the gravity wave response to the
forcing will be significant only at spatial and temporal
scales that are comparable to or longer than those of
F,, since shorter waves will be subject to destructive
interference. Nondimensionalizing with (7), the waves
must therefore have k, m, @ < O(1), where k and m
are the horizontal and vertical wavenumbers, respec-
tively, and & = w — k(i + ug,) — mwy, is the intrinsic
frequency.

Next, consider the requirements for the existence of
inertia-gravity waves. Their dispersion relation is

m? + k?
T

assuming that the flow is slowly varying and, for sim-
plicity, ignoring variations in the local buoyancy fre-
quency. ( Both conditions are qualitatively applicable
away from the frontal zone.) By (14), waves with &
< O(1) can propagate only if ¢ Ro = O(1), which in
terms of dimensional quantities is the familiar require-
ment that the waves’ frequency relative to the flow is
greater than f,

Thus, as frontogenesis proceeds, / will shrink, Ro
will increase, and the flow will pass from a regime in
which € Ro < 1 and there is little gravity wave response
to Fy, into a regime in which ¢ Ro = O(1) and sig-
nificant gravity waves are emitted by the front. Initially,
the emitted waves share the dominant scales of F,
since (14) can be satisfied with k, m, @ ~ 1 for ¢ Ro
~ 1. When ¢ Ro > 1, (14) requires that m ~ ¢ ' Ro ™!
< 1, so that the waves will have a longer vertical scale
than the SG solution. In either case the waves are hy-

drostatic, unless the front is narrow enough that ¢ Ro
~ 6L

2 Ro%%?* = (14)

*In the interest of brevity, we have so far ignored vertical accel-
erations, which are retained by the numerical model but are neglected
by SG. Formally, the vertical acceleration is O(8%) = O(f?/N?)
compared to the cross-front acceleration. Forcing in the vertical mo-
mentum equation, however, could conceivably be much more effi-
cient in generating gravity waves than a source of horizontal mo-
mentum. To test this possibility, the simulations of the postcollapse
Eady wave have been repeated using a hydrostatic model (J. Whitaker
1992, personal communication). The hydrostatic simulations are
essentially indistinguishable from those using the full model.
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Results for the inviscid Eady wave agree qualitatively
with this analysis. By day 8, the front has contracted
sufficiently that e Ro = 0.84 (Table 1) and a suggestion
of gravity wave activity appears in w and w — w,, (Fig.
5). However, collapse occurs within 4 h, effectively
ending the inviscid integration, and it is unclear
whether gravity wave amplitudes would continue to
increase as the frontal scale shrank. The simulations
of the deformation front with « = 0.2 falso have ¢ Ro
~ 1 as the front nears collapse, but the waves associated
with the model initialization or time variation of «
mask any weak waves emitted by the front.

The presence of horizontal diffusion has several im-
plications for gravity wave emission. As discussed
above, diffusion determines / and hence the spatial
scales of Fi, and the emitted gravity waves. In addition,
the diffusion alters the local time scale of the SG so-
lution, since it balances the cross-front advections near
the front, so that the local time derivative becomes
relatively small. (The smallness of the time derivative
is supported by a term-by-term diagnosis of the v and
6 equations for the Eady wave solutions following col-
lapse.) The local frontal structure is then approximately
fixed, F, changes slowly on the local advective time
scale, and waves generated in the postcollapse, diffusive
solutions should be nearly stationary, with w < 1. Fi-
nally, diffusion also damps the wave motions substan-
tially; for » = 10° m? s™', waves of 100-km horizontal
wavelength have e-folding times of about 40 minutes.

These predictions hold qualitatively for the postcol-
lapse shear front and the steady-state deformation front.
Horizontal wavelengths for the waves (Figs. 6, 7) are
roughly 100-200 km, which is broadly consistent with
/ < 100 km (Table 1), and the waves are nearly sta-
tionary, though in the former case their structure
changes gradually as the Eady wave evolves. As shown
in Table 1, both solutions also appear to be in the cor-
rect regime for wave generation, since they have ¢ Ro
2 O(1). Furthermore, the Eady wave at day 9, which
exhibits the gravity waves of largest amplitude, has the
largest magnitude of Fy, (as measured by ¢* Ro).

It might be anticipated that wave amplitudes could
be estimated [in a manner similar to that of Spall and
McWilliams (1992)] by balancing F, against terms
associated with gravity wave propagation, such as €’
Rodu'in (13). As was illustrated in Fig. 9, however,
the primary balance in the model solutions is between
Fand v, = v’ — ¢ for the parameter regime consid-
ered here. In essence, although F, contains scales that
can force inertia—gravity waves, most of the response
1s at scales that are balanced or nonpropagating.

While gravity waves are not the primary corrections
to SG in v, they account for most of the deviations
from SG in u and w. This can occur because the gravity
wave fields need not obey the scaling assumption that,
for dimensional variables, 1’ < v'. Thus, since higher-
order corrections to SG do satisfy u’ < v’, the gravity
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waves can account for most of ¥ — u,, but still be a
small correction to v,.

Our approach to understanding wave emission is
similar to that of Ley and Peltier (1978). They also
subtracted the SG equations from the PE to obtain
equations for the deviations from SG, which were
forced by the terms neglected by SG. Their analytical
solutions assume that the waves propagate through a
uniform medium and that dissipative processes sud-
denly turn offthe wave forcing prior to collapse (leading
to a pulse of propagating waves). In contrast, our results
emphasize that variations in the frontal flow control
the wave propagation, and we find that horizontal dif-
fusion results in wave forcing that is nearly steady on
the wave time scale.

Wave emission has been approximated as the linear
response to specified forcing in other fluid-dynamical
contexts. These include the aerodynamic generation
of sound (Lighthill 1952) and the slow manifold prob-
lem in large-scale atmospheric dynamics (e.g., Lorenz
and Krishnamurty 1987).

6. High-resolution simulations

a. The deformation front revisited

The simulations with diffusion demonstrate that
frontogenesis can generate gravity waves once a front
becomes sufficiently intense. However, none of the so-
lutions to this point have contained counterparts of
either the stationary waves extending back along the
frontal surface or the trapped, resonant waves beneath
the frontal surface found by GWC. It is possible that
the resolution used in our simulations, which is poorer
than that used by GWC, is too coarse to capture the
emission of such waves.

As a first step toward resolving this issue, we have
repeated the inviscid deformation front simulation of
section 3b using horizontal and vertical grid intervals
of 3.1 km and 28.1 m, respectively. As in section 3b,
the variable deformation rate a(z) is given by (8) with
ar= 0.1 fand r = 1 d. The horizontal resolution and
final deformation rate are comparable to those used
by GWC, while the cross-front temperature contrast
and background N? are smaller by factors of 1.8 and
3.5, respectively.

Figure 10 shows w and 8 when the integrated defor-
mation 8 = 1.15, along with a close-up view of w and
PV near the surface front. As noted in section 3, SG
frontal collapse in this case occurs when 8 = 1.2, or
roughly 1.5 h after the time shown in Fig. 10. The
solution is smooth and close to the SG solution (not
shown) at this time, except for some small-amplitude
ripples in w. Although these ripples are nearly station-
ary and extend vertically above the surface front, their
location and structure resemble those of the gravity
waves present in the other deformation-front solutions
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(o) w, 9+0 at B=1.15
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F1G. 10. Inviscid deformation front (as jn Fig. 4b) at high resolution:
(2) w{contour interval 0.25 cm s~') and'? (heavy gray lines, contour
interval 2 K) and (b) detail of frontal structure showing w [as in
(a)] and the anomaly g (heavy gray lines, contours at 0.01, 0.04, 0.1
PVU). Tick marks are shown every 8 grid points in (a), and every
grid point in (b).

(both those generated by the time variation of « and
those emitted by the steady-state fronts) rather than
the GWC waves. Furthermore, no hint of waviness is
present in the cold air directly beneath the surface front.
As at lower resolution, then, there are no large differ-
ences from the smooth SG solution, nor are there ob-
vious counterparts to the waves found by GWC.

Before continuing our search for the GWC waves,
we note that, while the model fields appear to be suf-
ficiently resolved (such as w in Fig. 10b), truncation
errors are significant by this time. The size of the nu-
merical errors is evident in the PV anomalies near the
frontal nose, which have magnitudes comparable to
the initial, uniform PV (Fig. 10b). As in the solutions
with explicit diffusion, a positive anomaly extends up-
ward along the frontal surface, but the numerical errors
have also produced a smaller negative anomaly on the
cold side of the surface front.

In agreement with inviscid simulations at lower res-
olution, the PV generation begins just prior. to SG
frontal collapse (i.e., @ = 1.2). Table 2 further iltustrates
this point by listing the maximum PV anomalies at
various times and for simulations with various reso-
lutions. At 8 = 1.07, the halving of the maximum
anomalies with doubling of the resolution indicates that
the numerical solutions are converging, with increasing
resolution, toward uniform PV. When 8 = 1.18, the
magnitude of the PV anomalies has grown to 0.3 PVU,
or three times the initial PV, and does not decrease
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TABLE 2. The maximum PV anomaly (10! PVU) at various in-
tegrated deformations (8) and for different horizontal resolutions (Ax),
for the deformation front stimulations described in the text. Frontal
collapse is predicted by SG at 8 = 1.20. Az/Axis fixed at 0.01 as Ax
varies.

B
Ax
(km) 0.860 0.976 1.17 1.18
25.0 0.17 0.36 0.75 34
12.5 0.09 0.26 0.78 3.0
6.1 0.03 0.12 0.65 4.5
3.1 >0.01 0.04 0.30 4.0

with increased resolution. The collapse of the model
fields to the grid scale thus appears to approach the
time of SG frontal collapse as the resolution increases.
In addition, the onset of spurious PV generation in the
model is a sensitive indicator of incipient collapse and
the associated poor resolution.

b. Simulations following GWC

Since the GWC waves are not present in our defor-
mation-front simulations even at 3-km horizontal res-
olution, we now turn to the specific case examined
by GWC.

We consider the same physical problem as GWC,
except we use a time-variable deformation rate and a
different initiahization for the cross-front circulation.
Specifically, the initial # is given by Eq. (1) in GWC
and the initial ¢ and v are calculated from the hydro-
static and geostrophic relations. Again, a(t) is given by
(8) with @ = 0.1 fand v = | d, and the initialization
consists of setting # and w to be zero at the initial time.
Though we find that the GWC initialization (in which
u and w are diagnosed from the quasigeostrophic w
equation) produces much stronger gravity waves, the
presence or absence of these initialization waves
changes the results that follow only cosmetically. For
now, the model resolution is chosen to agree with ex-
periment 3 of GWC, with horizontal and vertical grid
intervals of 5 km and 322 m, respectively.

The GWC simulations have no explicit dissipation
and exhibit stationary waves above the front beginning
when 8 = 1.22 (i.e., after ~34 h at « = 0.1f) and
continuing through 8 = 1.5 (~42 h). In contrast, in
our attempts to replicate these inviscid simulations
spurious PV production begins before 8 = 1.1 and the
solutions are overwhelmed by computational noise
throughout the period 1.2 < 8 < 1.5. Presumably, the
generation of PV once again signals the onset of frontal
collapse near 8 = 1.1; the noisy solutions that follow
are consistent with this. Thus, it is likely that the in-
viscid solutions of GWC continue nearly 12 h beyond
frontal collapse, contrary to the conclusions of Gall et
al. (1987), who suggest that collapse occurs for 8 ~ 1.5.
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To reach the regime where GWC find waves (8= 1.2)
and maintain a well-resolved solution, we include hor-
izontal diffusion with » = 0.5 X 10* m? s~ beginning
at g = 1.0.

The vertical velocity from our “reproduction” of the
GWC simulation is shown in Fig. 11a for 8 = 1.4 and
should be compared with the upper-right panel of Fig.
3 in GWC. As in GWC, there are upward-propagating
(standing) gravity waves above (below) the surface
front. In fact, the solution reproduces the structure of
w found by GWC in surprising detail: five distinct
maxima appear just above the surface front (although
the weakest cannot be seen in Fig. 11a because of the
coarse contour interval of 0.4 cm s™!) and the mini-
mum w in the standing waves beneath the front is
roughly 0.4 cm s,

While the solution shown in Fig. 11a clearly captures
the generation of the GWC waves, our previous sim-
ulations of the deformation front, which were in most
ways similar, clearly lack the GWC waves. Compared
to GWC, however, those previous simulations used
relatively finer vertical resolution for a given horizontal
resolution. The GWC simulation considered here, for
example, has a vertical grid interval that is roughly
/16 of the horizontal, while our other deformation-
front simulations of section 3 use Az ~ Ax/100.

The importance of the vertical resolution may be
determined by repeating the GWC simulation using a
smaller grid spacing in the vertical. For convenience,

(a) w at B=1.4; Az=322 m

-

800

400

FiG. 1 1. w for deformation-front simulations using (a) coarse ver-
tical resolution (Az = 322 m), and (b) fine vertical resolution (Az
= 50 m). The simulations are otherwise identical and are comparable
with those of GWC, except, as discussed in the text, for the use of
horizontal diffusion and «(f) given by (8). The contour interval is
0.4 cm s7%; tick marks on the horizontal axis appear every 10 grid
points in (a) and (b), while ticks on the vertical axis appear every
grid point in (a) and every 10 grid points in (b).
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we choose Az = 50 m = Ax/100. Figure 11b, which
shows w for this simulation, demonstrates that the so-
lution changes dramatically as the vertical resolution
increases; w returns to the generally smooth structure
found in the previous deformation fronts (e.g. Fig. 10)
and also exhibits much smaller vertical scales near the
boundaries than at the coarser vertical resolution. Al-
though there are weak ripples in w above the frontal
nose, the GWC waves have vanished.

The inevitable conclusion is that the GWC solutions
have insufficient vertical resolution and that truncation
errors are in large part responsible for thegravity waves
in those solutions. This occurs because the aspect ratio
of the computational grid is large compared to that of
the frontal flow, which is O(f/N), so that, as the front
collapses, solution becomes poorly resolved in the ver-
tical first. Equivalently, for the grid aspect ratio chosen
by GWC, some well-resolved horizontal scales corre-
spond to vertical scales that are poorly resolved, and
hence the numerical solution contains little physical
information at those horizontal scales, as discussed in
more general terms by Lindzen and Fox-Rabinovitz
(1989). Ailthough the horizontal wavelength of the
GWC waves ( ~40 km) is well resolved, the probable
importance of vertical truncation errors is evident in
the 2Az vertical wavelength of the standing waves be-
neath the front and in the decreased vertical scales of
the solution at higher vertical resolution.

The notion that insufficient resolution in numerical
simulations might lead to spurious gravity wave pro-
duction has been discussed previously by Pecnick and
Keyser (1989) and Persson and Warner (1991), who
examined cases of upper-level frontogenesis and con-
ditional symmetric instability, respectively. Spurious
gravity waves, possibly linked with poor resolution of
frontogenesis, have also been noted by Volkert and
Bishop (1990) and Tremblay (1992).

7. Summary and discussion

In numerical simulations of both inviscid fronto-
genesis prior to frontal collapse and postcollapse front-
ogenesis with horizontal diffusion, we find, as have
others, that SG solutions generally provide good ap-
proximations to the overall structure of the front and
the timing of frontal collapse. Careful examination of
the differences from SG noted in previous studies re-
veals that the “split updraft” found by G89 is produced
by propagating gravity waves associated with the model
initialization, while the stationary waves found by
GWC are numerical artifacts produced by insufficient
vertical resolution.

Nevertheless, important deviations from SG exist
and can have magnitudes comparable to the SG so-
lution in extreme cases. In the cross-front circulation,
gravity waves account for the largest deviations; even
if such spurious sources as the model initialization or
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insufficient resolution are eliminated, gravity waves are
emitted when the frontogenesis is sufficiently intense.
Adjustment to time variations in the background de-
formation or shear can also give rise to internal waves.
Speculation (G89) that higher-order corrections to SG
should dominate gravity waves is thus incorrect in the
cases examined here, although when deviations from
SG are small (such as in the precollapse Eady wave or
the steady-state deformation front with o = 0.1f), there
are indications that the waves and higher-order cor-
rections have comparable magnitudes. The next-order
corrections to SG also provide a good approximation
to the alongfront ageostrophic wind.

Since numerical simulations of inviscid frontogenesis
rapidly become poorly resolved, we include horizontal
diffusion to extend the numerical solutions beyond
frontal collapse. The diffusion limits the contraction
of the front and produces strong positive PV anomalies
along the frontal surface. The emitted waves in this
case are stationary above the nose of the surface front
and result in a low-level maximum in w that is not
present in the SG solutions.

Our analysis of the gravity wave emission builds on
the ideas of Ley and Peltier (1978). We reduce the
problem of weak emission to the calculation of the
linear forced gravity wave field within a spatially and
temporally varying medium, where the SG solution
defines both the medium and, through the cross-front
acceleration, the forcing. The dispersion relation for
inertia~gravity waves then indicates that, consistent
with the numerical solutions, emission should become
significant while SG is still formally valid, when the
advective time scale becomes comparable to (and,
preferably, somewhat smaller than) /. Furthermore,
consideration of the wave forcing in the presence of
diffusion predicts that the emitted waves will be sta-
tionary, again consistent with the numerical solutions.

Although the basic dynamics of wave emission do
not depend on dissipation, the horizontal wavelength
of the emitted waves depends strongly on the magni-
tude of the diffusion, which determines the minimum
scale of the front and hence of the forcing for the gravity
waves. However, certain properties of the emitted
waves are insensitive to the magnitude and form of the
dissipation: the waves will be hydrostatic for a broad
range of diffusion, and the waves will be nearly sta-
tionary with respect to the front as long as the dissi-
pation acts to balance the frontogenesis and produce
a locally fixed frontal structure.

Because of the magnitude of the diffusion, the scale
of the front remains large enough that cross-front geo-
strophic balance is a good approximation in all the
cases examined, except perhaps for the postcollapse
Eady wave, and the wave emission is thus usually a
minor correction to SG. Relatedly, we have not con-
sidered how the emitted waves might feed back on the
SG solution, although this feedback may again be im-
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portant in the case of the postcollapse Eady wave. An
associated question is the existence of a frontal sin-
gularity in the inviscid PE. Our results suggest that the-
ories of frontogenesis very near collapse must consider
the possible role of wave emission. A computationally
attractive approach to this question is to degrade the
cross-front geostrophic balance by increasing a or A
and so increasing the frontogenetical forcing.

While the idealized two-dimensional problems ex-
amined here are ideal for illuminating the basic dy-
namics of the frontogenesis and wave emission, several
additional processes will be of practical importance.
First, nonadiabatic processes are important in real
fronts. The inclusion of moisture and latent heat release
would intensify the cross-front circulation and enhance
the wave emission. Similarly, more realistic treatments
of the lower boundary, such as applying a surface drag,
will inhibit the cross-front geostrophic balance at low
levels, again potentially enhancing the wave emission.

In addition, alongfront variability and curvature can
be expected to modify the gravity wave emission.
Alongfront propagation and dispersion of emitted
waves will quantitatively change the pattern of emitted
gravity waves. More important effects result from the
possibility of alongfront instabilities that will alter the
mature frontal structure and may provide a brake on
frontogenesis. Frontal instabilities will change the
gravity wave forcing by the frontogenesis, both by dra-
matically increasing the cross-front accelerations and
by introducing relatively high frequencies, which will
allow waves that propagate relative to the front. Al-
though instabilities may control the frontal structure
near collapse, we note that wave emission can occur
at the same time or even earlier in the frontal devel-
opment, since instabilities are expected when the
Richardson number Ri = Ro™' « 1, while emission
requires Ro™! ~ .

Acknowledgments. Dr. S. T. Garner provided a
thorough and helpful review.
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