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ABSTRACT

A new dynamical subgrid model for turbulent flow in the surface layer of the planetary boundary layer is
presented. In this formulation, the flow is decomposed into small (subgrid) and large (resolved) scales in the
spirit of large-eddy simulation. The subgrid model, however, is derived directly from the governing equations
and involves no adjustable parameters. The evolution of the small scales is not postulated, but computed as a
function of the large scales using a semiclassical method extending rapid distortion theory to account for the
intermittency of the small scales. At the same time, feedback from the small scales to the large scales can also
be computed via the corresponding subgrid stresses. The model can be generalized to include other physical
effects, and thus could potentially be used to estimate momentum and temperature fluxes in complex systems
like the planetary boundary layer, which impacts larger-scale models. A priori tests using 3D large-eddy and
direct simulations of unstable, neutral, and stable flows support the assumptions in the model.

1. Introduction

The planetary surface layer (PSL) is the thin, lowest
part of the atmospheric boundary layer. Despite its rel-
atively small vertical extent (approximately 10% of the
total boundary layer depth), the PSL is crucially im-
portant since it facilitates the exchange of momentum,
heat, and scalar fluxes between land and ocean surfaces
and the overlying atmosphere. Like many geophysical
flows, the PSL is turbulent, and its computation by direct
numerical simulation appears impossible because of the
large Reynolds number involved. Presently, we can af-
ford to simulate only the largest motions subject to a
parameterization of the small scales using large-eddy
simulation (LES) (e.g., Moeng and Sullivan 1994) or
adopt an ensemble closure approach for all turbulence
scales (Mellor 1973; Mellor and Yamada 1974). Both
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approaches involve adjustable constants, which cannot
be derived from first principles and require calibration
based on real data; surface similarity theory (e.g., Wyn-
gaard 1992) is used in both types of modeling. The
modeling constants are not necessarily universal (less
so in LES) and frequently need to be varied according
to the physical situation and stability properties of the
surface layer.
This problem can be traced to parameterizations that

are not directly derived from the equations, but rather
postulated on purely phenomenological or dimensional
grounds. The same problem exists in all subgrid-scale
models used in high–Reynolds number LES [see Me-
neveau and Katz (2000) for a recent review]. A mod-
eling difficulty with high–Reynolds flows, like the PSL,
is the strong intermittency of the small-scale turbulence.
In a stably stratified PSL, stratification inhibits vertical
movement and the small-scale turbulence is confined
into somewhat isolated patches that initially grow ver-
tically and then collapse into ‘‘pancakes vortices’’ (e.g.,
see Fonseka et al. 1998); in a neutral PSL, the large-
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scale shear predominates and the turbulence organizes
itself into an intermittent pattern of turbulent spots and
vortices, propagating through a larger-scale, near-lam-
inar flow (e.g., see Lin et al. 1996); in an unstable PSL,
convection sets in, and the vertical transport in the sur-
face layer is dominated by intense, small-scale convec-
tive plumes (e.g., see Schmidt and Schumann 1989).
Another modeling difficulty with the PSL is linked with
the variability of the energy containing motions: spectral
measurements in the atmospheric surface layer (e.g., see
Kaimal et al. 1972) indicate that the velocity and tem-
perature fluctuations exhibit a Kolmogorov spectrum
with a peak frequency depending on the stability of the
layer. At fixed height and mean horizontal velocity, there
is a tendency for the peak to shift to higher frequencies
as the layer becomes more stable. For the data presented
in Kaimal et al. (1972), the peak of the vertical-velocity
fluctuation is shifted toward higher frequencies by about
one order of magnitude with respect to the peak fre-
quency of horizontal velocities or temperature. These
features make it difficult to use standard LES proce-
dures, in which the filtering between large and small
scales is done via a global, scale-independent method.
Therefore, a successful approach to small-scale mod-
eling must start from the basic equations and take into
account both the integral-scale variability and small-
scale intermittency, processes that so far have been giv-
en little attention in the subgrid-modeling community.
A natural way of dealing with intermittent flows is

decomposition via localized wave packets. There are
several mathematical transforms associated with this de-
composition; two well-known examples are the Gabor
and wavelet transforms. When decomposing a flow into
wave packets, the dimensionality of the representation
increases from D 1 1 (D space, 1 time) to 2D 1 1
because both physical and spectral space coordinates
are included. However, the information required to rep-
resent the flow need not increase because small-scale
features are localized and fewer Gabor or wavelet modes
are needed compared to a full Fourier representation.
Also, by taking advantage of the locality of waven-
umbers in a wavelet or Gabor representation, it is pos-
sible to implement a scale-dependent cutoff filter. And,
in addition, small-scale features are enstrophic or pal-
enstrophic and less energetic than the larger scales;
hence, they couple most strongly to the large-scale dy-
namics, and their mutual nonlinear interaction may be
neglected to first order. In other words, the dynamics of
the small scales are primarily nonlocal in scale coor-
dinates. This simplifies the dynamics of the small scales
as they are linear in phase space, with conditions de-
termined only by the large-scale flow. This simplifica-
tion allows both analytic computations of the small-
scale dynamics in terms of the large scales and a nu-
merical algorithm that allows computation of the small-
scale dynamics using a particle-in-cell method.
The first application of these modeling ideas was

made for the b-plane model in geophysics by Dyachen-
ko et al. (1992). It was then followed by an application

to compressible flows by Nazarenko et al. (1995) and
an application in 2D turbulence by Dubrulle and Na-
zarenko (1998), Nazarenko and Laval (1998), and Laval
et al. (2000). The results were then generalized in Na-
zarenko et al. (1999), Nazarenko et al. (2000), and Dub-
rulle et al. (2001) for irrotational and pure shear flows.
In particular, it was shown analytically that small-scale
turbulence is responsible for the shear reduction in the
large-scale flow, in agreement with experimental data.
The formalism also allows for an exact analytic com-
putation of the stationary mean shear profile in two
dimensions. The resulting profile was shown to be either
logarithmic, algebraic, or exponential, in agreement
with a recent classification due to Oberlack (Oberlack
1999a,b). On the whole, this small-scale modeling ap-
proach is a significant improvement over conventional
subgrid-scale models because it is derived directly from
the basic equations. As such, it involves no adjustable
parameters and can be generalized to other flows; for
example, rotation and magnetic effects are easily in-
cluded.
We should note that other subgrid models similar in

spirit to the one described here have been proposed.
Domaradzki and Saiki (1997), Katopodes et al. (2000),
and Zhou et al. (2001) all attempt to model the subgrid-
scale velocity as opposed to the subgrid-scale flux using
various prescriptions. The attractive features of these
models are that no (or minimal) closure constants are
required and an eddy-viscosity assumption relating re-
solved and subgrid fields is not needed. Physical pro-
cesses like energy backscatter can automatically be ac-
commodated.
In the above studies, the prescription of the subgrid

velocity is primarily confined to scales that are two times
smaller than the grid mesh. Our proposed model differs
in that the equations for the subgrid-scale velocity fol-
low directly from the governing fluid mechanical equa-
tions, which then in principle apply at all scales below
the mesh scale.
Our paper is outlined as follows; we first present the

formalism involved in the derivation of our subgrid model
in sections 2 and 3. These sections are rather technical but
helpful for those interested in the details. The derivation
of the subgrid model starting from the governing equations
is given in section 4, and the major assumptions of the
model are evaluated using numerical simulation databases
in section 5. A summary is given in section 6.

2. Spatial filtering
a. Definition

We introduce a filter functionG(x) in order to separate
the large and small scales of the flow. For reasons of
convenience that will appear in section 3, we choose a
separable filter function

G(x) 5 G (x ), (1)P i i
i
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where Gi are positive functions normalized to unity.
Their support is concentrated over modes with char-
acteristic length Li. Thus

1 xi˜G (x ) 5 G , (2)i i i1 2L Li i

where G̃i are functions which decay rapidly for large
arguments. The choice of the characteristic scales Liwill
be further discussed in section 4a. Using this filter, we
decompose the velocity field into resolved (large-scale)
and subgrid (small-scale) components:

u(x, t) 5 U(x, t) 1 u9(x, t),

U(x, t) [ u 5 G(x 2 x9)u(x9, t) dx9. (3)E
b. Properties
The scale filtering we have introduced is in the spirit

of LES, where the large scales are simulated subject to
a parameterization of the small scales. In the present
case, the filter-scale separation is dictated by physical
considerations (see section 4a). We note that the spatial-
filtering and time-averaging operators do not always
obey the same rules. For example, the filtering of the
product of two filtered quantities is not necessarily the
product of the filtered quantities; ± . This isu y u y
because the beating of two small (intermediate) wav-
enumbers can generate a large wavenumber. Similarly,
the filtering of a product of a small-scale quantity and
a large-scale filtered quantity is not necessarily zero,
since the beating of a large wavenumber and a small
(intermediate) can produce an intermediate wave-
number. As we shall see, this difference produces ad-
ditional terms in the averaged equations when compared
to the standard Reynolds-stress decomposition based
upon ensemble averaging underlying all second-order
closure models of the PSL (Mellor and Yamada 1974;
Mellor and Yamada 1982).
Another important difference between LES filtering

and Reynolds averaging is the ability to commute de-
rivative operators with spatial filters; for Reynolds av-
eraging, derivatives and averaging commute, whereas
for LES filtering, this is not the case in general. To see
this, consider the filter of the quantity ]1u and integrate
by parts over . We obtain:x91

] u 5 G(x 2 x9)] u(x9) dx91 E x91

maxx15 dx dx [G(x 2 x9)u(x9)] minE 2 3 x1

2 [] G(x 2 x9)]u(x9) dx9. (4)E x91

By symmetry, the derivative with respect to in thex91

second term of the rhs of (4) is the negative of the
derivative with respect to x1, which can then be taken
out of the integral, giving a term ]1 . We then see thatu
filtering and differentiation commute only provided the
surface term (the first term in the rhs) is zero. If not, this
term has to be taken into account in the derivation of the
LES equations. When dealing with unbounded systems,
this problem of commutivity is not important, for one
usually considers physical quantities that tend to zero at
infinity. Noncommutivity shows up when dealing with
finite size systems (or variable computational meshes; e.g.,
Ghosal and Moin 1993), where boundary conditions may
reflect some physical processes. In the PSL, this is the
situation in the vertical direction. At the surface z 5 0,
we have to take into account the boundary conditions on
the momentum and heat flux.

3. Gabor transform
a. Definition

Our ultimate goal is to derive an equation set for the
small (subgrid) scales, as a function of the large (resolved)
scales. However, we would like to take into account the
strong intermittency of the small scales. We shall do this
by decomposing the fields into wave packets using the
Gabor transformation (Nazarenko et al. 1999)

ik · (x2x9)û9(x, k, t) 5 f (x 2 x9)e u9(x9, t) dx9, (5)E
where k denotes the wavenumber vector. For reasons
of convenience, which will appear later, we choose f (x)
5 [G(x)]1/2 (since the filter G is a positive function, this
is always possible). We could also have achieved the
same decomposition using a wavelet transformation
(Arneodo et al. 1997), but Gabor transforms are more
flexible in analytic computations.

b. Properties of the Gabor transform

The inverse Gabor transform is obtained by integra-
tion over k:

1
f (0)u9(x, t) 5 û9(x, k, t) dk. (6)E2(2p)

The commutation of a Gabor transform and a partial
derivative is subject to surface terms dependent on
boundary conditions. The proof is analogous to that
given in section 2b. Note, the derivative of the Gabor
transform may be approximated by

] û9 ¯ ik û9 1 O[1/(L k)],i i * (7)

where L* is the typical scale of the large-scale flow.Technically speaking, e 5 1/(kL*) defines the cutoffscale between large and small scales, and e is a param-
eter much less or less than one. Rigorous expansions in
terms of e are possible (Dubrulle and Nazarenko 1998;
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Nazarenko et al. 1999; Nazarenko et al. 2000), but here
we give a more heuristic derivation of the large- and
small-scale equations.
Next consider the Gabor transform of a quantity in-

volving the product of a function varying over large
scales (e.g., U) and a function varying over small scales
(e.g., u9):

ik · (x2x9)cUu9 5 f (x 2 x9)e U(x9, t)u9(x9, t) dx9. (8)E
Because the kernel f varies over scales of order 1/k 5
eL*, while U varies over scales of order L*, one canTaylor expand the function U around the point x9 as a
function of e. To first order in e, and after integration
by parts, we then obtain:

dU u9(x, k, t) 5 U (x, t)û9 1 i= [U (x, t)]= û9. (9)j j i j ki

This expansion will be used in developing the solution
of the small-scale equations.
Finally, consider the filtered product of subgrid-sub-

grid quantities, that is, the subgrid stress . Usingu9u9i j
our definition of filtering (3), f 2 5 G, and the definition
of the Dirac delta function d(x9 2 x0) 5 (2p)2D

# eik(x2x9)e2ik(x2x0) dk, we can write the subgrid stress at
point x and time t as a function of the Gabor transform:

1
u9u9 5 [û9(k, x, t)û9(2k, x, t)i j E i jD2(2p)

1 û9(2k, x, t)û9(k, x, t)] dk. (10)i j

c. Local filtering

Being local in wavenumber space, the Gabor trans-
form allows for a filtering procedure using a nonho-
mogeneous (i.e., spatially varying nonglobal) length
scale. Indeed, the Fourier transform with respect to x of
a Gabor mode û(k, x, t) is given by

FT(û)(k, q, t) 5 FT(G)(k 1 q)FT(u)(q). (11)

Because G is a filter with support concentrated over
scales of the order of 1/kc, we can approximate its Fou-
rier transform by a step function

1, q , k ,cFT(G)(q) 5 (12)50, q . k .c
Consequently, the Fourier transform of û obeys:

FT(u)(q), |k 1 q | , k ,cFT(û) 5 (13)50, |k 1 q | . k .c
Using the Schwartz inequalities \k | 2 | q\ , | k 1 q |
, | k | 1 | q | , we see that for any Gabor mode such
that | k | . kc 1 k*, where k* is an arbitrary cutoffwavenumber that may depend on x, its Fourier transform
has no component at | q | , k* [assuming (12) to betrue]; that is, the Gabor mode is concentrated in scales

smaller than 1/k*(x). Therefore, by keeping those Gabormodes with an appropriately chosen wavenumber k, we
can implement a local filtering procedure. Note also that
the Gabor transform formalism allows anisotropic fil-
tering with different conditions specified for each wave-
number component.

4. Derivation of the dynamical equations

a. Notation, approximations, and basic equations

The PSL is a nearly incompressible, stratified fluid
layer. The Boussinesq approximation to the basic equa-
tions is

] u 5 0,j j

] u 1 ] (u u ) 5 2] p 2 g b(u 2 T ) 1 nDu ,t i j i j i i 0 i

] u 1 ] (u u) 5 kDu, (14)t j j

where u and u are the velocity and potential temperature,
T0 is a reference temperature (e.g., just above the
ground), p is the pressure (divided by constant density),
g 5 (0, 0, 2g) is the gravitational vector, b is the co-
efficient of thermal expansion, and n and k are the ki-
nematic viscosity and thermal diffusivity.
To derive the large- and small-scale equations from

the basic equations, we shall use a filtering procedure
in which the filtering scales are chosen so that large-
scale motions are much more energetic than the small-
scale motions. This will guarantee that the dominant
interactions at small scales are between large (resolved)
scales and small (subgrid) scales. This will enable a
linearization of the small-scale dynamics, and, therefore,
analytic solutions. In Part II of this paper (Dubrulle et
al. 2002), we derive the equation following a traditional
filtering procedure, keeping in mind the possibility of
performing local filtering via properly selected Gabor
modes to take into account the variation of the integral
scale as one gets closer to the ground. The technical
difficulties involved in this case will be addressed in a
future work devoted to the numerical implementation
of our model.

b. Resolved-scale equations

Equations for the resolved scales of motion are ob-
tained by application of the spatial filter (3) to the in-
dividual terms of the basic equations (14). Taking into
account the noncommutivity between the filter and the
z component of the Laplacian for the horizontal velocity
and the temperature (see section 2), at the resolved level
we obtain

] U 5 0,j j
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] U 1 ] U U 1 ] U u 1 U u 1 ] u ut i j i j j i j j i j i j

(u)5 2] P 2 g b(Q 2 T ) 1 nDU 1 S ,i i 0 i i

] Q 1 ] U Q 1 ] u Q 1 U u 1 ] u ut j j j j j j j

(u )5 kDQ 1 S . (15)
In these equations, we have dropped primes on subgrid
components for simplicity; this means that from now
on, resolved quantities are denoted by uppercase letters,
while subgrid-scale quantities are denoted by lowercase
letters. We have also introduced two surface terms

(u) 2 (u )S 5 2u*G (z)d , S 5 Q G (z). (16)i 3 i3 0 3

Here, the surface momentum and heat flux are given by
n]zU(z 5 0) 5 2 and k]zQ(z 5 0) 5 Q0. Note that2u*the surface terms depend explicitly on the filter choice
and on the cutoff scale in the vertical direction; however,
they are only important at a distance from the surface,
which is less than the vertical cutoff scale as the G3
function vanishes for scales larger than the cutoff scale.
Note that the large-scale motions depend on the small-

scale motions through two subgrid stress terms; the sub-
grid–subgrid product , and the resolved–subgridu ui j

cross term . Traditional subgrid modelingU u 1 U ui j j i
usually parameterizes these two terms together, via as-
sumptions about the velocity correlations. However, re-
cent measurements in the PSL by Tong et al. (1999)
indicate that these two kinds of subgrid stresses con-
tribute differently to the total subgrid stress, which can-
not be captured by a single, global parameterization.
Here, we adopt an alternative approach and focus on
modeling efforts on the subgrid-scale dynamics using a
direct estimate of the subgrid-scale velocities instead of
the subgrid-stress components. This enables us to treat
resolved–subgrid and subgrid–subgrid terms indepen-
dently. The estimate of the subgrid velocity is obtained
by a parameter-free procedure, using a dynamical equa-
tion derived directly from the basic equations.

c. A nonlocal subgrid-scale model
Consider the subgrid component of the basic equa-

tions (14):
] u 5 0,j j

] u 1 ] [(U 1 u )(U 1 u ) 2 (U 1 u )(U 1 u )]t i j i i j j i i j j

(u)5 2] p 2 g bu 1 nDu 2 S ,i i i i

] u 1 ] [(U 1 u )(Q 1 u) 2 (U 1 u )(Q 1 u)]t j j j j j

(u )5 kDu 2 S . (17)
Subgrid motions are generated through two types of
processes: the nonlinear cascade mechanism and surface
forcing. Several terms contribute to the nonlinear in-
teraction; their orders of magnitude will likely differ.
Assuming nonlinear subgrid–subgrid interactions to

be negligible; i.e., uiuj 2 K Uiuj 2 and uuju u U ui j i j

2 K Quj 2 , the subgrid model equations be-uu Quj j
come

] u 5 0,j j

] u 1 U ] u 5 2] p 2 g bu 2 u ] U 1 nDut j j j i i i j j i i

(u)1 F ,i

(u )] u 1 U ] u 5 2u ] Q 1 kDu 1 F , (18)t j j j j

where the forces F (u) and F (u) are given by
(u) (u)F 5 2S 1 ] (U U 2U U )1 ] U u 1 ] U u ,i i j i j i j j j i j i j

(u ) (u )F 5 2S 1 ] (U Q 2U Q)1 ] U u 1 ] u Q. (19)i j j j j j j j

Note that and F (u) depend on both the surface terms,(u)F i
and on filtered resolved–subgrid interactions. We call

and F (u) pseudoforces because of their dependence(u)F i
on the subgrid scales; i.e., they are not purely ‘‘exter-
nal.’’ In Part II, and F (u) will be replaced with truly(u)F i
externally prescribed forces in order to obtain analytic
solutions for mean velocity and temperature profiles,
and for vertical fluctuations.
The equations describing the dynamics of the subgrid

scales, although superficially complicated, have a sim-
ple structure; they are linear, inhomogeneous equations
for the subgrid motions, with the forcing occurring via
the nonlinear cascade among the resolved–subgrid
scales. As we mentioned in section 1, the linear feature
is the essential simplification that makes it possible to
obtain estimates of the subgrid velocities by a semi-
Lagrangian type of procedure involving only resolved
timescales. This leads to a computational cost compa-
rable to typical LES (Laval et al. 2000; Laval et al.
2001). Also, the linear structure of the equations enables
analytic solutions of the subgrid-scale dynamics in terms
of large-scale quantities. Substitution of the small-scale
solution into the large-scale equation results in a closed
system for the large scales from which we can obtain
analytic solutions for the mean velocity and temperature
profiles (see Part II).
All these advantages of the small-scale equations can

be realized by a decomposition of the subgrid scales
over spatially localized (Gabor) modes, optimized to
describe small-scale intermittency. We thus take the Ga-
bor transform of (18) and use (9). To leading order in
the scale separation parameter e, we obtain the system

] û 5 0,j j

] û 1 U ] û 2 ] (U k )] ût i j j i j m m k ij

2 (u)ˆ5 2ik p̂ 2 û ] U 2 g bû 2 nk û 1 Fi j j j i i i

] û 1 U ] û 2 ] (U k )] ût j j j m m kj

2 (u )ˆ5 2û ] Q 2 kk û 1 F , (20)j j

where k 5 (k, q) is the wavenumber. Note that no new
surface terms arise here because the subgrid quantities
have necessarily zero boundary conditions. The set of
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FIG. 1. One-dimensional velocity and temperature spectra f (kx ) from 2403 LES at z/z i 5 0.1: (a) and
(b) velocity and temperature spectra for free-convection case, (c) and (d) shear-buoyancy case. The
(heavy-solid, light-solid, dashed) lines in (a) and (c) are spectra of the velocities (u, y , w). Velocity
spectra are normalized by and for the free-convection and shear-buoyancy cases, respectively.2 2w u* *
The thin straight lines depict inertial range scaling for unfiltered data.

TABLE 1. Simulation parameters and solution properties.

Run Free convection Shear buoyancy

Domain size (Lx, Ly, Lz) (km)
Grid spacing (Dx, Dy, Dz) (m)
PBL height zi (m)
Monin–Obukhov L (m)
2zi/L
Surface heat flux Q* (K m s21)
Friction velocity u* (m s21)
Convective velocity w* (m s21)
Geostrophic wind Ug (m s21)
Mean wind at z/zi 5 0.1 (m s21)

(5, 5, 2)
(20.8, 20.8, 8.3)

1000
,21460

,1.40
0.06

,0.08
1.26
0.0

¯0.0

(3, 3, 1)
(12.5, 12.5, 4.2)

500
234.4
14.5
0.06
0.30
1.0
5.0
3.9

equations (20) are next put into a set of ray equations
by introducing the total derivative:

D [ ] 1 U ] 2 ] (U k )] ,t t j j j i i kj (21)
which is a total time derivative in phase space (x, k, t)
provided k and x satisfy

D x 5 U , D k 5 2k ] U . (22)t i i t i j i j

These ray equations describe the motion of wavepack-
ets, whose center moves at the large-scale velocity, and
whose wavenumber varies according to the local shear,

thereby describing the transfer of energy between large
and small scales. Next, using the incompressibility con-
straint to eliminate the pressure, the system (20) is re-
written as

k k2k k i ji mD û 5 2 d û ] U 1 2 d g bût i im j j m ij j2 21 2 1 2k k
⊥2 (û)2 nk û 1 F ,i i

2 (u )ˆD û 5 2û ] Q 2 kk û 1 F , (23)t j j
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FIG. 2. Correlation of complete small-scale advection term with the contributions from
the resolved–resolved and resolved–subgrid interactions for the small-scale velocity com-
ponents and temperature using 2403 LES. Here u is the solid line, y the dotted line, w the
dash–dotted line, and u the dashed line; (a) free-convection case and (b) shear-buoyancy
case. (upper panels) The fraction of turbulent kinetic energy (relative to the total) in the
resolved (heavy line) and small-scale (thin line) fields.

where F is the divergence-free component of the⊥(u)

force:

k ki j⊥(u) (u)F 5 d 2 F . (24)i ij j21 2k
The equation set (15) and (23), where the subgrid stress-
es are computed using (10), constitute the main equa-
tions of our flow model. The subgrid model is dynamical
because it allows for temporal and spatial evolution of
the subgrid stress. It has been derived directly from the
basic equations of the PSL and allows many natural
generalizations.

5. A priori tests of the nonlocal hypothesis
Presently, extensive 3D observational datasets of

the flow fields in the PSL are not available to test the
nonlocal scaling hypothesis. The emphasis of most
field campaigns is on deducing fluxes and variances
from single-point time series, information which is
insufficient to estimate spatially filtered variables [the
measurements of Tong et al. (1999) are a noteable
exception, see also Meneveau and Katz (2000)]. New
experimental methods are required to measure veloc-

ity, pressure, and temperature in multiple dimensions
at sufficient spatial resolution to estimate the mag-
nitude of all terms in (17).
In the absence of field observations, we will use LES

of the planetary boundary layer (PBL) and direct nu-
merical simulation (DNS) of a stably stratified shear
layer as databases for evaluation of our nonlocal scaling
hypothesis. Laval et al. (1999) has already employed
such an approach but those numerical simulations were
of 2D flows. We are aware that both LES and DNS are
imperfect surrogates for real turbulence in the PSL; LES
becomes questionable near the surface because of poor
resolution and subgrid-scale (SGS) influences, and DNS
is limited by low Reynolds number. However, we at-
tempt to minimize these shortcomings by using high-
resolution LES and the largest Reynolds number DNS
available.
Our a priori tests follow standard procedures. The 3D

data is first filtered in 2D horizontal (x–y) planes using
a sharp (Fourier) cutoff filter at varying nondimensional
cutoff wavenumber kc. No explicit filtering is applied
in the vertical direction because of the uncertainty of
defining a filter function in the presence of a solid
boundary. The resolved fields then contain all motions
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FIG. 3. Spectral content of the interaction terms in the small-scale advection equations: (a) free-
convection case with kc /kmax 5 0.2 and (b) shear-buoyancy case with kc /kmax 5 0.2. Various curves are
heavy-solid line advection of small scales by resolved scales (b term), thin-solid line advection of
resolved scales by small scales (c term), dash–dot line advection of resolved scales by resolved scales
(a term), and dashed line advection of small scales by small scales (d term). The vertical axis in each
plot is a normalized squared Fourier coefficient.

with (kx, ky)1 , kc, while the subgrid fields are composed
of wavenumbers | k | . kc. The exact quantitative re-
lationships between resolved and subgrid fields are filter
dependent; however, we expect the qualitative relation-

1 Here (kx, ky) are horizontal wavenumbers in the (x, y) directions,
respectively.

ships between resolved and subgrid quantities to be fil-
ter-independent based on the results of Laval et al.
(1999). The critical aspect of our a priori testing focuses
on estimating the magnitude of the resolved–resolved,
resolved–subgrid, and subgrid–subgrid interactions in
the small-scale equations. In order to estimate the con-
tribution of these various interaction terms to the evo-
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FIG. 4. Spectral content of the interaction terms in the small-scale advection equations: (a) free-convection
case with kc/kmax 5 0.4 and (b) shear-buoyancy case with kc/kmax 5 0.36. Labeling is the same as in Fig. 3.

lution of the subgrid velocity fields, a statistical analysis
of the small-scale advection term was carried out. For
convenience, in (17) let

]
(vel)A 5 [(U 1 u )(U 1 u ) 2 (U 1 u )(U 1 u )]i i i j j i i j j]xj

vel5 [a 1 b 1 c 1 d 2 (a 1 b 1 c 1 d )] ,i i i i i i i i

(25)
where

] (U U ) ](u U )i i j i j(vel) (vel)a 5 , b 5 ,i i]x ]xj j

](U u ) ](u u )i j i j(vel) (vel)c 5 , d 5 . (26)i i]x ]xj j

Physically, the resolved–resolved component em-(vel)ai
bodies transport of large-scale eddies by large eddies, the
resolved–subgrid interactions , represent trans-(vel) (vel)b ci i
port of small-scale eddies by large eddies and large eddies
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FIG. 5. Vertical profiles of average nondimensional velocity and
temperature for stably stratified shear (Kelvin–Helmholtz) flow. The
dotted lines indicate the ‘‘edge’’ region of the turbulent layer.

FIG. 6. One-dimensional streamwise velocity and temperature spectra f (kx) from 1000 3 360 3 2000
mode DNS: (a) and (b) velocity and temperature spectra at midlayer z/h 5 0; (c) and (d) at edge layer z/h
5 2.4. The (solid, dashed, dotted) lines in (a) and (c) are spectra of the velocities (u, y , w), respectively.
The thin straight lines depict inertial range scaling (k25/3) for unfiltered data.

by small ones, and the subgrid–subgrid term denotes(vel)di
transport of small eddies by small eddies. We note that
(25) can be expressed in standard notation as

]
(vel)A 5 2 (L 1 C 2 C 1 R 2 R ), (27)i ij ij ij ij ij]xj

where Lij 5 2 UiUj is the Leonard term, Cij 5U Ui j
u iUj 1 ujUi is the unfiltered cross term, and Rij 5
uiu j is the unfiltered subgrid–subgrid term. However,
alternate definitions of Lij , Cij , and Rij are possible

(see Germano 1986). In a similar fashion, the advec-
tive term in the small-scale temperature equation can
be written as

]
(temp)A 5 [(U 1 u )(Q 1 u) 2 (U 1 u )(Q 1 u)]j j j j]xj

(temp)5 [a 1 b 1 c 1 d 2 (a 1 b 1 c 1 d)] ,
(28)

where

](QU ) ](uU )j j(temp) (temp)a 5 , b 5 ,
]x ]xj j

](Qu ) ](uu )j j(temp) (temp)c 5 , d 5 . (29)
]x ]xj j

a. LES results

LES of the PBL was carried out using the code and
simulation procedures described in Sullivan et al.
(1996) with an SGS model specifically designed to
capture Monin–Obukhov profiles in the surface layer
(Sullivan et al. 1994) using 2403 gridpoint calcula-
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FIG. 7. Correlation of complete small-scale advection term with the contributions from the
resolved–resolved and resolved–subgrid interactions for the small-scale velocity components and
temperature from stably stratified DNS. Here u is the solid line, y the dash–dot line, w the long-
dashed line, and u the dotted line. (upper panels) The fraction of TKE (relative to the total) in
the resolved (heavy line) and small-scale (dashed line) fields.

tions.2 Two cases were simulated, a ‘‘free convection’’
(no mean wind) case and a ‘‘shear-buoyancy’’ (com-
bined shear and buoyancy forcing) case (see also
Moeng and Sullivan 1994). Several 3D volumes were
archived from each simulation after 2 h of simulation
time (about 5000 time steps). For our purposes, x–y
slices of data were examined in detail at the vertical
location z/z i 5 0.1 [here z i denotes the average PBL
height based on the maximum local gradient; see Sul-
livan et al. (1998)]. At this location, which is just at
the upper boundary of the PSL, the SGS turbulent
kinetic energy (TKE) is less than 10% of the total
TKE and the SGS heat flux is less than 2% of the
total heat flux. Thus, the SGS influences are expected
to be small. Further details of the simulations are re-
ported in Table 1. In Fig. 1, one-dimensional power
spectra of the velocity components and temperature
are shown for both cases. Reasonable agreement with
inertial-range scaling is observed. We should note that
these results have not been corrected for the implicit
filtering associated with finite differencing in the ver-

2 A new version of the LES code was recently ported to the IBM
SP2 using the message passing interface (MPI), allowing the in-
creased number of gridpoints reported here.

tical direction (e.g., see Schmidt and Schumann 1989)
and the integration of a finite number of Fourier
modes to compute the spectra (see Moeng and Wyn-
gaard 1988). Both effects cause departures from in-
ertial-range scaling at high wavenumbers. Overall the
shape of the spectra in the free-convection case are
in good agreement with those of Schmidt and Schu-
mann (1989).
The relative importance of the nonlinear small-

scale interaction terms can be gauged from the cor-
relation of the advective terms with and without the
subgrid–subgrid contribution. A normalized correla-
tion coefficient

^A(A 2 d 1 d )&
r 5 , (30)

2 1/2 2 1/2(^A &) [^(A 2 d 1 d ) &]

was computed for each of the three velocity compo-
nents and temperature. The angle brackets operator
denotes an average over an x–y plane. The correlations
are shown in Fig. 2 as a function of the nondimen-
sional cutoff wavenumber kc /kmax3 for the free-con-

3 Here kmax 5 2p/3Dx is the maximum wavenumber accounting for
dealiasing with the 2/3 rule.
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FIG. 8. Spectral content of the interaction terms in the small-scale advection equations for stably
stratified shear flow with kc/kmax 5 0.052: (left) midlayer (z/h 5 0) and (right) edge layer (z/h 5
2.4). Various curves are solid line advection of small scales by resolved scales (b term), long-
dashed line advection of resolved scales by small scales (c term), dash–dot line advection of
resolved scales by resolved scales (a term), and dashed line advection of small scales by small
scales (d term). The vertical axis in each plot is a normalized squared Fourier coefficient.

vection and shear-buoyancy cases. The first impres-
sion of these results is that the subgrid–subgrid in-
teraction term in the small-scale equations [i.e., the
d term in (25) and (28)] is subdominant to the re-
solved–resolved and resolved–subgrid terms based on
the good correlation for all variables for both cases
considered. Closer inspection of the results shows that
the correlation coefficients are always larger than 0.5
over the entire range of kc considered. Note that a

reasonable level of correlation is maintained even at
kc /kmax , 0.1 when the fraction of TKE in the small
scales is greater than 50% of the total TKE. A striking
feature of the variations is the very high correlation
(greater than 0.95) in the shear-buoyancy case com-
pared to the free-convection case over all cutoff wav-
enumbers. Since the surface heating is identical in our
two simulations, the high correlations in the shear-
buoyancy case results from the presence of a mean
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FIG. 9. Spectral content of the interaction terms in the small-scale advection equations for
DNS with kc/kmax 5 0.103: (left) midlayer at z/h 5 0 and (right) edge layer at z/h 5 2.4. Labeling
is the same as in Fig. 8.

wind shear. The (u, y , u) correlations in the free-con-
vection case reach levels comparable to the shear-
buoyancy case (greater than 0.9) when kc /kmax . 0.4.
Note that in the free-convection case, the w correla-
tion clearly exceeds the (u, y , u) correlations; a similar
but weaker trend is also apparent in the DNS results
(see Fig. 7). In the LES simulations, the spectral con-
tent of the w field is shifted toward higher waven-
umbers compared to the u field (see Fig. 1a), which
might be a possible source of the differences in the
magnitude of the correlations shown in Fig. 2. Over-
all, the good correlations obtained in the free-con-

vection and shear-buoyancy cases support our non-
local hypothesis; that is, that the small-scale dynamics
are significantly determined by their interaction with
the larger scales.
Next, in order to dig further into the details of the

small-scale advection, spectra of the various inter-
action terms are considered. Specifically, we com-
puted 1D spectra of the terms (ai , bi , ci , di ), i.e., of
the divergence of the resolved–resolved, resolved–
subgrid, and subgrid–subgrid interactions. In this re-
spect, we are following the analysis of 2D flow fields
presented by Laval et al. (1999). The results are dis-
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played in Figs. 3 and 4 for two values of cutoff wave-
number kc /kmax for the free-convection and shear-
buoyancy cases.
First, we notice that the relative balance between the

interaction terms is dependent on k, kc, and the flow
simulated. For instance, the resolved–resolved interac-
tion is large for k , kc and small for k . kc, for both
simulations, while the magnitude of the resolved–sub-
grid interaction term b increases for k . kc in the shear-
buoyancy case but is either constant or decreases slight-
ly in the free-convection case. The crucial common fea-
ture in all of these results is the subdominance of the
subgrid–subgrid interaction; that is, term d is at most
the second largest contributor to the small-scale trans-
port. Detailed inspection of the results also helps explain
the high correlation in the shear-buoyancy flow. Trans-
port of small eddies by the resolved large-scale motions
(which contain a mean wind) is clearly dominant, about
one order of magnitude larger than the subgrid–subgrid
term. This is not entirely surprising since term b is also
the dominant term in Taylor’s hypothesis, which is often
adopted as an approximation for weak turbulence (e.g.,
Hinze 1975, p. 47). However, our term b includes all
the resolved scales (not just the mean wind) as the ad-
vective velocity for the small scales. Also, as kc in-
creases the resolved–resolved interaction term becomes
an increasingly important player, further supporting our
scaling argument. These same trends also hold true in
the free-convection case but to a lesser extent because
of the absence of a mean wind shear.
It is further interesting to notice that the spectral con-

tent of the small-scale w transport possesses some unique
features compared to the (u, y, u) advection, especially
apparent in the free-convection case. The transport of
large scales by small scales (term c) exceeds the subgrid–
subgrid interaction only in the small-scale w equation. In
fact, the contribution of the c term helps lead to the
increased correlation observed in Fig. 2a at low cutoff
wavenumbers. Based on these results, one might expect
to use different modeling for small-scale u and w near a
solid surface. For example, one may want to introduce
an anisotropic turbulent eddy viscosity in the equation
for w to account for the action of the local interactions
(see Laval et al. 2001; Laval et al. 2001, Langevin models
of turbulence: DSTA, RNG or ROT?, submitted to Phys.
Fluids) for tests and discussion of this procedure in 3D
homogeneous turbulence). Overall, the small-scale ad-
vection is a complex, scale, and flow-dependent process.
However the above results support our hypothesis that
the small-scale dynamics are primarily determined by the
larger scales. We have found that these results are in-
sensitive to grid resolution using 5002 3 100 simulations.

b. DNS results
Turbulence in the PSL is frequently stably stratified

because of the diurnal cycle of solar forcing. Com-
pared to the unstable or neutral case, the stable PBL

is characterized by intermittent, small-scale, weak tur-
bulence (e.g., Mahrt 1998). To examine the influences
of stable stratification for our nonlocal scale hypoth-
esis, we utilize the DNS databases generated byWerne
and Fritts (1999) and Werne and Fritts (2000) of a
3D stably stratified Kelvin–Helmholtz (KH) instabil-
ity in the absence of any bounding surfaces.4 In this
transient flow, turbulence is initiated by 3D pertur-
bations on the background shear profile u 5 Uo tanh
(z/h) under constant (i.e., z independent), stable strat-
ification. Here Uo and h are constant velocity and
length scales and z is the vertical coordinate. DNS
were performed at the highest Reynolds number to
date, Re 5 Uoh/n 5 2500, at a Richardson number,
Ri 5 0.05; at this Ri the shear layer is dynamically
unstable. The layer Reynolds number ReL 5 DUDL/
n, based on the final depth of and the velocity dif-
ference across the resulting turbulent layer (DL and
DU, respectively) reached ReL ¯ 30 000 during the
evolution of the flow. The simulations utilize 1000 3
360 3 2000 spectral modes. A description of the com-
putational procedures and details of the turbulence
statistics are available in Werne and Fritts (1999) and
Werne and Fritts (2000).
Our analysis of the DNS database follows the same

procedures as for the LES (see section 5). We chose
a single 3D volume at a nondimensional time where
3D turbulence is fully developed. Vertical profiles of
the horizontally averaged nondimensional tempera-
ture and velocity at this time are shown in Fig. 5.
Based on the shape of these profiles we further focus
our attention on the planes at midlayer z/h 5 0 in the
core of the mixed layer and at the layer edge z/h 5
62.4 for detailed analysis. These planes were selected
since they cover a range of conditions; at midlayer
the turbulence is continuous and the mean horizontal
velocity is ^u& 5 0, while at the layer edge the tur-
bulence (and hence the entraining process) is inter-
mittent and ^u& is significant. Note that over the entire
vertical extent the mean temperature gradient, ] z^u &,
is positive (i.e., the stratification is stable). The scale
content of the turbulence is depicted in Fig. 6. An
inertial subrange (k25/3 variation) is observed for all
flow variables at both the midlayer and edge-layer
locations.
The correlation of the advective terms with and

without the subgrid–subgrid contribution [see Eq.
(30)] for a range of cutoff wavenumbers is presented
in Fig. 7. Similar to the LES, high correlation is ob-
tained (coefficients greater than 0.5) for almost all
cutoff wavenumbers despite the presence of stable
stratification. For example, at z/h 5 0 the correlations

4 We realize that this flow is only an approximate model for the
surface layer of the planetary boundary layer, which is strongly in-
fluenced by the ground. However, the KH flow contains stable strat-
ification, which is the important physical process we wish to include
in our analysis.
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are at least 0.8 where the TKE fraction in the subgrid
field is 30% of the total. Note that the correlations
are greatest in the edge region, where turbulence is
intermittent and the entrainment process strongly de-
pends on the stratification. Despite the complexity of
the dynamics in this region, the mean horizontal flow
dominates, and as a result, the correlations behave
like those for the LES shear-buoyancy case. The var-
iation of the correlations at midlayer, however, differ
notably and instead behave like those obtained in our
LES free-convection case. This is because the mean
wind vanishes at midlayer, and turbulent mixing has
restratified the mean density profile to near neutrality
(see Fig. 5).
In Figs. 8 and 9 spectral decompositions of the var-

ious interaction terms in the small-scale advection
[see Eqs. (26) and (29)] are shown for the midlayer
and edge-layer for cutoff wavenumbers kc /kmax 5
(0.052, 0.103). The important feature to notice in
these plots is that even in the presence of stable strat-
ification the resolved–subgrid interaction (term b) is
dominant compared to the subgrid–subgrid interac-
tion (term d ) over almost the entire wavenumber
range for all flow variables. Similar to the a priori
test with LES, this dominance increases as the cutoff
wavenumber shifts to the right and as the mean ad-
vective velocity increases. The impact of the large-
scale advective velocity is readily apparent in the edge
region; e.g., in the w-equation term b is almost two
orders of magnitude larger than term d in the wave-
number range kx /kmax . 0.1. The closest approach of
the subgrid–subgrid and resolved–subgrid interaction
terms occurs at very high wavenumbers in the mid-
layer for the u equation. A similar, but weaker, ten-
dency is also found in our LES free-convection sim-
ulation (see upper-left panel of Fig. 3). At present,
the physical process at work is unknown, but we note
that at these high wavenumbers viscous effects are
clearly important influences in the DNS. Results from
2D simulations utilizing hyperviscosity (Laval et al.
1999) did not show such an effect.
Overall our a priori tests using numerical databases

support our nonlocal-scale hypothesis for 3D flows
with unstable, neutral, and stable stratification.

6. Summary
In this paper, we have developed a new model for

the atmospheric surface layer that involves no ad-
justable parameters. This model involves the coupling
of two dynamical equations; one for the large (re-
solved) scales of motion and another for the small
(subgrid) scale velocity. The equations are coupled
through resolved–resolved and resolved–subgrid in-
teractions. The subgrid-scale equation is a linear in-
homogeneous equation, where the forcing occurs via
the kinetic and potential energy cascade from resolved
to subgrid scale. It is derived from the basic equations

of motion under the assumption of nonlocality of the
interactions at small scales. This assumption is tested
using data from numerical simulations (both LES and
DNS) for flows with varying stratification. In the com-
panion paper, we use this new model to predict the
variation of the integral scale of the vertical motions,
the mean temperature and velocity profiles, and the
variance of temperature and vertical velocity in the
atmospheric surface layer. Our results show that our
model, derived from the basic equations via a physical
approximation, has the correct symmetry and asymp-
totic requirements built in, which is not necessarily
the case for traditional subgrid modeling. The next
step is to implement a full numerical model (resolved
plus subgrid equations), in order to see whether quan-
titative agreement can be reached via the consistent
computation of the constants appearing in our analytic
solutions. This is the subject of an ongoing work,
which will be reported in future publications.
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