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Abstract
Direct numerical simulations (DNS) of plane Couette flows over thermally heterogeneous 
surfaces at bulk Reynolds number Re = 104 and bulk Richardson number Ri = 0.25 are 
performed. The focus of the present study (that extends previous work by the authors) is 
the effect of surface heterogeneity orientation on boundary-layer structure. The tempera-
ture of the upper and lower walls is either homogeneous or varies sinusoidally, where the 
temperature-wave crests are either normal or parallel to the mean flow (HETx and HETy 
cases, respectively). Importantly, the horizontal-mean surface temperature is the same in 
all simulations. The stratification is strong enough to quench turbulence over a homoge-
neous surface, but turbulence survives over heterogeneous surfaces. In all heterogeneous 
cases, both molecular diffusion and turbulence transfer momentum down the gradient of 
mean velocity. The total (turbulent plus diffusive) heat flux is down-gradient, but quasi-
organized eddy motions generated by the surface thermal heterogeneity induce heat trans-
fer up the gradient of the mean temperature. Comparative analysis of HETx and HETy 
cases shows that the configuration with the spanwise heterogeneity is more turbulent and 
more efficient in transporting momentum and heat vertically than its counterpart with the 
streamwise heterogeneity. Vertical profiles of mean fields and turbulence moments differ 
considerably between the HETx and HETy cases, e.g., the streamwise heat flux differs not 
only in magnitude but also in sign. A close examination of the second-order turbulence 
moments, vertical-velocity and temperature skewness, and the flow eddy structure helps 
explain the observed differences between the HETx and HETy cases. The implications of 
our DNS findings for modelling turbulence in stably-stratified environmental and industrial 
flows with surface heterogeneity are discussed.
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1 Introduction

Representation of stably stratified boundary-layer (SBL) turbulence is of paramount impor-
tance in many industrial and environmental applications. In numerical weather prediction 
and climate studies, for example, model errors, associated with relatively weak and often 
intermittent turbulence and low mixing intensity that are characteristic of the SBL, are sub-
stantial (Holtslag et al. 2013). It is still largely unclear how to cure the trouble. Many fea-
tures of stably-stratified boundary-layer turbulence are poorly understood (see, e.g., Mahrt 
2014, for discussion of atmospheric SBLs). One particularly challenging problem is the 
strongly stable boundary-layer flow over a thermally heterogeneous surface. In the present 
study, direct numerical simulation (DNS) is used to examine the effect of surface thermal 
heterogeneity on the mean and turbulence structure and mixing intensity in strongly stable 
boundary-layer flows. More specifically, we analyze the effect of the orientation of the sur-
face heterogeneity patterns relative to the mean velocity on the boundary-layer structure. 
The present study extends previous studies by the authors (Mironov and Sullivan 2016, 
2023) where several aspects of the SBL over heterogeneous surfaces have been addressed.

Mironov and Sullivan (2016, hereafter MS16) used large-eddy simulation (LES) to gain 
insight into the structure and transport properties of the atmospheric SBL over thermally 
homogeneous and thermally heterogeneous surfaces. A comparative analysis of mean fields 
and second-moment budgets in homogeneous and heterogeneous SBLs was performed. A 
physically sound explanation of the enhanced mixing in the heterogeneous SBL was sug-
gested, and possible ways to account for the heterogeneity effects in coarse-resolution mod-
els of atmospheric flows were discussed. It should be stressed that the results of MS16 are 
pertinent to weakly-to-moderately stable boundary layers, where turbulence is continuous 
and rather vigorous over both homogeneous and heterogeneous surfaces.

Mironov and Sullivan (2023, hereafter MS23) performed direct numerical simulation 
to analyze the structure of strongly stable SBL with surface thermal heterogeneity (the 
idea to use LES was abandoned since LESs of strongly stable flows heavily depend on 
the sub-grid scale parameterizations and are very uncertain). An idealized plane Couette 
flow configuration is used as a proxy for real-world SBLs. The temperature of the upper 
and lower walls is either homogeneous or varied sinusoidally in the streamwise direction, 
but the horizontal-mean surface temperature is the same in both homogeneous and hetero-
geneous simulations. Turbulence cannot survive over a homogeneous surface because of 
the strong buoyancy stratification. However, turbulence survives over heterogeneous sur-
faces. Examination of momentum and heat fluxes shows that both molecular and turbulent 
fluxes of momentum are down-gradient, whereas the turbulent contribution to the heat flux 
is up the gradient of mean temperature. Analysis of the flow structure and of the skew-
ness of velocity and temperature fields suggests that the counter-gradient turbulent heat 
transfer is caused by quasi-organized vortical motions similar to quasi-organized motions 
(e.g., plumes and rolls) encountered in convective boundary layers. Those eddy motions 
cause counter-gradient heat transfer, although the overall stratification remains stable and 
the total (diffusive plus turbulent) heat flux is down-gradient. The DNS findings of MS23 
corroborate the LES findings of MS16, emphasizing the key role of the temperature vari-
ance in setting the structure and mixing intensity in stably-stratified flows over heterogene-
ous surfaces. Both LES and DNS results indicate the importance of third-order transport of 
the temperature variance.

The analysis of MS23 is focused on the Couette flow configuration where the crests of 
the surface temperature waves are normal to the mean flow. The present study extends the 
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study of MS23 by analyzing the effect of the orientation of the surface heterogeneity pat-
terns on the mean and turbulence structure and transport properties of plane Couette flows. 
We compare results of simulations where the temperature-wave crests are normal to the 
mean flow (as in MS23, hereafter referred to as HETx cases) and parallel to the mean flow 
(HETy cases). We examine mean fields, second-order turbulence moments (variances and 
fluxes), and the vertical-velocity and temperature skewness. We also perform a visualiza-
tion study of the flow eddy structure.

The goal of the present study is not to simulate specific industrial or environmental 
flows, e.g., atmospheric or oceanic SBLs. Instead, we focus on physical processes at work 
in strongly stratified boundary-layer flows over thermally heterogeneous surfaces, viz., 
on the effect of the orientation of the surface heterogeneity patterns on the structure and 
transport properties of turbulence. For this purpose, a plane Couette flow set-up is used (a 
physical analog of our numerical configuration, a channel-like laboratory tank of infinite 
band type, is briefly discussed in MS23). The plane Couette flow configuration has often 
been used to explore various aspects of neutral and stratified turbulence (see, e.g., Lee and 
Kim 1991; Komminaho et al. 1996; Papavassiliou and Hanratty 1997; Sullivan et al. 2000; 
Sullivan and McWilliams 2002; García-Villalba et al. 2011; Pirozzoli et al. 2014; Avsark-
isov et al. 2014; Richter and Sullivan 2014; Deusebio et al. 2015; Zhou et al. 2017; Lee 
and Moser 2018; van Hooijdonk et al. 2018; Alcántara-Ávila et al. 2019; Glazunov et al. 
2019; Mortikov et al. 2019, and references therein). Needless to say that an idealized plane 
Couette flow and real-world industrial and geophysical SBL flows differ in many ways. We 
believe, however, that results from the present analysis are relevant to real-world flows, at 
least as far as improved understanding of essential physical processes is concerned.

Numerous numerical-simulation, experimental, and analytical studies of idealized flows 
with surface (mainly spanwise) heterogeneity have been performed to date. For example, 
the effect of spanwise surface heterogeneity was extensively studied using a rectangular 
closed channel-flow configuration (see, e.g., Stroh et al. 2020; Bon and Meyers 2022; Bon 
et al. 2023, and references therein). Results from these three studies pertinent to the present 
discussion are briefly outlined below. To the best of the authors’ knowledge, no compara-
tive analysis of the plane Couette flows with spanwise and streamwise heterogeneity was 
performed so far.

Stroh et al. (2020) performed a DNS study of momentum and scalar transfer in a neu-
trally-stratified channel with streamwise triangular ridges ca. one channel depth apart. Two 
ridge arrangements were considered: a symmetric arrangement, and a staggered arrange-
ment with the upper-wall ridges shifted by 1/2 of a ridge separation. In order to analyze the 
various flow statistics and the structure of secondary circulations generated by the surface 
heterogeneity patterns, a triple decomposition of the flow variables into mean, dispersive, 
and random parts was used. It was found (among other things) that the presence of ridges 
enhances momentum and passive scalar transfer by about 30% relative to a channel with 
homogeneous smooth walls. The global flow properties, like the skin friction coefficient 
and the Stanton number, are altered in a similar way in both symmetric and staggered con-
figurations. However, the two arrangements of ridges generate different secondary circula-
tions and change the partitioning between dispersive and random contributions to the flow 
statistics (with a weaker dispersive contribution in the symmetric configuration).

Bon and Meyers (2022) considered a stably-stratified channel flow with the surface 
spanwise heterogeneity in the form of alternating cold and warm strips. Both in-phase and 
antiphase arrangements were used (in the latter, the warm strips at the upper wall are at 
the same spanwise location as the cold strips at the lower wall). A series of direct numeri-
cal simulations was performed to cover a wide range of the Reynolds and Richardson 
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numbers and the strip widths, and the triple decomposition of the flow fields was used 
for the analysis. The spanwise surface thermal heterogeneity induces secondary flows in 
the plane normal to the mean flow direction, similar to the secondary motions induced by 
heterogeneous surface roughness. The secondary motions modulate the mean streamwise 
velocity, generating low-momentum pathways (above the warm strips) and high-momen-
tum pathways (above the cold strips). The streamwise velocity variations are up to 35% of 
the bulk streamwise velocity. In the low Reynolds number simulations, the skin friction is 
more than doubled as compared to the homogeneous stably-stratified channel flows. How-
ever, high Reynolds number cases reveal drag reduction where the width of the surface 
temperature strips exceeds the channel depth. The wall heat transfer characterized by the 
Nusselt number is reduced in all heterogeneous cases as compared to the respective homo-
geneous cases. A triple decomposition reveals the importance of dispersive contributions 
for momentum and heat transfer. The dispersive stress increases with the increasing width 
of the surface strips. Dispersive and random contributions to the heat flux are of opposite 
signs. As the static stability increases, the secondary motions and the dependence of the 
skin friction and of the wall heat transfer on the surface heterogeneity length scale become 
weaker. Comparative analysis of results from in-phase and antiphase configurations shows 
very similar flow properties for small surface temperature strip widths. As the width 
increases, the in-phase configuration exhibits larger dispersive contributions to fluxes and 
smaller random contributions than the antiphase configuration.

Bon et al. (2023) extended the analysis of Bon and Meyers (2022) by considering the 
effect of the streamwise extent of the temperature patches (strips) on the mean and tur-
bulent structure of a channel flow. It was found (among other things) that the strength of 
the secondary circulations and the effect of the surface thermal heterogeneity on the skin 
friction and heat transfer weaken as the length of the surface temperature patches (in the 
streamwise direction) decreases. The effect is practically negligible as the patch aspect ratio 
approaches one. Using the local version of the Monin-Obukhov similarity theory (Nieu-
wstadt 1984), the flux-gradient relationships for mean velocity and mean temperature in a 
stably-stratified channel flow are compared with the empirical similarity functions obtained 
from meteorological data. In the homogeneous cases, the flux-gradient relationships follow 
the local Monin-Obukhov scaling fairly well. In the heterogeneous cases with the strips of 
finite length, the profiles of the scaled velocity and temperature gradients follow the simi-
larity-theory predictions only well above the surface where the dispersive stress is small. In 
the cases with the infinitely long patches (the flow is homogeneous in the streamwise direc-
tion), the channel-flow profiles do not match the empirical similarity functions.

There is an ample body of literature on the impact of the surface heterogeneity on the 
structure of the atmospheric and oceanic boundary layers. A comprehensive review of prior 
work is beyond the scope of the present paper. However, two atmospheric boundary-layer 
studies are worthy of mention in relation to the problem addressed here. Sullivan et  al. 
(2020; 2021) used LES to examine the structure of slightly convective marine atmospheric 
boundary layers over thermally heterogeneous water surfaces. The flow configurations with 
the imposed single-sided warm and cold fronts (the sea surface temperature difference of 
2 K and −1.5 K over a horizontal distance between 0.1 km and 6 km typical of the upper-
ocean meso-scale or submeso-scale regimes) and the geostrophic wind blowing across and 
along the fronts were considered. The across-front and along-front configurations are found 
to differ in many respects, including the strength of the ageostrophic wind, the balance 
of terms in the mean-wind and the mean-temperature atmospheric boundary-layer budg-
ets, entrainment near the boundary-layer top, and the strength and the sense of rotation 
(for warm vs. cold fronts) of the secondary circulations generated by the surface thermal 
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heterogeneity. One finding relevant to the present study is that the secondary circulations 
have stronger effect on the surface momentum fluxes in the along-front wind configuration 
than in its across-front wind counterpart.

A comment is in order to clarify what is referred to as “turbulence” in the context of 
the present study (see also MS23). Averaging DNS model output over horizontal planes 
to compute turbulence statistics (see sect.  3) essentially means that turbulence incorpo-
rates all fluctuations within the model domain. In other words, turbulence comprises both 
nearly homogeneous and nearly isotropic small-scale fluctuations as well as non-homo-
geneous and non-isotropic quasi-organized coherent structures (a discussion of coherent 
structures in our Couette flows is given in sect. 4.6). This definition is commensurate with 
coarse-resolution numerical models, for which a single model grid box corresponds to the 
entire DNS domain, and all sub-grid scale motions (that are resolved in DNS) should be 
described by a turbulence closure scheme. A detailed analysis of secondary circulations 
generated by the surface heterogeneity patterns, using a triple decomposition of the flow 
fields into mean, dispersive, and random parts, is not performed in the present study. Such 
an analysis should be a subject of future work, particularly in view of an increasing popu-
larity of the approach in geophysical turbulence studies (e.g., Calaf et al. 2023; Boyko and 
Vercauteren 2023).

An outline of the paper is as follows. The flow parameters, governing equations, and 
boundary conditions are described in sect. 2. An outline of the DNS code and details of 
the simulated cases are given in sect. 3. Results are discussed in sect. 4. The discussion 
is centered around the juxtaposition of HETx and HETy cases. We highlight the differ-
ences between the two pairs of simulations and attempt to find physically plausible expla-
nations for those differences. Implications of findings of the present study for turbulence 
closure modelling are briefly discussed in sect. 5. In sect. 6, we present conclusions from 
the present study and briefly outline further steps that should (in our opinion) be made to 
better represent (parameterize) the surface heterogeneity effects in models of strongly sta-
ble environmental and industrial flows.

2  Flow Parameters, Governing Equations, and Boundary Conditions

A three-dimensional, stably stratified, plane Couette flow is considered. The Boussinesq 
approximation is used, and a linear equation of state is utilized, � = �r

[
1 − �T

(
� − �r

)]
 . 

Here, � and �r are the fluid density and the constant reference density, respectively, �T is the 
thermal expansion coefficient, � and �r are, respectively, the potential temperature and the 
constant reference potential temperature. In what follows, “potential temperature” will also 
be referred to as simply “temperature”. The physical characteristics of our numerical fluid 
include the kinematic molecular viscosity � , the molecular temperature conductivity � , and 
the buoyancy parameter �i = −gi�T , gi being the acceleration due to gravity. The quantities 
�T , gi , � , and � are taken to be constant.

In our Couette-flow configuration, the fluid depth is H, the upper wall moves with a 
constant velocity Uu , while the lower wall is at rest. Stable buoyancy stratification is main-
tained by a temperature difference Δ� = �u − �l between the upper and lower walls.

The length scale H, the velocity scale Uu , the time scale H∕Uu , and the tempera-
ture scale Δ� are used to make the variables dimensionless, and scaled temperature 
�̂� =

(
𝜃 − 𝜃l

)
∕
(
𝜃u − 𝜃l

)
 is introduced. The governing Equations are (hats over dimension-

less variables are omitted to simplify notation)
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Here, t is time, xi are the right-hand Cartesian co-ordinates, ui are the velocity components, 
and p is the deviation of pressure from the hydrostatically balanced reference pressure 
divided by �r . The Einstein summation convention for repeated indices is used. The origin 
of the reference frame is at the lower boundary, the x1 axis is in the direction of Uu , and 
the x3 axis is aligned with the gravity vector and is positive upward. In the reference frame 
used here, gi =

(
0, 0,−g3

)
 , where g3 is the magnitude of the gravity vector. As the vertical-

velocity equation is solved for the fluctuation of u3 about its horizontal mean, �r is set equal 
to �l so that the dimensionless reference temperature 

(
�r − �l

)
∕
(
�u − �l

)
 drops out from the 

buoyancy term on the right-hand side (r.h.s.) of Eq. (1).
The governing Eqs (1)–(3) contain three dimensionless parameters. These are the bulk 

Reynolds number, the Prandtl number, and the bulk Richardson number:

Periodic boundary conditions for ui and � are applied in both x1 and x2 horizontal direc-
tions. At the horizontal upper and lower boundaries, no-slip boundary conditions are used 
for the velocity:

For the temperature, the following Dirichlet boundary conditions are applied:

in the simulations with the streamwise heterogeneity (HETx cases, see the next section for 
details of the simulations performed), and

in the simulations with the spanwise heterogeneity (HETy cases). Here, L1 and L2 are the 
domain sizes in the x1 and x2 horizontal directions, respectively, �� is the (dimensionless) 
amplitude of the temperature variations at the upper and lower walls, and n is the number 
of surface temperature waves. In the homogeneous case (HOM), �� = 0 . In all heterogene-
ous cases, 𝛿𝜃 > 0 but, importantly, the horizontal-mean surface temperature is the same 
in all cases. The flow domain, including the surface boundary conditions, is sketched in 
Fig. 1. Note that for illustration purposes arbitrary (dimensionless) domain sizes are used 

(1)
(

�

�t
+ uk

�

�xk

)
ui = −

�p

�xi
+ �i3Ri� +

1

Re

�2ui

�x2
k

,

(2)
�ui

�xi
= 0 ,

(3)
(

�

�t
+ ui

�

�xi

)
� =

1

RePr

�2�

�x2
i

.

(4)Re =
UuH

�
, Pr =

�

�
, Ri =

g3H�TΔ�

U2
u

.

(5)
u1 = 0 , u2 = u3 = 0 at x3 = 0 ,

u1 = 1 , u2 = u3 = 0 at x3 = 1 .

(6)
� = �� sin

[
2�nx1∕L1

]
at x3 = 0 ,

� = 1 + �� sin
[
2�n

(
x1 − Uut

)
∕L1

]
at x3 = 1 ,

(7)
� = �� sin

[
2�nx2∕L2

]
at x3 = 0 ,

� = 1 + �� sin
[
2�nx2∕L2

]
at x3 = 1 ,
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in Fig. 1, whereas L1 = L2 = 8 and the vertical domain size L3 = 1 is used in all simula-
tions (see sect. 3).

Note that the boundary conditions (5)–(7) ensure the flow symmetry of the Couette flow 
configuration. In HETx cases, the temperature waves propagate along the upper boundary 
in the streamwise direction with the speed Uu , generating a thermally heterogeneous upper 
surface matching its lower-surface counterpart. In the HETy cases, the surface-tempera-
ture minima and maxima are at the same spanwise locations at the lower and upper walls 
(cf. Bon and Meyers 2022; Stroh et al. 2020). Although the Couette flow configuration is 
highly idealized as compared to the majority of real-world flows, it has desirable features 
for the present analysis. There is no mean pressure gradient forcing, the average wall tem-
peratures are constant in time, and the average total momentum and temperature fluxes are 
height-constant. As a result, stationary statistics are acquired by long temporal integration 
even under strongly stable intermittent flow conditions.

3  Simulated Cases

The DNS code used in the present study utilizes pseudospectral differencing in the hori-
zontal directions (using fast Fourier transforms) and second-order finite differencing in the 
vertical direction. The upper 1/3 wavenumbers are truncated at each time step for dealias-
ing. A staggered configuration is used in the vertical direction with the horizontal veloc-
ity components, temperature, and pressure placed half-way between the vertical veloc-
ity component. The divergence free condition is enforced by solving a Poisson equation 
for the fluctuating pressure. A third-order three-substep Runge-Kutta scheme is used for 
time advancement, and the time step is adjusted dynamically based on a fixed Courant-
Fredrichs-Lewy condition. The code parallelization is based on a two-dimensional domain 
decomposition using the Message Passing Interface. The algorithm makes it possible to 
effectively run the code on massively parallel computer systems using a large number of 
processors (in excess of 104 ). The DNS code and the code parallelization are described in 
much detail in Sullivan et al. (2000), Sullivan and McWilliams (2002), and Sullivan and 
Patton (2011). Readers are referred to the above papers for a comprehensive account.

One simulation with homogeneous lower and upper walls (HOM) and four simulations 
with heterogeneous walls (HET) are analyzed. The domain size in both horizontal direc-
tions is 8, the domain size in the vertical direction is 1, and the number of grid points is 
512, 512, and 256 in the streamwise x1 , spanwise x2 , and vertical x3 directions, respectively. 

Fig. 1  A sketch of the Couette flow configuration with the streamwise (a) and spanwise (b) surface thermal 
heterogeneity
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The numerical mesh is uniform in the vertical direction and in both horizontal directions. 
In all simulations, the values of Pr = 1 , Re = 104 , and Ri = 0.25 are used, and the number 
of surface temperature waves in the heterogeneous simulations is 4. Table 1 presents gov-
erning parameters of the simulated cases.

All variables in Table 1 are made dimensionless with the scales H, Uu , H∕Uu , and Δ� . 
Tt is the total length of the simulation (in dimensionless time units H∕Uu ), Ts is the length 
of the sampling period at the end of the run, Re� = u∗Re and Ri� = u−2

∗
Ri = Re−2

�
Re2Ri are, 

respectively, the Reynolds number and the Richardson number based on the surface fric-
tion velocity u∗ (e.g., Gandía-Barberá et al. 2021), Q∗ is the surface temperature flux, and 
L = −u3

∗
∕�RiQ∗ is the Obukhov length (Obukhov 1954), � = 0.4 being the von Kármán 

constant. The quantity L−1 is a measure of static stability based on the surface fluxes. Note 
that the simulations HET025x and HET050x differ from the simulations HET025y and 
HET050y, respectively, only by the orientation of the surface heterogeneity patterns. In 
HETx cases, the temperature-wave crests are normal to the the mean flow, whereas in 
HETy cases the crests are parallel to the mean flow. The former cases (along with HOM) 
were used by MS23 in their analysis of the SBL structure.

The simulation HOM is initialized with a neutral, fully developed, stationary Couette 
flow. The stable buoyancy stratification is established by increasing Ri linearly in time over 
100 dimensionless time units from Ri = 0 to Ri = 0.25 . The simulation is then continued 
until a laminar Couette flow regime is achieved. The value of Ri = 0.25 appears to be suffi-
ciently large to fully extinguish turbulence in the homogeneous case. As the stability meas-
ures Ri� and L−1 suggest (Table 1), all our simulations are in the very stable regime (except 
perhaps HET050y). DNSs of open channel flow performed by Nieuwstadt (2005) indicate 
that turbulence is not sustained when L−1 > 0.5 (the definition of L used in op. cit. is modi-
fied to match the present definition).

The heterogeneous simulations HETx and HETy start with Ri = 0 , �� = 0 , and a lin-
ear velocity profile. Velocity and temperature fluctuations taken from the neutral turbulent 
Couette flow are added in the lower 1/4 and the upper 1/4 of the flow domain to aid tur-
bulence spin-up. The Richardson number is increased from Ri = 0 to Ri = 0.25 over 10 
time units, while the temperature difference �� is increased from zero to its value given 
in Table 1 over 100 time units. The heterogeneous simulations are carried forward until 
a quasi-stationary flow regime is established. The flow is viewed as stationarity when the 
average fluxes of momentum and scalar are height-constant.

The DNS model output is averaged over horizontal planes, and the resulting vertical 
profiles are then averaged over several thousand time steps. The number of time samples 
differs between the cases (see Table 1), but the sampling period in the HETx and HETy 
cases covers more than 160 time units. These horizontal and time mean quantities are 
treated as approximations to the ensemble-mean quantities. In the following, an over-
bar denotes a horizontal-mean quantity, a prime denotes a fluctuation about a horizontal 

Table 1  Governing parameters of 
simulations

Case �� T
t

T
s

Re� Ri� × 103 Q∗ × 105 L
−1

HOM 0.00 1115 15 104.63 2.284 −10.93 9.54
HET025x 0.25 1166 166 100.50 2.475 −9.80 9.65
HET050x 0.50 1392 392 107.77 2.153 −7.45 5.95
HET025y 0.25 1908 908 114.85 1.895 −9.49 6.26
HET050y 0.50 864 466 207.95 0.578 −20.45 2.27
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mean, and the angle brackets denote quantities averaged over time [the sole exceptions are 
Eqs. (15) and (16) in sect. 5 where the angle brackets denote the Reynolds averaging].

Apart from the results from the homogeneous simulation HOM and four heterogeneous 
simulations HET025x, HET050x, HET025y, and HET050y (whose comparative analysis is 
the major focus of the present study), results from a neutral turbulent Couette-flow simula-
tion are shown in Fig. 5. The neutral run is similar to HOM but Ri = 0 and Ts = 100.

4  Results

4.1  Mean Fields

Figure 2 shows vertical profiles of the streamwise component of mean velocity, U =
⟨
u1
⟩
 , 

and mean temperature, Θ =
⟨
�

⟩
 . In the homogeneous case, the profiles of both U and Θ 

are linear. These profiles correspond to the laminar Couette-flow regime. Although we give 
turbulence a good chance to survive by starting the homogeneous simulation with a fully 
turbulent neutral flow and gradually increasing the Richardson number, the buoyancy strat-
ification at Ri = 0.25 is strong enough to fully quench turbulence.

As seen from Fig. 2, the mean velocity profile is little affected by the surface ther-
mal heterogeneity in both HETx cases. The mean flow gradient is only slightly different 
from the laminar Couette value. In HETy cases, the effect of heterogeneity is more pro-
nounced, particularly in the simulation HET050y, where the mean streamwise velocity 
deviates considerably from the linear profile. It is interesting to note that the mean gra-
dient 𝜕U∕𝜕x3 > 1 in the middle of the domain in both HETx cases and in HET025y. In 
HET050y, 𝜕U∕𝜕x3 < 1 in most of the domain (apart from the near-wall regions, where 
the mean velocity gradient is increased due to no-slip boundary conditions), indicating 
enhanced mixing of mean velocity in the flows with spanwise heterogeneity. The mean 
temperature profile is more sensitive to the surface thermal heterogeneity than the mean 
velocity profile. As �� increases, the flow becomes increasingly mixed with respect to Θ 

Fig. 2  Streamwise component of mean velocity (a) and mean temperature (b) from simulations HET025x 
(blue dashed curves), HET050x (red dashed curves), HET025y (blue solid curves), and HET50y (red solid 
curves). Black dotted lines show the laminar solution
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away from the walls. The effect of surface thermal heterogeneity on both mean velocity 
and mean temperature is stronger in the HETy simulations than in the HETx simula-
tions. Note that in simulation HET025x, where �� is comparatively small, the effect of 
streamwise surface heterogeneity is weak, and both the velocity and the temperature 
profiles are nearly linear. This is at variance with simulation HET025y, where even rela-
tively small �� appears to be sufficient to appreciably influence the U and Θ profiles.

Vertical profiles of the dimensionless squared shear and buoyancy frequencies, S2 
and N2 , respectively, and of the gradient Richardson number, Rig , are shown in Figs. 3 
and 4. Here,

(8)S2 =

(
�U

�x3

)2

, N2 = Ri
�Θ

�x3
, Rig =

N2

S2
.

Fig. 3  The squared buoyancy frequency N2 (a) and the squared shear frequency S2 (b) from simulations 
HET025x (blue dashed), HET050x (red dashed), HET025y (blue solid), and HET50y (red solid)

Fig. 4  The gradient Richardson 
number Rig from heterogeneous 
cases
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Examination of Figs. 3 and 4 reveals a complex dependence of the above quantities on 
�� , which is quite different in HETx and HETy cases. As discussed above, both the U and 
Θ profiles are only slightly different from the linear profiles in a weakly turbulent HET025x 
case. As a result, the gradient Richardson number is nearly height-constant equal to 0.25. 
In HET050x, Rig peaks near the boundaries (at about x3 = 0.1 and x3 = 0.9 ), whereas in 
the middle of the domain Rig is reduced as compared to Rig ≈ 0.25 in HET025x. This 
behaviour of Rig in HET050x reflects an enhanced mixing with respect to Θ away from 
the walls and a larger sensitivity of Θ to the surface thermal heterogeneity as compared to 
U (see above). The situation is different in the HETy cases with the spanwise heterogene-
ity. As seen from Fig. 3, an increase in �� leads to reduced values of both S2 and N2 in the 
middle of the flow domain and to larger peaks of both S2 and N2 near the walls. The gra-
dient Richardson number (Fig. 4) in the middle of the flow is larger in HET050y than in 
HET025y, but the Rig maxima near the walls in HET050y are reduced. This is at variance 
with the HETx cases, where larger values of �� result in a reduced Rig in the the middle of 
the flow and larger Rig maxima near the walls.

Figures 5 and 6 show profiles of the streamwise mean-velocity component and of tem-
perature in wall units 

(
U+,Θ+, x+

3

)
=
(
U∕u∗,−Θu∗∕Q∗, x3Re�

)
 . The flow is well resolved 

in our simulations. The first grid point above the surface is x+
3
≈ 0.2 , except for the case 

HET050y where it is x+
3
≈ 0.4 . Although a larger grid spacing may be used in neutral Cou-

ette flows, the resolution cannot be compromised in our simulations. The large temperature 
gradients in the near-wall thermal boundary layers should be resolved; it is these tempera-
ture (buoyancy) gradients that drive turbulence in the heterogeneous simulations. As men-
tioned in MS23, results from test runs with lower resolution in the vertical direction are 
quantitatively and even qualitatively different from the results of high-resolution simula-
tions and are not faithful. The domain size in the horizontal directions cannot be compro-
mised either because of the need to simulate large-scale elongated structures characteristic 
of plane Couette flows (e.g., Komminaho et  al. 1996; Papavassiliou and Hanratty 1997; 
Pirozzoli et al. 2014; Avsarkisov et al. 2014; Jiménez 2018; Lee and Moser 2018).

Fig. 5  Streamwise mean-velocity profiles in wall units. Dashed curves in (a) show the profiles from simula-
tions HET025x (blue) and HET050x (red), and solid curves in (b) – from simulations HET025y (blue) and 
HET050y (red). Black and green solid lines show the profiles from the neutrally stratified Couette flow and 
the logarithmic velocity profile, respectively. Green dot-dashed lines show the Monin-Obukhov log-linear 
velocity profile computed with the surface friction velocity and the surface buoyancy flux from simulations 
HET050x (a) and HET050y (b)
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Black and green solid lines in Fig.  5 show, respectively, the streamwise velocity 
from the neutral Couette-flow simulation and the logarithmic velocity profile

where B0 = 5.0 is a dimensionless constant. The velocity profile from neutral simulation 
closely follows the log-profile over the height range 20 ≤ x+

3
≤ 200 . This is not the case 

for the heterogeneous cases, neither in HETx nor in HETy simulations, where the velocity 
profiles do not follow the log-layer scaling.

The green dot-dashed curves in Figs. 5 and 6 show the log-linear velocity and tem-
perature profiles (Obukhov 1954; Monin and Obukhov 1954; Monin and Yaglom 1971)

where Cu = 5 is a dimensionless constant, and L+ = LRe� is the Obukhov length in wall 
units. The profiles are computed using u∗ and Q∗ from simulations HET050x and HET050y 
and external parameters Re and Ri. As seen from Figs. 5 and 6, neither the velocity profiles 
nor the temperature profiles follow the log-linear scaling given by Eq. (10) (cf. the results 
of Bon et al. 2023). This is actually not surprising. Recall that the Monin-Obukhov sur-
face-layer flux-profile relationships are developed for turbulent layers over homogeneous 
surfaces. Strictly speaking, they cannot be applied if the assumption of surface homogene-
ity is not fulfilled (although it is often done in practice, e.g., in atmospheric modelling). 
Different flux-profile relationships are required for thermally heterogeneous surfaces.

(9)U+ =
1

�
ln
(
x+
3

)
+ B0 ,

(10)
(
U+,Θ+

)
=

1

�
ln
(
x+
3

)
+ B0 +

Cu

�

x+
3

L+
,

Fig. 6  Temperature profiles in wall units. Dashed curves in (a) show the profiles from simulations 
HET025x (blue) and HET050x (red), and solid curves in (b) – from simulations HET025y (blue) and 
HET050y (red). Green solid lines show the logarithmic temperature profile. Green dot-dashed lines show 
the Monin-Obukhov log-linear temperature profile computed with the surface friction velocity and the sur-
face buoyancy flux from simulations HET050x (a) and HET050y (b)
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4.2  Variances

Figure 7 shows vertical profiles of turbulence kinetic energy TKE= 1

2

⟨
u�2
i

⟩
 . As could be 

expected, TKE increases with increasing amplitude of the surface temperature variations. 
The level of turbulence is very low in the case HET025x. The value of �� = 0.25 is too 
small to make the flow noticeably turbulent in the regime, where the temperature-wave 
crests are normal to the mean flow (see the dashed blue line in the insert, that line is hardly 
seen on the scale of the main plot in Fig. 7). However, the flow is noticeably turbulent in 
the HET025y case, where the temperature-wave crests are parallel to the mean flow. Gener-
ally, TKE is much larger in the HETy cases than in the HETx cases, indicating that the ori-
entation of the surface heterogeneity patterns is of decisive importance for setting the tur-
bulence intensity.

Velocity variances uu =
⟨
u�2
1

⟩
 (streamwise), vv =

⟨
u�2
2

⟩
 (spanwise), and ww =

⟨
u�2
3

⟩
 

(vertical) are shown in Fig. 8. In all simulations, the largest contribution to the TKE is uu. 

Fig. 7  Turbulence kinetic energy. 
The line types are the same as in 
Figs. 3 and 4

Fig. 8  Streamwise (solid curves), spanwise (dot-dashed curves), and vertical (dashed curves) velocity vari-
ance from simulations (a) HET025x (blue) and HET050x (red), and (b) HET025y (blue) and HET50y (red)
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It is dominant in a weakly turbulent case HET025x (see MS23), but all three velocity vari-
ances are very small in HET025x [vv is entirely negligible, it is not seen even on the scale 
of the insert in Fig. 8a]. In simulations HET050x and HET025y, vv and ww are substantial, 
although still several times smaller than uu. In the HET050y case, both vv and ww become 
commensurate with uu.

Figure 9 shows the velocity variances in wall units (i.e., uu+ = uu∕u2
∗
 , vv+ = vv∕u2

∗
 , and 

ww+ = ww∕u2
∗
 as function of x+

3
= x3Re� ). This figure provides details of the near-wall 

behaviour of the velocity variances. Note that the shape of the velocity-variance profiles 
is very different in the HETx and HETy cases. There is no clear tendency for the velocity 
variances to collapse on the same curve (neither for uu+ , nor for vv+ or ww+ ) when the sur-
face friction velocity is used for normalization.

As would be expected, the temperature variance �� =
⟨
��2

⟩
 increases with the increas-

ing �� , see Fig. 10. The large values of �� are limited to the near vicinity of the lower and 

Fig. 9  The same as in Fig. 8 but in wall units for the lower part of the model domain

Fig. 10  (a) Temperature variance from heterogeneous cases. (b) The same as in (a) but for the lower part of 
the domain
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upper walls. In the bulk of the flow interior 0.1 ≤ x3 ≤ 0.9 , the temperature variance is 
small. It is significant that the orientation of the surface heterogeneity patterns has practi-
cally no effect on the temperature variance. As seen from Fig. 10, the values of �� in simu-
lations HET025x and HET025y basically coincide, and the same holds for HET050x and 
HET050y.

4.3  Turbulence Anisotropy

One measure of the turbulence anisotropy is the departure-from-isotropy tensor (see, e.g., 
Pope 2000)

In isotropic turbulence, all components of bij are zero. If velocity fluctuations in one direc-
tion are suppressed, turbulence tends towards the two-component limit, and the respective 
diagonal component of bij is equal to −1∕3 . Figure 11 shows that b33 < 0 in simulations 
HET050, HET025y, and HET050y. This indicates a tendency towards a two-component 
state, where the vertical-velocity fluctuations (aligned with the vector of gravity) are sup-
pressed by buoyancy and the TKE is dominated by the horizontal velocity fluctuations. 
In simulation HET025x, b33 is slightly positive in small regions near the upper and lower 
boundaries. However, turbulence in HET025x is very weak and all three velocity variances 
are negligibly small, see Figs. 7 and 8.

There is a notable difference between the shape of the b33 profiles in HETx and HETy 
simulations. In HET050x, for example (red dashed curve in Fig. 11), there are pronounced 
b33 maxima near the lower and upper boundaries of the domain, at x3 ≈ 0.1 and x3 ≈ 0.9 , 
respectively. Results from simulation HET075x with �� = 0.75 (not shown here, see Fig. 7 
in MS23) reveal a similar behaviour of b33 . In HET050y (red solid curve in Fig. 11), no 
maxima near the upper and lower boundaries of the domain are seen. The b33 component 
of the departure-from-isotropy tensor monotonically increases from the walls, where the 
vertical-velocity fluctuations are strongly suppressed (by the wall) and turbulence is nearly 

(11)bij =

⟨
u�
i
u�
j

⟩

⟨
u�2
k

⟩ −
1

3
�ij .

Fig. 11  The b
33

 component of the 
departure-from-isotropy tensor, 
Eq. (11). The line types are the 
same as in Figs. 3, 4, and 10
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two-component, towards the central part of the flow domain, where the vertical-velocity 
fluctuations are substantial and turbulence tends to the isotropic state.

4.4  Fluxes

Figures  12 and  13 show vertical profiles of the vertical flux of streamwise momentum 
(denoted wu) and vertical temperature flux (denoted w� ), respectively. The total fluxes, i.e., 
the sum of molecular and turbulent fluxes, are depth-constant in the steady state. That is

and

(12)
⟨
u�
3
u�
1

⟩
−

1

Re

�
⟨
u1
⟩

�x3
= const ,

Fig. 12  Vertical flux of streamwise momentum from simulations (a) HET025x (blue) and HET050x (red), 
and (b) HET025y (blue) and HET50y (red). Solid curves show total (turbulent plus molecular) flux, and 
dot-dashed and dashed curves show contributions due to turbulence and due to molecular diffusion, respec-
tively

Fig. 13  Vertical component of the temperature flux from simulations (a) HET025x (blue) and HET050x 
(red), and (b) HET025y (blue) and HET50y (red). The line types are the same as in Fig. 12
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In the laminar Couette flow, wu and w� are due to molecular diffusion only, and the total 
fluxes are equal to Re−1 and (PrRe)−1 , respectively.

As shown in Fig.  12, the turbulent momentum flux is very small in the simulation 
HET025x, and the total flux is practically the same as in the laminar flow. This is different 
in the simulation HET025y, where the turbulent flux is substantial. Generally, the magni-
tude of wu increases with the increasing amplitude of the surface temperature variations. 
The increase is more significant in the HETy cases (e.g., wu in HET050y is about four 
times larger than in HET050x). In all simulations, both the turbulent and molecular fluxes 
contribute to downward momentum transport. That is, both molecular diffusion and turbu-
lence transfer momentum down the gradient of the mean streamwise velocity.

The behaviour of the vertical temperature flux, Fig. 13, is more complex. In a weakly 
turbulent case HET025x, the total flux is close to the laminar value. However (as different 
from the streamwise momentum flux), the turbulent contribution 

⟨
u′
3
�′
⟩

 is not entirely 
negligible. In cases HET025x, HET050x, and HET025y, the magnitude of the total vertical 
temperature flux is reduced (relative to the laminar value) as �� is increased. This is differ-
ent in HET050y, where the magnitude of w� is about twice as large as in the laminar flow. 
An outstanding feature of the heterogeneous simulations is the sign of the turbulent contri-
bution to w� near the upper and lower boundaries. The turbulent flux proves to be positive, 
although the flow is stably stratified in the mean and the total (molecular plus turbulent) 
vertical temperature flux is negative. Eddy motions generated by the surface thermal heter-
ogeneity cause heat transfer up the gradient of the mean temperature. This is analogous to 
convective boundary-layer flows, where counter-gradient heat transport is often encoun-
tered and is attributed to quasi-organized cell-like structures whose spatial scale is large as 
compared to the scale of chaotic, nearly isotropic turbulent motions. It is important to note 
(see Fig.  13) that the turbulent vertical temperature flux in the middle of the domain is 
nearly zero in the cases HET025x, HET050x, and HET025y. This is different in the case 
HET050y (Fig. 13b), where turbulent flux in the middle of the domain is large and negative 
(down the gradient of mean temperature). It is this negative 

⟨
u′
3
�′
⟩

 that is largely responsi-
ble for the increased magnitude of the total vertical temperature flux in HET050y. In the 
other three heterogeneous simulations, the turbulent flux 

⟨
u′
3
�′
⟩

 is mostly positive, leading 
to a reduced magnitude of w�.

The streamwise component of the temperature flux (denoted u� ) is shown in Fig. 14. 
Note that due to periodic boundary conditions in the x1 and x2 directions horizontally aver-
aged molecular flux is zero, and the contributions to u� are solely due to turbulence. There 
is a striking difference between the HETx and HETy cases. In HETx cases, u� is nearly 
zero in the middle of the flow domain and has pronounced maxima close to the upper and 
lower walls. In HETy cases, u� is zero to positive in the middle of the domain and has 
pronounced minima close to the walls. Visualization of the flow structure in sect. 4.6 helps 
explain the behaviour of u�.

(13)
⟨
u�
3
��
⟩
−

1

PrRe

�

⟨
�

⟩

�x3
= const .
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4.5  Skewness

Vertical profiles of the vertical-velocity and temperature skewness,

are shown in Fig. 15. In all four HET cases, Sw > 0 and S𝜃 > 0 near the lower wall, and (by 
symmetry about the mid-plane x3 = 1∕2 ) Sw < 0 and S𝜃 < 0 near the upper wall. The val-
ues of Sw and S� are indicative of localization (fractional area coverage) of positive/negative 
vertical-velocity and temperature fluctuations about their horizontal-mean values. Positive 
Sw and S� in the lower part of the domain indicate that positive (upward) vertical veloc-
ity and positive temperature fluctuations cover a smaller fractional area as compared to 
their negative counterparts. Similar arguments hold for the upper part of the domain, where 

(14)Sw =
⟨u�3

3
⟩

⟨u�2
3
⟩3∕2

and S� =
⟨��3⟩

⟨��2⟩3∕2
,

Fig. 14  Streamwise component 
of the temperature flux. The 
line types are the same as in 
Figs. 3, 4, and 10

Fig. 15  (a) Vertical-velocity skewness and (b) temperature skewness. The line types are the same as in 
Figs. 3, 4, and 10
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Sw < 0 and S𝜃 < 0 indicate stronger localization of negative (downward) vertical velocity 
and negative temperature fluctuations.

As far as the skewness is concerned, there is a close analogy between our stably-strat-
ified Couette flow with thermally heterogeneous surfaces and an atmospheric convective 
boundary layer (CBL) driven by the surface buoyancy flux (e.g., Lenschow et al. 2012). In 
the atmospheric CBL that grows into a stably-stratified air aloft, both Sw and S� are posi-
tive in the bulk of the boundary layer, where positive vertical-velocity anomalies and posi-
tive temperature anomalies are highly localized. Those anomalies are collocated, forming 
coherent structures (convective plumes and rolls) that account for much of the upward tem-
perature flux and cause counter-gradient turbulent heat transfer.

Note that in the simulation HET050y Sw is nearly zero in the middle of the domain, 
indicating the absence of quasi-organized structures associated with the localized positive/
negative vertical-velocity anomalies. This helps to understand the behaviour of the verti-
cal turbulent temperature flux in HET050y (Fig. 13b). The turbulent flux is down-gradient 
(negative) in the middle of the domain, where Sw is nearly zero. The up-gradient turbulent 
heat transfer occurs only near the upper and lower walls, where both Sw and S� are substan-
tial and of the same sign.

4.6  Visualization of Flow Structure

Figure 16 (which is adopted from MS23, see Fig. 13 in op. cit.) shows fluctuations of verti-
cal velocity, u′

3
 , and of potential temperature, �′ , in an x1 − x2 plane just above the lower 

wall for simulation HET050x with the streamwise surface heterogeneity. This and all other 

Fig. 16  Horizontal cross sections of the fluctuations of vertical velocity (left panel) and potential tempera-
ture (right panel) about their horizontal mean values for simulation HET050x. To highlight details only 1/4 
of numerical domain is shown. Red (blue) colours correspond to positive (negative) values of u′

3
 ( ×102 ) and 

�′ as shown in the colour scale bars. For reference the spatial variation of the imposed surface temperature 
�sfc is shown in the bottom panel of each figure
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cross sections are taken near the end of the sampling period at x3 = 0.076 ( x+
3
= 8.19 for 

HET050x, and x+
3
= 15.80 for HET050y). The most vigorous positive and negative verti-

cal velocity fluctuations are concentrated at the same streamwise locations x1 ≈ (0.9, 2.9) . 
There are quiescent nearly laminar regions at intermediate locations x1 ≈ (2, 4) . The vigor-
ous fluctuations in u′

3
 occur roughly 70 degrees forward of the peak surface temperature 

but behind the location of maximum −��sfc∕�x1 at x1 = (1, 3) . Horizontal advection in the 
near-wall region transports high amplitude fluctuations forward of the location of the peak 
surface temperature variation, similar to weakly stratified heterogeneous flows (see, e.g., 
Stoll and Porté-Agel 2009, and MS16). Apparently the temperature field responds more 
rapidly to the surface boundary conditions than streamwise velocity. It should be stressed 
that the spatially intermittent flow structures in our very stable HETx simulations are 
noticeably different from the tilted temperature fronts encountered in weakly stable, con-
tinuously turbulent boundary-layer flows over homogeneous surfaces (e.g., García-Villalba 
et al. 2011; Chung and Matheou 2012; Sullivan et al. 2016; Glazunov et al. 2019).

Figure 17 shows vertical-velocity and temperature fluctuations for simulation HET050y 
with the spanwise surface heterogeneity. Elongated structures of large positive u′

3
 and �′ are 

readily identified, separated by more quiescent regions with relatively small temperature 
fluctuations. These structures are locked to the (spanwise) positions of the surface tempera-
ture maxima and span the entire flow domain in the streamwise direction. This is at vari-
ance with HET050x, where regions of large positive u′

3
 and �′ have smaller spatial scales 

and are rather intermittent in both spanwise and streamwise directions.
Coherent patterns of strong positive u′

3
 are nearly collocated with the patterns of 

strong positive �′ in both HET050x and HET050y simulations (Figs. 16 and 17). The 
fluctuation u′

3
 and �′ are spatially correlated, leading to positive (upward) turbulent tem-

perature flux over a sizable part of the flow domain, Fig. 18 (apart from minor details, 
the left panel of Fig. 18 is the same as Fig. 14a in MS23). Note that the local values of 
u′
3
�′ are an order of magnitude larger than the horizontally averaged flux u′

3
�′ . Positive 

values of u′
3
�′ are more localized (have a smaller fractional area coverage) than negative 

Fig. 17  The same as in Fig. 16 but for simulation HET050y. The spatial variation of the imposed surface 
temperature �sfc is shown to the right of the �′ figure
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to nearly-zero values of u′
3
�′ , particularly in HET050y. However, their amplitude is 

large. As a result, the horizontal-mean vertical turbulent temperature flux appears to 
be positive. Importantly, the flow remains stably stratified in a horizontal mean sense, 
and the total (molecular plus turbulent) flux remains negative, i.e., down the gradient of 
mean temperature. Visualization of the flow eddy structure lends support to the expla-
nation of positive vertical turbulent temperature flux suggested by the vertical-velocity 
and temperature skewness.

Although the overall behaviour of the vertical temperature flux is similar in HET050x 
and HET050y cases (collocation of strong positive u′

3
 and �′ fluctuations leads to coun-

ter-gradient turbulent heat flux), there is a notable difference between the flows with the 
streamwise and spanwise surface heterogeneity. Examination of Fig. 18 reveals that coher-
ent patterns in HET050x and HET050y differ considerably in terms of size and location. 
In HET050y, narrow streaks of large positive u′

3
�′ locked to the surface temperature max-

ima span the entire flow domain in the streamwise directions. There are several relatively 
small spots of large negative u′

3
�′ but positive u′

3
�′ patterns dominate. The streaks are sep-

arated by wide areas of nearly zero u′
3
�′ . In HET050x, the spatial scales, shapes, and loca-

tion of coherent structures are very different. The size of the “arrowhead-shaped” regions 
of relatively large positive u′

3
�′ is ca. 0.6 − 0.8 in streamwise direction and ca. 0.2 − 0.3 

in the spanwise direction. The regions of large positive u′
3
�′ are located slightly down-

stream of the surface temperature maxima, with the regions of negative u′
3
�′ between the 

arrowhead-shaped patterns. Large areas between the coherent u′
3
�′ patterns (green areas in 

Fig. 18, left panel) are characterized by nearly zero vertical temperature flux.
The above consideration of Figs.  16 –  18 suggests a qualitative explanation of 

enhanced vertical mixing in the flows with the spanwise surface heterogeneity as com-
pared to their spanwise heterogeneous counterparts. Consider the situation near the 
lower wall. In both HETx and HETy configurations, surface thermal heterogeneity gen-
erates local convective instabilities over warm regions (where buoyancy exceeds the 

Fig. 18  Horizontal cross section of the vertical temperature flux for simulations HET050x (left) and HET050y 
(right). Red (blue) colours correspond to positive (negative) values of the temperature flux ( ×103 ) as shown 
in the colour scale bars. The spatial variation of the imposed surface temperature �sfc is shown for each figure
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horizontal-mean buoyancy). Convectively generated turbulence is then advected in the 
streamwise direction. In HETy cases, advection takes place over the lines of surface 
temperature maxima, which further support convective motions. In HETx case, convec-
tively generated turbulence is advected over cold regions, where the strength of buoy-
ancy stratification is locally increased. As a result, more eddy kinetic energy is spent 
to work against gravity, making the HETx configuration less efficient in transporting 
momentum and heat vertically than the HETy configuration.

Fluctuations of streamwise velocity, u′
1
 , in an x1 − x2 plane just above the lower surface 

are shown in Fig. 19. Narrow streaks of large negative u′
1
 in simulation HET050y (right 

panel) immediately catch the eye (cf. low-momentum pathways considered in Bon and 
Meyers 2022). The streaks are locked to the surface temperature maxima, i.e., they are 
at the same spanwise positions as large positive temperature fluctuations (Fig.  17, right 
panel). Spatial correlations of u′

1
 and �′ results in the streaks of negative streamwise tem-

perature flux shown in Fig. 20, right panel. The instantaneous structure of the u′
1
�′ field is 

complex, with quiescent areas where u′
1
�′ is nearly zero, and a number of spots of sophisti-

cated shape where u′
1
�′ is large and positive. However, elongated coherent patterns (streaks) 

of large negative u′
1
�′ are dominant. This feature explains a negative mean streamwise tur-

bulent temperature flux near the lower boundary in the simulations with the spanwise het-
erogeneity (Fig. 14). Note that, by symmetry about the mid-plane x3 = 1∕2 , positive u′

1
 are 

collocated with negative �′ near the upper boundary, leading to a negative mean streamwise 
temperature flux there.

In the flows with the streamwise heterogeneity, the situation is not straightforward. 
Elongated patterns of positive and negative u′

1
 , whose spanwise and streamwise size is 

about 0.2 and 1.0 − 1.5 , respectively, are identified in Fig. 19, left panel. Positive u′
1
 fluctua-

tions located slightly downstream of the surface temperature maxima dominate. However, 
their collocation with the patterns of (large) positive �′ shown in Fig. 16, right panel, is not 
immediately apparent. Spatial correlation of u′

1
 and �′ results in a very complex field of the 

Fig. 19  Horizontal cross sections of the fluctuations of streamwise velocity about its horizontal mean value 
for simulations HET050x (left) and HET050y (right). Red (blue) colours correspond to positive (negative) 
values of u′

1
 as shown in the colour scale bars. The spatial variation of the imposed surface temperature �sfc 

is shown for each figure
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streamwise turbulent temperature flux in the case HET050x (Fig. 20, left panel). The cross 
section is populated by elongated patterns of positive and negative u′

1
�′ of various size and 

amplitude. Positive fluctuations dominate (albeit not strongly), leading to a positive mean 
streamwise turbulent temperature flux near the boundary in HETx simulations (Fig. 14).

Figure 21 further illustrates the difference between the flows with the streamwise and 
spanwise heterogeneity. In HET050y (right panel), large coherent patterns are readily iden-
tified. They extend from the walls towards the flow interior and nearly reach the mid-plane 

Fig. 20  Horizontal cross section of the streamwise temperature flux for simulations HET050x (left) and 
HET050y (right). Red (blue) colours correspond to positive (negative) values of the temperature flux ( ×10 ) 
as shown in the colour scale bars. The spatial variation of the imposed surface temperature �sfc is shown for 
each figure

Fig. 21  Vertical x
2
− x

3
 cross section of the streamwise velocity from simulations HET050x (left) and 

HET050y (right). The cross section is taken in the middle of the flow domain ( x
1
= 4)
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of the flow domain. Patterns of reduced streamwise velocity u1 relative to the horizontal-
mean u1 (low-momentum pathways) are located above the lower-wall temperature maxima, 
and patterns of enhanced u1 (high-momentum pathways) are located below the upper-wall 
temperature minima. Both low-momentum pathways ( u′ < 0 and w′ > 0 ) and high-momen-
tum pathways ( u′ > 0 and w′ < 0 ) make a remarkable contribution to the vertical flux of 
streamwise momentum that is down the gradient of mean streamwise velocity (Fig. 12). 
Generally, the case HET050y with the spanwise surface heterogeneity is characterized by 
high eddy activity in the entire flow domain. This is different in the HET050x case with 
the streamwise heterogeneity. Patterns with reduced/enhanced streamwise velocity are seen 
in Fig. 21(left), but those patterns have much smaller spatial scales and are not as exposed 
as in HET050y. Furthermore, a large part of the flow domain away from the walls is very 
quiet in terms of eddy activity.

5  Implications for Turbulence Closure Modelling

The differences between the flows with streamwise and spanwise surface thermal het-
erogeneity discussed in the previous sections have important implications for turbulence 
modelling of environmental and industrial flows within the RANS (Reynolds-Averaged 
Navier–Stokes) turbulence closure framework. Consider, for example, the effect of the 
streamwise temperature flux. A one-dimensional (the flow variables depend on the x3 verti-
cal co-ordinate only) RANS equation for the 

⟨
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u′
3

⟩
 Reynolds-stress component (vertical 

flux of streamwise momentum) reads

where �13 is the dissipation rate of 
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 . As different from the rest of the paper, the angle 

brackets in Eqs. (15) and (16) denote the Reynolds-mean quantities, and a prime denotes 
turbulent fluctuations. Recall that the x3 vertical axis is aligned with the gravity vector and 
is positive upward. To simplify the discussion, we ignore the effect of the reference frame 
rotation on the second-order turbulence moments. As readily seen from Eq. (15), a negative ⟨
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from the rapid part of the pressure-scrambling term, the last term on the r.h.s. of Eq. (15).
A one-dimensional RANS equation for the vertical turbulent temperature flux reads
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is hidden in the rapid contributions to the pressure-scrambling term, the last term on the 
r.h.s. of Eq. (16). Consideration of that and the associated effects is beyond the scope of the 
present paper. A physically sound turbulence closure model that accounts for the effect of 
the surface thermal heterogeneity, including the orientation of the heterogeneity patterns, is 
still to be developed. This should be a subject of future work.

6  Conclusions

Direct numerical simulations of plane Couette flows over thermally heterogeneous surfaces 
at bulk Reynolds number Re = 104 and bulk Richardson number Ri = 0.25 are performed. 
An idealized plane Couette flow configuration is used as a proxy for real-world stably-strat-
ified environmental and industrial flows. The flow is driven by a constant velocity at the 
upper surface, while the lower surface is at rest. The temperature of the upper and lower 
walls is either homogeneous or varies sinusoidally, where the temperature-wave crests are 
either normal or parallel to the mean flow (HETx and HETy cases, respectively). Impor-
tantly, the horizontal-mean surface temperature is the same in all simulations. The focus of 
the present study that extends previous studies by the authors (Mironov and Sullivan 2016, 
2023) is on the effect of the orientation of the surface heterogeneity patterns (relative to the 
mean velocity) on the boundary-layer structure and turbulence transport properties. To this 
end, DNS data are used to perform a comparative analysis of mean fields, second-order tur-
bulence moments, vertical-velocity and temperature skewness, and the flow eddy structure 
in simulations with the streamwise and spanwise surface heterogeneity.

The buoyancy stratification at Ri = 0.25 is strong enough to fully quench turbulence 
over a homogeneous surface, although we give turbulence a good chance to survive by ini-
tializing the homogeneous simulation with a fully turbulent neutral Couette flow. However, 
turbulence survives over heterogeneous surfaces.

In all heterogeneous cases, both turbulence and molecular diffusion transport momen-
tum down the gradient of the mean velocity. An outstanding feature of the heterogeneous 
simulations is the sign of the turbulent contribution to the vertical temperature (heat) flux 
near the upper and lower boundaries. The turbulent flux proves to be positive (upward), 
although the flow is stably stratified in the mean and the total (molecular plus turbulent) 
vertical temperature flux is down the gradient of the mean temperature (downward). Con-
sideration of the vertical-velocity and temperature skewness suggests an analogy to con-
vective boundary-layer flows, where counter-gradient heat transport is often encountered 
and is attributed to quasi-organized eddy structures (e.g., convective plumes and rolls) 
whose spatial scale is large as compared to the scale of chaotic, nearly isotropic turbulent 
motions. An examination of eddy structure of our heterogeneous Couette flows reveals that 
quasi-organized coherent eddy structures are indeed generated by the surface thermal het-
erogeneity. It is these structures that are responsible for turbulent transfer of heat up the 
gradient of the mean temperature.

A juxtaposition of HETx and HETy cases shows that the configuration with the span-
wise heterogeneity is more turbulent and more efficient in transporting momentum and 
heat vertically than its counterpart with the streamwise heterogeneity. An analysis of the 
flow structure in the HETx and HETy cases suggests a physically plausible explanation of 
the difference between the two configurations revealed by the DNS (see sect. 4.6).
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There is a striking difference between the HETx and HETy cases in terms of the stream-
wise temperature flux. In HETx cases, u� is nearly zero in the middle of the flow domain 
and has pronounced maxima close to the upper and lower walls. In HETy cases, u� is zero 
to positive in the middle of the domain and has pronounced minima close to the walls. That 
is, the streamwise heat flux differs not only in magnitude but also in sign. Visualization of 
the flow structure in sect. 4.6 helps explain the above difference.

The differences between the flows with streamwise and spanwise surface thermal het-
erogeneity have important implications for modelling turbulence in stably-stratified envi-
ronmental and industrial flows within the RANS closure framework. Some implications are 
briefly discussed in sect. 5.

Future work should include a DNS/LES based comprehensive analysis of the second-
moment budgets with the emphasis on the pressure-scrambling effects and the turbulence 
anisotropy. Furthermore, it remains to be seen if major conclusions from the present analy-
sis (and the analysis of MS23) remain in force for other flow types, e.g., for pressure-gradi-
ent driven geophysical and industrial flows over homogeneous and heterogeneous surfaces. 
The present study has only addressed two configurations of the surface heterogeneity pat-
terns, viz., the surface temperature waves normal and parallel to the mean flow. Analysis 
of other configurations is important, particularly in terms of the applicability of the DNS 
findings to real-world flows. For example, a checkerboard configuration and a configura-
tion with randomly distributed warm and cold patches of different shapes are of interest 
for modelling atmospheric stably-stratified flows (cf. the channel flows with finite-length 
surface temperature strips analyzed by Bon et al. 2023).
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