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ABSTRACT: Upper-ocean turbulence results from a complex set of interactions between submesoscale turbulence
and local boundary layer processes. The interaction between larger-scale currents and turbulent fluctuations is two-
way: large-scale shearing motions generate turbulence, and the resulting coherent turbulent fluxes of momentum and
buoyancy feed back onto the larger flow. Here we examine the evolution and role of turbulence in the intensification,
instability, arrest, and decay (i.e., the life cycle) of a dense filament undergoing frontogenesis in the upper-ocean
boundary layer, i.e., cold filament frontogenesis (CFF). This phenomenon is examined in large-eddy simulations
(LES) with resolved turbulent motions in large horizontal domains using 109 grid points. The boundary layer turbu-
lence is generated by surface buoyancy loss (cooling flux) and is allowed to freely interact with an initially imposed
cold filament, and the evolution is followed through the frontal life cycle. Two control parameters are explored: the
initial frontal strength M2 5 xb and the surface flux Q*. The former is more consequent: initially weaker fronts
sharpen more slowly and become arrested at a later time with a larger width. This reflects a competition between the
frontogenetic rate induced by the secondary circulation associated with vertical momentum mixing by the turbulence
and the instability rate for the along-filament shear flow. The frontal turbulence is energized by the shear production
of the latter, is nonlocally transported away from the primary production zone at the filament centerline, and cascades
to dissipation in a broad region surrounding the filament. The turbulent momentum fluxes arresting the frontogenesis
are supported across a wide range of horizontal scales.
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1. Introduction

In the upper ocean, on spatial scales lying between meso-
scale eddies and boundary layer turbulence, are submesoscale
currents (SMCs). They extract kinetic and potential energy
from the former and deliver at least some of it to the latter
en route to dissipation (McWilliams 2016; Gula et al. 2021;
Taylor and Thompson 2023). A dominant SMC process is
the frontogenesis of horizontal buoyancy gradients at the
surface due to either mesoscale strain flows or turbulent ver-
tical momentum flux [a.k.a. turbulent thermal wind (TTW)]
(Hoskins and Bretherton 1972; McWilliams 2021). We use
“front” generally to include both one-sided and two-sided
density gradients; the two-sided filaments considered here
are primarily cold or dense in their center compared to their
edges (McWilliams et al. 2009) A compelling question is the
outcome of frontogenesis, i.e., what is a typical frontal life
cycle?

The question is methodologically difficult to answer because
it involves a large active range of scales (roughly 10–104 m)
during a short period of time (from hours to days), and its as-
sociated patterns are quite complex. The nature of frontogene-
sis is to collapse the cross-frontal width at a superexponential
rate, causing the velocity shear to increase in pace. This, in
turn, amplifies the unstable growth rate for the frontal shear,
injecting energy into turbulence, inducing momentum and
buoyancy mixing, and halting the frontogenesis (i.e., causing
frontal arrest). Ultimately, in the absence of new mesoscale

energy injection, the arrested SMC front and its energy cas-
cade must decay back to whatever background level of
boundary layer turbulence is sustained by the surface stress
and buoyancy flux. While this general conception of a frontal
life cycle seems plausible, it as yet has rather few realizations
in measurements and models (D’Asaro et al. 2011, 2018;
Sullivan and McWilliams 2018, hereafter SM18; Sullivan and
McWilliams 2019, hereafter SM19); so much remains to be
further explored.

The phenomena of frontogenesis and frontal instability do
not necessarily involve turbulence (though TTW frontogene-
sis is based on it), but its presence will influence these pro-
cesses (Spall 1997; Thomas and Lee 2005; Brucker and Sarkar
2007; McWilliams et al. 2015; Kaminski and Smyth 2019;
Bodner et al. 2020, 2023), and its emergence is inescapable in
a full frontal life cycle.

This paper has the dual purposes of making the life cycle
stages more explicit and further examining the turbulence in
the later stages of the cycle. While background mesoscale
flows, surface wind stress, and surface gravity waves all can be
influential on the frontal evolution (McWilliams 2017, 2018;
SM18; SM19; Yuan and Liang 2021), here the problem is
posed in what seems a maximally simple configuration: the
evolution of an initially two-dimensional, dense, surface-layer
filament under convective buoyancy-layer forcing above a sta-
bly stratified interior. We explore two primary control param-
eters. One is the initial filament strength,
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where b 5 2gr/ro is the buoyancy, r and ro are the density
and reference density, respectively, f is the Coriolis frequency,
x and z are the across-filament and vertical coordinates, re-
spectively, and the angle brackets are an alongfront (y) aver-
age. The other control parameter is the surface heat flux Q*
in a simple fluid with r ~ 2u, the temperature.

To address the role of frontal turbulence in a frontal life cy-
cle in a model, a large-eddy simulation (LES) spanning both
the frontal and turbulence currents is necessary. Here the
flow is initialized by an artificial relaxation damping toward a
specified hbi(x, z) in the presence of surface buoyancy flux
and an initial mixed layer and pycnocline stratification profile.
Once the flow is fully turbulent and the filament velocity
hui(x, z) has adjusted to hbi, the relaxation term is removed
and the flow freely evolves in the usual manner of large-eddy
simulation; see SM18 for details.

Frontal dynamics has a large literature rooted in the atmo-
sphere (e.g., Hoskins and Bretherton 1972; Hoskins 2003),
while its investigations for the ocean are more recent. Many
circulation models that resolve submesoscale currents exhibit
surface fronts and frontogenesis (McWilliams 2016), but their
grids are too coarse to adequately resolve the turbulent fluid
dynamics of the instability and arrest processes, except implic-
itly through their subgrid-scale (SGS) parameterizations. The
literature on oceanic frontal LES studies is now a substantial
one. A partial list includes Hamlington et al. (2014), Pham
and Sarkar (2018, 2019), Skyllingstad and Samelson (2012),
Skyllingstad et al. (2017), Skyllingstad and Samelson (2020),
Verma et al. (2019, 2022), and Pham et al. (2023), and we hes-
itate to make a detailed summary of each of them here. For
most of these the focus is on the spindown of a front
through its instabilities, with less attention to the fronto-
genesis and arrest processes. For many of these idealized
simulations, coexisting boundary layer turbulence is ab-
sent, although, of course, not very often in nature. It is
known that classical instabilities (e.g., distinct Kelvin–
Helmholtz overturns) can be inhibited by turbulence (Kaminski
and Smyth 2019). And, also of course, no idealized simula-
tion can encompass the full range of processes causing for-
ward energy cascades toward dissipation that occur in the
ocean.

For many of these, the primary frontal instability type is
baroclinic instability (also called mixed layer instability),
but instances of horizontal and vertical (a.k.a. Kelvin–
Helmholtz) shear instabilities and symmetric instability are
also found; all these instabilities do lead to enhanced fron-
tal turbulence, of course, as also seen in measurements
(Johnston et al. 2011; D’Asaro et al. 2011).

Frontogenesis in combination with local turbulent pro-
cesses, including wind, convection, and Langmuir turbulence,
also impacts the mixing of neutral and buoyant tracers, micro-
plastics, and pollutants. Submesoscale and local turbulence
can act to induce surface convergence and subduction of sca-
lars in both modeling and observational studies (e.g., Kukulka
and Brunner 2015; Taylor 2018; Cohen et al. 2019; Wenegrat
et al. 2020; Qu et al. 2022; Dingwall et al. 2023; Taylor and
Thompson 2023). Recently, Wenegrat et al. (2020) observed
enhanced scalar mixing across the Gulf Stream front under a
complex set of forcing conditions with winds, waves, and con-
vection. They attribute the mixing to so-called “shear dis-
persion,” a vertical mixing process that combines differential
advection in a horizontal plane with enhanced transverse ver-
tical diffusion (Taylor 1953; Csanady 1973; Young et al. 1982).
Taylor (2018) applies constant slantwise large-scale periodic
forcing, primarily 2.5D “LES,” to examine a convectively
driven mixed layer. The large-scale forcing is held constant
allowing an assumption of horizontal periodicity in x and y.
Crowe and Taylor (2019) adopts a similar assumption about the
large-scale forcing but uses direct numerical simulation to ex-
amine ocean boundary layer (OBL) mixing at Rossby numbers
;O(1) at finite Ekman numbers. Skyllingstad and Samelson
(2020) considers the transition from symmetric to baroclinic in-
stability for finite width fronts with a constant vertical tempera-
ture structure with no preexisting turbulence. The simulation of
Wenegrat et al. (2020) applies time-dependent forcing but also
adopts the horizontally periodic forcing assumption as in
Taylor (2018). As configured the simulations of Taylor
(2018) and Crowe and Taylor (2019) effectively impose an
infinite width front (Skyllingstad and Samelson 2020), and
thus do not answer the role of horizontal shear and preexist-
ing turbulence forcing a submesoscale filament undergoing
frontogenesis.

As stated above, our intent in this paper is to encompass
the full life cycle of a front and its turbulence in a highly ideal-
ized configuration. Because the processes causing frontogene-
sis have already received much attention, in this paper we
address three other life cycle questions:

1) What is the space–time structure of the frontal
turbulence?

2) How does the frontal turbulence arrest the frontogenesis?
3) How is the frontal turbulence maintained?

The contents of the paper are the following: the LES
model is specified in section 2, the set of computational ex-
periments in section 3, the front–turbulence decomposition
and averaging of the flow fields and low-order moment

TABLE 1. Simulation cases.

Simulation M2/f 2 Cooling Q* (W m22) w* (m s21) zpeak TKEpeak tp (h) ‘w (m) zo (s21)

S100 128.6 100 0.0137 12.9 25.5 6.13 100 8.70
S15 128.6 15 0.007 28 12.8 35.1 6.67 158 9.97
M100 83.59 100 0.0137 10.2 14.1 9.75 185 5.52
W100 46.4 100 0.0137 2.47 4.43 33.1 211 3.76
W15 46.4 15 0.007 28 2.58 4.70 28.1 211 4.10
VW100 10.0 100 0.0137 ;1.4 ;1.8 ;103.8 396 1.68
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dynamical balances in section 4, the analysis results in section 5
and its several subsections, and the summary in section 6. To
a substantial degree the solutions are qualitatively similar
in their spatial structure and temporal evolution across the
control parameters M2/f 2 and Q*. Taking advantage of this,

much of the presentation is focused on a particular case of
strong M2/f 2 and Q* (called S100; see Table 1) at its time of
peak frontal strength.

2. LES

The dynamics of the OBL, including submesoscale and
boundary layer motions and frontogenetic turbulence, are as-
sumed to be described by a conventional large-eddy simula-
tion model for a high-Reynolds number Boussinesq flow with
system rotation (Moeng 1984; McWilliams et al. 1997; Sullivan
et al. 2007):

Du

Dt
52f 3 u 2 =p 1 bẑ 2= ?T (2a)

Du

Dt
52= ?C (2b)

= ? u 5 0: (2c)

FIG. 1. A sketch of life cycle stages for a surface density front or
filament (section 5).

FIG. 2. Contours of average fields from case S100 at the time of peak frontal strength tp from
SM18. The velocity fields hy , u, wi and temperature difference hu 2 uoi are in units of m s21 and
8C, respectively. The figure illustrates the sharp spatial changes with distance from the filament
centerline. The x axis is logarithmic with minor tick marks located at intervals6(20, 40, 60, 80) m,
6(200, 400, 600, 800) m, and6(2000, 4000) m.
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The LES model includes transport equations: (2a) for momen-
tum ru and (2b) for temperature u. The divergence free (in-
compressible) condition (2c) determines the elliptic pressure
variable p. Variables that appear in (2) are Cartesian coordi-
nates x ; xi 5 (x, y, z), velocity components u; ui 5 (u, y , w),
rotation vector f 5 (0, 0, f) with f the Coriolis parameter, and
unit vector ẑ in the vertical direction z. The buoyancy variable
is defined in terms of water density: b 5 g(ro 2 r)/ro where r

and ro are density and reference density, respectively. We as-
sume a linear equation of state connects temperature u and den-
sity: r 5 ro[1 2 b(u 2 uo)] with b the coefficient of expansion
and uo a reference temperature: b5 gb(u 2 uo). Further details
are given in SM18 and SM19. The coordinate directions (x, y, z)
are also referred to as across-filament, along-filament, and verti-
cal directions, respectively. The LES equations are formally de-
rived by spatial filtering which introduces SGS momentum and
scalar fluxes (T, C). These terms are modeled using standard
eddy viscosity relationships (n t, n c);

��
e

√
‘, where ‘ is a pre-

scribed length scale proportional to the grid spacing D and the
SGS energy e is the solution of a prognostic equation which
includes advection, shear production, buoyancy production/
destruction, diffusion, and a model of viscous dissipation e, a
concise review of the subgrid model is given by Moeng and
Sullivan (2015).

Wave effects (McWilliams et al. 1997; Sullivan et al. 2007;
McWilliams and Fox-Kemper 2013; Suzuki et al. 2016; McWilliams
2017, 2018; SM19) are omitted in the present work, although
we know they can be relevant. The important new dynamics
implicitly incorporated in (2) is additional forcing from a
large-scale submesoscale cold dense filament. A pair of surface
jets forms on either side of the imposed filament and their hor-
izontal convergence is central to the TTW frontogenetic pro-
cess that occurs inside the boundary layer. A related TTW
problem using the K-profile parameterization scheme (Large
et al. 1994), instead of LES, is described in McWilliams et al.
(2015).

3. LES experiments

Our present LES database of oceanic frontal simulations
consists of 16 cases. The database includes simulations with
varying initial filament strength, surface forcing, surface waves,
and orientation between wind-waves and the filament axis; a
partial list of simulations is provided in SM18 and SM19. All
simulations use a fine mesh of (8192, 3072, 256) grid points in a
computational domain (x, y, z) of size (12, 4.5, 20.25) km; the
mesh spacing Dx 5 Dy 5 1.46 m and the stretched vertical grid
has Dz 5 [0.5–1.68] m with the finest vertical grid spacing near
the water surface. The Coriolis parameter is f5 0.7813 1024 s21,
the coefficient of expansion b 5 1.668 3 1024 8C21, and the
reference temperature uo 5 32.4788C. The simulations are
transient and horizontally heterogeneous in x; the horizon-
tal and vertical spatial structure of the 2D cold filament and
the initialization procedure used in the simulations are de-
scribed in SM18.

For the current analysis, we focus on simulations with no winds
or waves and with surface cooling Q* 5 15 or 100Wm22 and

varying filament strength M2/f2 5 (10, 46, 84, 129), see (1) and
Table 1. The initial filament horizontal scale L 5 2 km is held
constant, and changes inM2 are the result of varying the initial
amplitude of Db. The analysis focuses on the time of peak
frontal strength tp, i.e., when the average vertical vorticity
reaches a maximum. Diagnosed parameters in Table 1 include
the Deardorff convective velocity scale w3

* 5 bQ*|hi|/(rocp)
(where the initial OBL depth is |hi| ≃ 65 m, and the ocean spe-
cific heat cp 5 4.2 3 103 J kg21 K21), the peak vertical vortic-
ity zpeak, the peak turbulence kinetic energy TKEpeak in the
upper 5 m, the average horizontal width of the front lw (de-
fined later) at time tp, and the vertical vorticity zo at the initial
time. The zpeak and TKEpeak are normalized by their respec-
tive values at the initial time in the simulations to account
for variations in M2. The rest of the paper refers to the simu-
lations by a case name in Table 1 defined by the combina-
tion of filament strength M2 (strong, moderate, weak, very
weak: S, M, W, VW) and the amount of imposed surface
cooling Q* 5 15 or 100Wm22. SM18 and SM19 show that a
frontal life cycle spans horizontal scales from the submeso-
scale O (104)m down to an arrest scale O (100) m and
smaller. To present results over this range of scales, figures
often use a double logarithmic x axis under the transforma-
tion xT 5 sign(x)log10(|x|/c 1 1) with c 5 50 m where the
horizontal range is x ’ 6[0–4 3 103] m. Often figures are
overlaid with x–z line contours of the mean thermal struc-
ture hu 2 urefi, where uref 5 108C.

FIG. 3. Time variation of vertical vorticity and TKE with varying
frontal strengthM2/f 2 and surface coolingQ* (Table 1). To account
for the variations in the filament initialization the vertical vorticity
and TKE are normalized by their values at t ; 0 for each simula-
tion. The initialization recipe is described in SM18. The top two
panels show results for strong and medium strength fronts (S15,
S100, M100) in green, red, and blue lines, respectively, while the
bottom two panels are results for weak and very weak strength
fronts (W15, W100, VW100) in pink, black, and cyan lines, re-
spectively. Note the range of the vertical axis changes between
the top and bottom panels. The time axis is made dimensionless
by zo.
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4. Averaging and moment balances

a. Flow decomposition

The flow is heterogeneous in the x–z directions; thus, to
compute statistics we average in the statistically homogeneous
y direction and over short time periods. At time t, any flow
variable, say f or g, is decomposed into a mean and turbulent
fluctuation

f (x) 5 h f i (x, z) 1 f ′(x) , (3)

where the angle bracket h?i denotes a y average (i.e., an along-
filament average) and a superscript prime ()′ indicates a turbu-
lent fluctuation. Average turbulent variances and fluxes are
formed from the definitions

h f ′f ′i 5 h ff i 2 h f ih f i and h f ′g′i 5 h fgi 2 h f ihgi: (4)

In general with winds and waves, the average h fi is the sum of
a frontal perturbation that is the along-filament current and
secondary circulation (which we combine into the abbrevia-
tion SC) plus a background average over an x–y plane (e.g.,
Hussain and Reynolds 1970; Sullivan et al. 2000). However, in
the present study with uniform surface cooling and no surface
wind the background averages are zero. Thus,

h f i, h f ih f i, and h f ihgi (5)

define the mean, variance, and flux, respectively, of the
SC; these statistical moments vary with (x, z, t). The excep-
tion to these rules is buoyancy (or temperature u) where
the background average over an x–y plane at each z, say
[u](z), is subtracted prior to computing its secondary circu-
lation hui.
b. Low-order moment equations

For analysis purposes, we introduce the prognostic equa-
tion set for the y-averaged first-order moments hu, y , w, ui
from SM18 with no surface wave effects:



t
hui 52



x
(huihui 1 hpi 1 hu′u′ 1 tuui)

2


z
(huihwi 1 hu′w′ 1 tuwi) 1 f hyi (6a)



t
hyi 52



x
(huihyi 1 hu′y ′ 1 tuy i)

2


z
(hyihwi 1 hy ′w′ 1 tywi) 2 f hui (6b)

FIG. 4. Instantaneous temperature field hu 2 urefi in case VW100 at early and late times of 3.2 and 103.8 h, respec-
tively. In the lower panel, line colors (red, black) denote the average temperature hu 2 urefi at early and late time at
z 5 0. A constant offset of 0.168C is added to the temperature at the late time to highlight the comparison. The aver-
age temperature jump between the farfield and the filament centerline is 0.0378 and 0.0348C at the early and late
times, respectively. In case VW100 the bulk change in the OBL temperature with increasing time is mainly a conse-
quence of surface cooling.
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t
hwi 52



x
(huihwi 1 hu′w′ 1 tuwi) 1 h g

uo
(u 2 uo)i

2


z
(hwihwi 1 hpi 1 hw′w′ 1 twwi) (6c)



t
hui 52



x
(huihui 1 hu′u′ 1 tuui)

2


z
(hwihui 1 hw′u′ 1 twui), (6d)

where the right-hand side of each equation is written in
flux conserving form. These expressions are specific to our
problem posing, they are obtained by adopting a 2D den-
sity filament varying only in (x, z). In (6), the SGS fluxes
for momentum (tuu, tuy, tuw, tyw, tww) and for temperature
(tuu, twu) are parameterized using eddy viscosity prescrip-
tions (e.g., Moeng and Sullivan 2015). For our simple equa-
tion of state b 5 gb(u 2 uo) and then (6d) can also be used
to infer a buoyancy change.

c. Turbulence kinetic energy balance

The balance of terms in the turbulence kinetic energy
(TKE) equation in frontogenesis is illuminating as it exposes
the dependence on turbulence moments and mean current
gradients. The TKE equation for resolved kinetic energy
q5 u′i u′i /2 is derived by straightforward steps (e.g., Tennekes
and Lumley 1972) and in the current application contains ad-
ditional terms owing to horizontal heterogeneity (Stull 1988,
p. 124). The TKE equation is

hqi
t

5 2huihqi
x

2 hwihqi
z︸����������︷︷����������︸

A

2


x
hu′(q 1 p′)i 2 

z
hw′(q 1 p′)i︸��������������������︷︷��������������������︸

T

2hu′2ihui
x

2 hu′y ′ihyi
x

2 hu′w′i hui
z

1
hwi
x

( )
2 hy ′w′ihyi

z
2 hw′2ihwi

z︸����������������������������������������������������︷︷����������������������������������������������������︸
S

1 bhw′u′i︸��︷︷��︸
B

2 hei︸︷︷︸
D

: (7)

As before, the operator h?i indicates averaging in the homoge-
neous y direction at every x location. In (7) contributions
from SGS terms are neglected except for the viscous dissipa-
tion e. In crafting the viscous term we adopt the LES
prescription

e 5 Ce

e3/2

‘
, (8)

where Ce ’ 0.93, e is the SGS TKE, and ‘ is a stability cor-
rected length scale (Moeng and Wyngaard 1988; Moeng and
Sullivan 2015). The terms on the right-hand side of (7), identi-
fied by underbraces, are mean advection A, turbulent and

pressure transport T, shear production of turbulence S, buoy-
ancy B, and viscous dissipation D. Because of spatial hetero-
geneity, x and z variations both contribute to advection,
transport, and shear production. Skyllingstad and Samelson
(2020) and Taylor (2018) examine a TKE balance that is aver-
aged over the x–y computational domain.

5. Results

A paradigm for the surface frontal life cycle is depicted in
Fig. 1. Preexisting horizontal buoyancy gradients may become
frontogenetic under the action of either a larger-scale strain
flow or vertical momentum mixing due to a TTW secondary

FIG. 5. Along-filament spectra averaged between x5 [250, 50] m
for simulations with strong S100, moderate M100, weak W100, and
very weak VW100 filaments denoted by red, blue, green, orange
colors, respectively, at tp. The surface cooling Q* 5 100Wm22 in
all these cases. The line groups show the spectra for the KE [the
sum of the (u, y , w) spectra divided by 2] and for the vertical veloc-
ity, with some overlap that can be distinguished with the line coding.
Spectra are computed near the water surface z 5 22.5 m, and the
normalization is by w2

* . The vertical line at ky 5 0.125 m21 is an
approximate boundary between submesoscale and boundary
layer turbulence. The black dash–dot line shows the spectra for
KE and w with no filament. The light black line indicates a spec-
tral slope ~k25/3

y .
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circulation forced by air–sea momentum and buoyancy
fluxes. At some point a frontal instability occurs with a
growth rate that exceeds the frontogenetic rate. Frontal fluc-
tuations amplify until their cross-frontal eddy momentum
and/or buoyancy fluxes arrest the frontogenetic tendency at
a finite frontal width. Meanwhile there is a forward kinetic
energy cascade to small-scale frontal turbulence and dissipa-
tion. Thereafter these processes persist while the frontal sys-
tem slowly decays or else the front is fragmented into
frontal eddies. The frontal instability type and pattern of ar-
resting eddy fluxes can differ depending on the frontal
shape, air–sea fluxes, and Stokes drift influence from surface
gravity waves. At any stage in this sequence, if the frontoge-
netic influences of strain and/or TTW abates and the air–sea
fluxes and waves weaken, then the front (as indicated by the
red arrows) can relax into a steady geostrophic balance be-
tween the horizontal buoyancy gradient and the alongfront
flow, which itself might or might not be unstable to small
perturbations.

In a more complex flow environment, these frontal pro-
cesses may be overcome by disruptive advective tendencies
that arrest the secondary-circulation’s frontogenetic tendency.
They can also be disrupted by energetic high-frequency mo-
tions, perhaps through shear dispersion (Young et al. 1982;
Wenegrat et al. 2020), or overcome by very strong turbulent
mixing (Young 1994; Crowe and Taylor 2018; Bodner et al.
2020). In our set of simulations, we make contact with the lat-
ter effect when the initial frontal strength is very weak with
strong convection (i.e., case VW100 in Table 1). Our view is
that the sequence in Fig. 1 is common in the ocean but not
universal.

The conception here of a frontal life cycle is suitable for a
statistically homogeneous midocean environment; in that sense
it is quite different from the paradigm of embedded weather
fronts in atmospheric cyclonic storms (e.g., Thorncroft et al.
1993).

a. Dependencies on M2 and Q*

The LES simulations broadly follow the frontal life cycle
outlined in Fig. 1 of frontogenesis, fluctuation growth, arrest,
and slow decay. The visualization in Fig. 2, at t 5 tp, depicts
specific frontogenetic signatures in case S100: viz., a pair of y
jets of opposite sign straddle a sharp temperature (density)
front of finite width ≃100 m, secondary circulations in hui
(converge, diverge) at the (top, bottom) of the OBL, and the
vertical velocity hwi strongly downwells at the filament
centerline.

The details of the life cycle and flow patterns (e.g., Fig. 2)
of each LES experiment differ somewhat depending on input
parameters. Inspection of Fig. 3 and Table 1 shows that the
initial filament strength M2 impacts the temporal evolution of
frontogenesis, the amplitude of the secondary circulations, the
filament arrest width ‘w, and the frontal turbulence. With fixed
M2, varying the initial turbulence level set by the surface cooling,
however, plays a smaller role in CFF at least over the range
Q* 5 [15–100]Wm22. Increasing filament strength shortens
the time to peak frontal strength by nearly 30 h (’30 3 104 in
tzo units), seen by comparing the results for cases S100 and
W100 with M2/f 2 5 (128, 46), respectively. Filament strength
increases and sharpens the peak vertical vorticity and also en-
hances TKEpeak near the water surface. The frontal width ‘w
varies inversely with filament strength M2. The decay stage of

FIG. 6. Spatial distribution of (a) frontal turbulence kinetic energy (FT KE) and (b) secondary
circulation kinetic energy (SC KE) at the time of peak frontal strength tp from case S100. Notice
the range of the color bar changes between the panels. Results are normalized by w2

* . For
reference, the panels are overlaid with identical line contours of the mean thermal structure
hu(x, z)2 urefi (8C).
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case S15 is an exception; visualization shows the filament tends
to modestly rotate in the x–y plane, and thus averaging in y at
constant x intermittently crosses the filament axis producing the
oscillating TKE decay shown in the bottom panel of Fig. 3. We
find that the combination of weak cooling and weak filaments,
e.g., case W15 in Table 1, leads to complex flow patterns as the
seeds of frontogenesis gradually disappear.

The sole exception in our dataset is that a frontal life
cycle is not triggered in case VW100 over the time period
0 , t , 90 h, even though the filament structure in hui(x, z)
and in the secondary circulation persists throughout this

integration period. Case VW100 has a high level of back-
ground turbulence but very weak geostrophic jets, more
than 10 times smaller than case S100, at t 5 0. Flow visuali-
zation of the temperature field in VW100 at early and late
times shows bulk cooling of the OBL. Temperature anoma-
lies, geostrophic jets, and the SC in u can be identified at
late time but are only slightly weaker compared to their ini-
tial values. The temperature jump between the farfield and
the filament centerline is 0.0378 and 0.0358C at early and
late times, respectively, and the filament width increases
slightly (Fig. 4). The change in the OBL temperature field is

FIG. 7. Momentum variances at the time of peak frontal strength tp from case S100. (top) Turbulence variances hu′2, y ′2, w′2i and
(bottom) SC variances hui2, hyi2, hwi2. Notice the range of the color bar and the width of the x axis change between the panels. Variances
are normalized by w2

* .
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mainly due to surface cooling not frontogenesis. OBL turbu-
lence generated by surface cooling appears to quench the
frontogenetic triggers for this very weak filament, a result
broadly similar to the findings described by Kaminski and
Smyth (2019) for a modified Kelvin–Helmholtz instability in
a preexisting turbulent flow. We conclude that sufficiently
strong turbulence or weak initial filament strength leads to
slow frontolysis by vertical shear dispersion in combination
with vertical buoyancy mixing, as suggested in Young (1994)
and Crowe and Taylor (2018, 2019), dominating any advec-
tive frontogenesis by the secondary circulation. At the other

extreme, in the absence of background turbulence the fila-
ment flow simply tends to be in a steady-state geostrophic
balance. Nevertheless, over the wide range of control pa-
rameters explored here, except for case VW100, the frontal
life cycle does occur approximately as indicated in Fig. 1.

The along-filament (y) 1D power spectra of the turbulence
kinetic energy and the vertical velocity from cases S100, M100,
and W100 are depicted in Fig. 5; the smoothed spectra are con-
structed from the turbulence u′i , and they are averaged over indi-
vidual along-filament spectra within the range x 5 [250, 50] m
near the water surface. These spectra illustrate a greatly increased

FIG. 8. Momentum fluxes at the time of peak frontal strength tp from case S100 for comparison with Fig. 7. (top) Turbulence fluxes
hu′y ′, u′w′, y ′w′i and (bottom) SC fluxes huihyi, huihwi, hyihwi. Notice the range of the color bar and the width of the x axis change be-
tween the panels. Fluxes are normalized by w2

* .
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energy level at all wavenumbers ky at the time of peak fron-
tal strength, compared to a simulation without an initial fila-
ment. The energy increase depends on M2 as anticipated
from the TKEpeak in Fig. 3. At z 5 22.5 m, the spectra also
hint that the near surface turbulence is highly anisotropic
based on a comparison of the (high, low) spectral levels of
kinetic energy and vertical velocity, respectively; they be-
come more nearly isotropic at large ky in the boundary layer
interior. Note the smooth continuous variation in spectral
levels for wavenumbers ky ’ 2p/|h| crossing between the
submesoscale and boundary layer regimes. At high wave-
numbers the KE spectra are displaced vertically depending
on M2 but have approximately the same slope ~k25/3

y over a
broad range of scales in the frontal zone. In unforced simu-
lations, Verma et al. (2019) find a slope change from 23 to
25/3 at a scale O (100)m with the spectra averaged over a
width of 2.4 km. Spectra of KE with no filament are more
than two orders in magnitude smaller at low wavenumbers
compared to the simulations with a strong filament. Front-
ogenesis increases the energy level, in particular the en-
ergy in the horizontal turbulence, indicative of a forward

energy cascade from the submesoscale to dissipation, also
see section 5f.

b. Kinetic energy, variances, and fluxes

Turbulence in CFF is markedly different than its counter-
part in a horizontally homogeneous boundary layer driven by
surface cooling because of the organized SC flow. This is illus-
trated in Figs. 6–8, which depict low-order moments from
case S100, viz., kinetic energy, horizontal and vertical varian-
ces, and fluxes of momentum. Turbulence and SC statistics
are shown separately in the top and bottom panels, and all
fields are made dimensionless by the convective velocity w2

* .
The frontal turbulence kinetic energy hu′i u′i /2i (FT KE) and

the secondary circulation kinetic energy huiihuii/2 (SC KE)
are compared in Fig. 6. FT and SC KE values are similar in
magnitude but feature key differences. FT KE is localized on
the filament centerline while the SC KE peaks outside of the
filament zone, near x ’ 6300 m and is spread over hundreds
of meters horizontally. There is a noticeable and mandatory
void in the SC KE at x5 0 where hu, yi change signs.

FIG. 9. Temperature variances at the time of peak frontal strength tp from case S100. (left) Turbulence temperature
variance hu′2i and (right) SC temperature variance hui2. Notice the range of the x axis and the color bar changes be-
tween the panels. Variances are normalized by (Q*/w*)2.
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Individual variances and fluxes highlight the fundamental
role of horizontal turbulence in CFF. Near the front center-
line there are large near surface peaks in hu′2, y ′2, u′y ′i, inte-
rior positive and negative peaks in hu′w′, y ′w′i, and a large
peak in vertical velocity variance hw′2i. For comparison, the
maximum hw′2i/w2

* ’ 0:45 in a horizontally homogeneous
convective atmospheric boundary layer (e.g., Sullivan et al.
2014); in CFF hw′2i/w2

* . 10 beneath the downwelling jet.
The across-filament gradients in hu, yi generate large horizon-
tal turbulent fluctuations (u′, y ′), and thus large variances

hu′2, y ′2i. CFF also generates momentum fluxes, and in particular
a large negative horizontal momentum flux hu′y ′i/w2

* ’230 at
the water surface; horizontal and vertical momentum fluxes
are near zero in the homogeneous convective boundary layer.
The nonzero vertical momentum fluxes hu′w′, y ′w′i are key
ingredients in boundary layer induced frontogenesis: their
vertical divergence initiates the SC, and they contribute to a
turbulent thermal wind balance (TTW) (Gula et al. 2014;
McWilliams et al. 2015). Vertical momentum fluxes are non-
zero in an OBL with a submesoscale filament even when

FIG. 10. Temperature fluxes at the time of peak frontal strength tp from case S100. (top) Turbulence temperature fluxes hu′u′, y ′u′, w′u′i
and (bottom) SC temperature fluxes hu, y , wihui. Notice the range of the color bar changes between the panels. Fluxes are normalized by
surface coolingQ*.
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turbulence in the farfield is driven solely by surface cooling,
i.e., with no surface winds SM18. Broadly, submesoscale fila-
ments and frontogenesis can generate powerful horizontal
and vertical turbulent motions much greater than those
found in homogeneous OBLS with comparable surface
forcing.

The amplitude and spatial organization of the SC variances
and fluxes provide an interesting contrast to their turbulence
counterparts. The SC momentum variances hui2, hyi2, and
hwi2 and fluxes huihyi, huihwi, and hyihwi are depicted in the
lower panels of Figs. 7 and 8, respectively. The fine-resolution
large-domain LES captures the broadband spectrum of mo-
tions in CFF. The peak turbulence levels are mainly confined
to a narrow frontal zone [2100, ‘, 100]m, while outside of
the frontal zone turbulence decays rapidly as it asymptotes to
its farfield state. Broadly, the SC variances are larger than their
turbulence counterparts, but are spread over much larger hori-
zontal distances on the order of kilometers. The notable excep-
tion is vertical velocity variance, where hw′2i ’ 10hwi2 at the
front centerline, i.e., downwelling is dominated by turbulence
not by SC variance hwi2, which is potentially important for
transport from the oceanic surface to the interior (Freilich and
Mahadevan 2022; Capó and McWilliams 2022; Aravind et al.
2023). The momentum flux patterns reflect the direction and
magnitude of the SC and the geostrophic jets in the filament.
The jet velocity hyi is (negative, positive) on the (left, right)
side of the front while the (upper, lower) branches of hui are
(converging, diverging), see Fig. 2 and SM18. Coupling be-
tween the cross-frontal SC and the filament jets generates a

large negative horizontal momentum flux huihyi/w2
* ;290 in

the upper OBL. By comparison huihyi/w2
* ; 10 in the lower

OBL. The vertical momentum fluxes huihwi, hyihwi are nota-
bly smaller than the horizontal momentum flux due to the
weak downwelling hwi.

The turbulence and the SC are closely coupled to the buoy-
ancy (temperature) field. Temperature variances and fluxes
are shown in Figs. 9 and 10; turbulence fluxes hu′u′, y ′u′, w′u′i
and SC fluxes hu, y , wihui are depicted in the top and bottom
panels, and all fields are normalized by the surface cooling
Q*. Notice the sign of the temperature fluxes are reversed be-
tween the turbulence and SC fields, also all fluxes are greater
in magnitude compared to Q*, i.e., submesoscale dynamics
dominate the background boundary layer convection. Similar
to momentum, the SC fluxes are larger in amplitude and
spread over greater horizontal distances compared to their
turbulence counterparts. The vertical temperature flux is
again special with hwihui opposite in sign and greater in mag-
nitude than hw′u′i especially near the front centerline. The
horizontal SC temperature flux shows upper and lower lobes
with opposite signs because of the SC. The horizontal conver-
gence, 2x, of the SC and turbulence fluxes are opposite in
sign, and near the surface the competition leads to warming
thui . 0, while the return leg of the SC at the bottom of the
layer leads to coolingthui . 0, see section 5e.

c. Frontal arrest

The dynamics of frontal arrest are still in a state of discovery
and likely depend on the background forcing and turbulence.

FIG. 11. (top) Variation of turbulence and SC horizontal variances (hu′u′i, hui2) and (bottom)
horizontal flux (hu′y ′i, huihyi) at tp, slicing perpendicular to the axis of the geostrophic jets. Re-
sults are shown at z 5 (20.5, 5.1) m indicated by solid and dashed lines, respectively. The hori-
zontal divergence of these terms appears on the right-hand side of the tendency equations (6a)
and (6b) for thu, yi. The x axis is logarithmic with minor tick marks located at intervals
6(20, 40, 60, 80) m, 6(200, 400, 600, 800) m, and 6(2000, 4000) m. Variables on the y axis are
normalized by w2

* .
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For example, Samelson and Skyllingstad (2016) state that the
Kelvin–Helmholtz instability is the primary arrest mechanism
for laminar fronts as predicted by Hoskins and Bretherton
(1972). Based on a scale analysis, Snyder (1998) finds that the
atmospheric boundary layer impacts fronts and horizontal ad-
vection, and in general the boundary layer cannot be ignored.
Analysis of our fine-resolution LES that evolve from a initially
turbulent state suggests an alternative mechanism. In our flow
where a submesoscale front evolves in a fully turbulent
OBL, an across-filament (lateral) shear instability is the
most likely mechanism that produces ingredients leading
to frontal arrest McWilliams et al. (2015), SM18, and
SM19. In the y-averaged equations, the horizontal diver-
gence x of the variances and fluxes reflects this arrest
mechanism as shown in Fig. 11. Notice in the frontal zone
the slopes of the SC horizontal variance and flux are oppo-
site in sign compared to their turbulence counterparts. In
(6b), 2xhu′y ′i tends to weaken the filament jets while
2xhuihyi strengthens the jets. Frontal arrest in the y mo-
mentum equation occurs when the horizontal turbulent
flux increases sufficiently to balance the SC advection, i.e.,
the approximate balance huixhyi ’ xhu′y ′i as shown in
Fig. 12. Also, arrest mechanics are in (6a). In the frontal
zone 2xhu′u′i and 2xhui2 (weaken, strengthen) the flow
tendency thui. Thus, turbulence plays a key double role in

boundary layer induced frontogenesis: it initiates the SC
through vertical momentum fluxes, while horizontal turbu-
lence variance and flux act to promote frontal arrest. The
largest turbulence variance hy ′2i does not explicitly appear
in (6). Based on the results in Fig. 12, horizontal turbulent
flux provides a good measure of the final arrest width, i.e.,
we define the arrest width lw as the distance from the cen-
terline where the flux divergence xhu′y ′i first falls to zero
outside of the filament zone, and lw ~ 1/M2; see Table 1.

d. TKE balance

Vertical profiles of the TKE terms at the time of peak fron-
tal strength tp in case S100 at selected x locations far from
and near the front centerline are shown in Fig. 13. The con-
tours in Fig. 14 provide an x–z view of the sharp spatial
changes in TKE terms. The profiles and contours illustrate
significant structural changes in the boundary layer and the
shifting balance in TKE production and destruction under
frontogenesis. In the farfield left of the front centerline
x ≃ 26 km (Fig. 13), the primary balance is between buoyant
production and dissipation with the turbulent and pressure
transport playing a lesser role in rearranging TKE in the ver-
tical. This balance in the upper ocean is a familiar one based
on similar results for a highly convective atmospheric bound-
ary layer (e.g., Moeng and Wyngaard 1988). The vertical and

FIG. 12. Comparison of the (top) turbulence flux divergence xhu′y ′i and (bottom) SC advec-
tion huixhyi at the time of peak vertical vorticity tp from case S100. This is the primary balance
in the along-filament momentum equation (6b). Terms are normalized by w2

* /|hi |. The panels are
overlaid with identical line contours of the mean thermal structure hu(x, z)2 urefi (8C).
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horizontal structure of the TKE balance shifts under the ac-
tion of CFF. In CFF the horizontal legs of the secondary cir-
culations at the top and bottom of the boundary layer
promote turbulence shear production, and they transport
warm and cool water. At the top of the layer, the SC horizon-
tal convergence collapses the horizontal distance between
the geostrophic jets, thus further increasing mean gradients,
xhu, yi.

For a convective boundary layer, turbulence production
changes in CFF. In the farfield away from the front, turbu-
lence is mainly produced by buoyancy, but near the front cen-
terline, 2200 , x , 200 m, shear production grows and
becomes the dominant TKE source (Figs. 13 and 14). Mean-
while buoyancy reverses sign and becomes a weak sink; recall
surface cooling is constant with x (note the yellow contours in
the top panel of Fig. 14), and thus the reversal of buoyancy’s
role in the interior of the boundary layer is a consequence of
frontogenesis.

Decomposition of the shear production S in (7) into vertical
Sy and horizontal Sh contributions,

Sy 52hu′w′ihzu 1xwi 2 hy ′w′ihzyi 2 hw′w′ihzwi,
(9a)

Sh52hu′u′ixhui 2 hu′y ′ixhyi, (9b)

illustrates important differences compared to a horizontally
homogeneous boundary layer with only vertical shear; the
spatial variation of Sy and Sh in the frontal zone are shown in
Fig. 15. At the centerline x 5 0, Sy features a sign change
Sy , 0 for 220 , z , 0 m while Sy . 0 for z , 220 m. The
gradient hzwi . 0 is responsible for the negative values of Sy
along x 5 0, also see the w variance in the right panel of
Fig. 7. Meanwhile Sh reaches a maximum near the water sur-
face. Notice the vertical production term 2hu′w′ihzu 1xw i
is smaller than2hy ′w′ihzyi.

The horizontal production term 2hu′y ′ixhyi . 0 is the
dominant source of TKE with 2hu′u′ixhui , 0 playing a
smaller role; note the latter term is positive since the SC
switches sign crossing the front centerline, i.e., hxui , 0.
Hefty values of Sh are consistent with the development of a

FIG. 13. Vertical profiles of terms in the TKE balance (7) at locations x 5 [25985, 0] m far from and at the front centerline at tp. (left)
Balance in the farfield and balance at front centerline (center) from case S100 and (right) from case W100. TKE terms (dissipation D,
shear production S, transport T, advection A, buoyancy B) are denoted by colored lines (orange, blue, black, red, and green, respectively).
All terms are normalized by w3

* /|hi|, and the range of the x axis changes between the panels.
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lateral shear instability, a large horizontal surface flux2hu′y ′i,
large variances hu′2, y ′2i, and steep horizontal gradients
(xhyi . 0, xhui , 0) in filament frontogenesis (SM18;
SM19). Moving away from the centerline Sh decays rapidly
while Sy features a sign change near z ≃ 220 m. Near the
filament centerline horizontal production of TKE exceeds
vertical production, but both terms fall off rapidly in the far-
field |x| . 1000 m with Sh decaying more rapidly than Sy.
Both terms are nearly zero as expected for convective
driven turbulence at |x| 5 6000 m.

An important and unexpected property of the TKE balance
is shown in the center and right panels of Fig. 13 and the bot-
tom panel of Fig. 14. At the front centerline x 5 0, turbulent
transport T, not dissipation D, balances the large shear
production S. This balance holds for all values of M2/f 2 con-
sidered in our study, i.e., for strong and weak filaments. De-
composition of T into its vertical and horizontal components
is shown in the top and bottom panels of Fig. 16. Near the wa-
ter surface both transport terms are negative, acting to bal-
ance S, but the horizontal transport reverses sign at the edges
of the frontal zone. Further decomposition of the transport
terms shows the third-order moments hu′q2, w′q2i are larger
than their pressure counterparts hu′p′, w′p′i (not shown).
Near the front centerline, dissipation is large compared to the
farfield, but the high level of TKE generated by horizontal

shear xhyi is mainly balanced by horizontal and vertical
TKE transport away from the front by third-order turbu-
lence and pressure moments, i.e., nonlocal effects are dom-
inate at the filament centerline. Further examination of T
(section 5g) shows that the third-order moments are mod-
estly correlated with horizontal and vertical derivatives of
the TKE, i.e., the moments are approximately a downgra-
dient process

hu′(q 1 p′)i ’2mh(x, z)


x
hqi and

hw′(q 1 p′)i ’2my (x, z)


z
hqi : (10)

Thus, (10) implies the horizontal and vertical transports T
roughly act as turbulent diffusion. Although (10) is often
adopted in second-order closure modeling, Moeng and
Wyngaard (1989) and Mironov (2009) find the downgra-
dient model is generally inadequate for detailed modeling
of vertical transport in a highly convective atmospheric
boundary layer. The LES finds turbulent transport T is a
critical process in oceanic frontogenesis, and as a result,
modeling of T is a challenge for parameterization schemes
with varying stratification. Mean advection of turbulence A
is small but also acts similar to T near the water surface.

FIG. 14. Spatial variation of the terms in the TKE balance (7) in an x–z plane from case S100:
advection A, buoyancy B, dissipation D, shear production S, and transport T, are shown from
top to bottom, respectively, at tp. All terms are normalized by w3

* /|hi|, and the x axis is logarith-
mic with minor tick marks located at intervals 6(20, 40, 60, 80) m and 6(200, 400, 600, 800) m.
The heavy contour lines in each panel are the mean thermal structure hu 2 urefi (8C).
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e. Boundary layer restratification

The SC and turbulence can compete in the restratification
of the boundary layer (e.g., Skyllingstad and Samelson
2020). Restratification is present in our simulations. For ex-
ample, based on the TKE profiles the boundary layer depth
h 5 (265, 225) m at x 5 (26, 22) km, respectively. At

x 5 21 km, the incoming boundary layer is split vertically;
the turbulent layers in the regions 220 , z , 0 m and
275, z240 m are separated by a relatively weak turbulence
zone 240 , z , 220 m. The shallowing of the boundary
layer and, in particular, the spatial extent of restratification is
somewhat surprising. Vertical profiles of mean temperature

FIG. 16. Turbulent and pressure transport terms near the front centerline at tp. Shown are
(top) 2xhu′(q 1 p′)i and (bottom) 2zhw′(q 1 p′)i. TKE q5 u′i u′i /2 and terms are normalized
by w3

* /|hi| from case S100. The panels are overlaid with identical line contours of the mean ther-
mal structure hu(x, z)2 urefi (8C).

FIG. 15. (top) Horizontal and (bottom) vertical shear production (Sh, Sy) at tp from case S100.
The terms Sh and Sy are defined in (9). The panels are overlaid with identical line contours of
the mean thermal structure hu(x, z)2 urefi (8C). Small values between61 are colored white.
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hu(x, z)i in Fig. 17 illustrate the impact of the restratification
process on the thermal structure in the boundary layer out-
side of the frontal zone. Restratification impacts turbulence
dynamics: the vertical temperature flux hw′u′i and the vertical
velocity variance highlight a transition to stable stratification
and turbulence quenching in the boundary layer interior left
and right of the front centerline (Fig. 18). Based on the x–z
contours of hw′2i, the boundary layer depth in the farfield
x ≃ 26 km is 265 m or more. Slightly outside the filament
centerline x ≃ 2500 m, the boundary layer shallows to ap-
proximately 210 m. Horizontal divergence of mean tempera-
ture flux 2huizhui warms the top layer and cools the bottom
layer, effectively shutting off convection in the boundary
layer interior (Fig. 19). Thus, the SC impact on the OBL tur-
bulence extends well beyond the frontal zone. However, be-
cause of strong downwelling in frontogenesis the boundary
layer directly beneath the front is deeper than in the farfield.
The restratification process depends on filament strength
M2/f 2 as shown in the lower panels of Figs. 19 and 18; the
horizontal transport of cold water is weaker with decreasing
filament strength and thus the region of stable stratification
in the OBL is nearer the front.

A restratification ratio scaling for the rate of convective mix-
ing versus filament secondary circulation usefully delineates the
balance of these processes in these simulations. Skyllingstad
and Samelson (2020), using results from Fox-Kemper et al.
(2008) and Mahadevan et al. (2010), define the restratification
ratio as

R 5
f

M4|h|2
Q*bg
rocp

, (11)

where Q*bg/rocp is the surface flux expressed in buoyancy
units and h is the mixed layer depth. The studies mentioned
above are for baroclinically unstable fronts, but the competi-
tion between turbulent mixing and hw′b′i still exists in our re-
gime. Mahadevan et al. (2010) and Skyllingstad and Samelson
(2020) report that R , 0:06 generates active restratification
while R. 0:06 suppresses restratification. For cases (S100,
W100) with h 5 60 m, R 5 (0:0014, 0:0111), respectively, and
hence turbulence will not prevent restratification in Fig. 18.
Note R is nearly 10 times larger in case W100 compared to
case S100 given the same level of surface cooling, and the re-
stratification is weaker and confined nearer the frontal zone
compared to case S100. On the other hand, for case VW100
R 5 0:229, thus restratification is predicted to be suppressed;
recall in Fig. 3 frontogenesis is not found over the integration
time period of 104 h. With weak initial fluctuations, even lon-
ger integration periods are needed for a submesoscale fila-
ment to undergo symmetric and then baroclinic instability
(e.g., Hamlington et al. 2014; Skyllingstad and Samelson 2020).
Note the estimate (11) is qualitative because it is derived from
simulations with no background turbulence at the onset, which
differs from the present set of simulations.

f. Cross-scale energy transfer

An important topic is the scale content of the variances,
fluxes, and in particular how energy is transferred among
submesoscale and boundary layer spatial scales at the time of
peak frontal strength. We assume that a horizontal scale
d 5 50 m provides an approximate separation between sub-
mesoscale and boundary layer motions, i.e., large and small
scales, respectively, see Fig. 5. The LES fields from case S100
are filtered in x–y planes using a 2D Gaussian filter with scale
d; this filtering is smooth in wavenumber and physical space
(e.g., Pope 2000, p. 563). The notation (̂) denotes the spatial
filtering, for example, vertical velocity w5 ŵ 1 w′′ where
(ŵ, w′′) denote the (large, small) scale vertical motions, re-
spectively. The filter width d 5 50 m is larger than the LES
mesh scale D, i.e., d .. D. As a result, the magnitude of the
SGS fluxes tij at scale D are considerably smaller compared to
resolved Leonard fluxes,

Tij 5 ûiuj 2 ûiûj: (12)

Decomposition of the vertical velocity into large and small
scales near the water surface from case S100 is shown in
Fig. 20. Inspection of the results shows the motions are spa-
tially correlated, and generally rotated clockwise. However,
the small-scale vertical motions are more than a factor of
3 larger in magnitude. Notice the downwelling and upwelling
spots in the vertical velocity field cross over the filament
centerline x 5 0. Turbulent large-scale horizontal motions
left and right of the filament axis generate transient stagna-
tion zones along the filament axis resulting in divergence
and convergence, this leads to the downwelling and upwell-
ing in the vertical velocity field observed in Fig. 20. Also,
the divergence and convergence of the fluctuating horizon-
tal motions generate significant horizontal momentum flux
and variance (u′y ′ , 0 and u′u′ . 0) along the filament axis

FIG. 17. Vertical profiles of mean temperature hu 2 urefi at
locations x 5 2(5000, 3000, 2000, 1000, 102, 0) m left of the front
centerline; line colors are black, green, blue, orange, cyan, red, re-
spectively. Dashed and solid lines are t 5 (1.2, 6) h, respectively.
Notice the warming of the upper layer and cooling of the lower
layer as time increases, creating a stably stratified interior.
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(Figs. 7 and 8). The magnitude ordering of the fluxes is
hu′y ′i .. hy ′w′i . hu′w′i. Thus, large scales are the domi-
nant contributors to the horizontal flux while the coupling be-
tween submesoscale motions and small-scale vertical turbulence

at d generates vertical fluxes, also see Fig. 20. Thus, a lat-
eral shear instability generates large-scale motions that
couple and cascade down to small-scale turbulence as de-
picted in Fig. 1.

FIG. 18. Variation of resolved vertical variance hw′2i/w2
* in an x–z plane left of the front centerline. The colors are

saturated for large values to emphasize the changes away from the front. Results from cases (a) S100 and (b) W100
are shown at their respective tp values. Notice the shallowing of the boundary layer depth as the frontal zone is
approached, especially for case S100 (a). Inside the front x 5 [2200, 200] m the boundary layer deepens under the
action of frontogenesis. The average thermal structure hu 2 urefi (8C) is shown by the overlaying line contours.
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To quantify the energy transfer we next examine the energy
equation for the large scales. The energy equation for ûi (e.g.,
Tennekes and Lumley 1972, p. 62) is obtained by first filtering
(2a) at scale d followed by multiplication by ûi, and SGS
stresses tij are neglected. These manipulations lead to

k̂
t

5 · · · 1 TijSij , (13)

where the kinetic energy of the resolved motions k̂ 5 ûiûi/2.
The filtered strain rate Sij is

Sij 5
1
2
ûi

xj
1

ûj

xi

( )
: (14)

The term TijSij is the key energy transfer mechanism between
large and small scales across d (e.g., Wyngaard 2002). In phys-
ical space, TijSij can be positive or negative instantaneously
[i.e., transferring energy down (forward scatter) or up (back-
scatter) “cascades” across scales; e.g., Piomelli et al. 1991,
1996].

The average forward scatter and backscatter of the energy
transfer TijSij is depicted in Fig. 21. The energy transfer is fur-
ther decomposed into vertical and horizontal components in
Fig. 22. As expected in the inertial range at scale d 5 50 m,

forward scatter dominates the energy cascade. However,
persistent energy backscatter from the boundary layer tur-
bulence to larger submesoscale motions is found at the
downwelling site along the filament centerline. Further in-
terrogation shows the relatively small backscatter is con-
centrated in the vertical components of the energy transfer
and in particular T33S33. The backscatter appears to be a
consequence of the large vertical velocity variance in fila-
ment frontogenesis. Recall from Fig. 7, the turbulence
variance hw′2i is nearly a factor of 10 larger than its SC
counterpart hwi2.
g. Turbulence viscosities

By long practice eddy viscosities (i.e., minus the ratio of
turbulent flux to mean gradient) provide a language for
summarizing the transport and energy conversion character-
istics of the turbulence. It also has often been found to be a
useful parameterization framework in non-LES models that
do not resolve the turbulence but require its effects to be
represented (e.g., Large et al. 1994). We end this section
with two viscosity diagnoses. One is the momentum-flux
viscosity related to the energy-production interaction of the
total turbulence with the along-filament-averaged flow
Figs. 12 and 13–15, and the other is related to the turbulent
TKE transport Fig. 16.

FIG. 19. Mean horizontal advection of temperature 2huixhui normalized by Q*/|hi | at tp. The
temperature time tendency thui . 0 in the layer top, and thui , 0 in the layer bottom because
of horizontal advection of warm and cool water, respectively. (a) Case S100 and (b) case W100.
The panels are overlaid with line contours of the mean thermal structure hu 2 urefi (8C).
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For the TKE energy production, we define separate bulk
viscosities for the horizontal and vertical momentum fluxes.
The vertical and horizontal viscosities (Ky, Kh) are estimated
from the TKE shear production terms (9) and the magnitude
of their respective horizontal and vertical shear gradients:

hu′u′ihui
x

1 hu′y ′ihyi
x

52Kh

hui
x

( )2
1

hyi
x

( )2[ ]
(15a)

hu′w′ihui
z

1 hy ′w′ihyi
z

52Ky

hui
z

( )2
1

hyi
z

( )2[ ]
: (15b)

This formulation yields scalar viscosities by combining the
two horizontal coordinate directions, and it partly mirrors
the energy production terms in the numerators, Sh and Sy in
Fig. 15. The x–z spatial variations of Ky and Kh are dis-
played in Fig. 23, nondimensionalized by the mixing-length
scale for convection, w*|hi| ’ 0:82m2 s21. Inspection of the
results shows that the extrema are quite large, more than
100, within the frontal zone. Also, Kh . Ky, which is antici-
pated given the large magnitude of the horizontal frontal
gradients xhu, yi and flux and variance hu′y ′, u′u′i; recall

that the horizontal flux and variance in Figs. 7 and 8 are also
large compared to the vertical fluxes hu′w′, y ′w′i. In the
bulk of the OBL positive Ky implies a downgradient rela-
tionship between the vertical fluxes and vertical shear as in
a horizontally homogeneous boundary layer. The Ky peaks
in the middle of the boundary layer (as in the K-profile pa-
rameterization), and it decays smoothly with increasing
distance from the filament axis. The Kh also is largest in the
frontal zone, but its spatial structure is less simple. In the
upper OBL the sign of the horizontal fluxes and horizontal
shear are strongly downgradient with positive Kh. However,
Kh , 0 is countergradient in the lower boundary layer. The
horizontal variance is weakly positive hu′2i ’ [2–5] (Fig. 7)
where the lower branch of the SC (Fig. 2) is diverging away
from the filament centerline, thus Kh ’ 2hu′2i/xhui , 0.
The horizontal flux hu′y ′i ’ 0 for z , 240 m (Fig. 8) and
thus does not contribute to Kh.

Eddy viscosities (my, mh) for the triple moments in (10) are
next shown in Fig. 24. These viscosities are computed from
(10) with the gradients xhqi and zhqi first smoothed in the x
direction using a running average with width 50 m. The viscos-
ities are positive and similarly large in magnitude, both to
each other and to the momentum viscosities. The mh is

FIG. 20. Decomposition of the vertical velocity w into (a) large and (b) small scales near the water surface
z 5 210.5 m along the filament centerline at tp. The filter width d 5 50 m, the x–y aspect ratio of the panels is unity,
and the range of the color bar changes between the panels.
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strongly concentrated near the upper surface, while my peaks
at middepth, i.e., the reversal of the (Kh, Ky) vertical struc-
tures. Their positivity confirms our interpretation that T in
Figs. 13 and 14 act mainly as a diffusion process in the frontal
zone. Note (my, mh) are entirely positive in the frontal zone in
contrast to the momentum viscosity Kh.

In summary, both the turbulent momentum flux and en-
ergy transport viscosities are mostly consistent with down-
gradient flux but are highly elevated in magnitude within
the frontal zone, as is the TKE itself, and have nontrivial
spatial structure. Useful parameterization formulas are not
readily apparent.

6. Summary and conclusions

Turbulence in a submesoscale dense (cold) filament under-
going cold filament frontogenesis (CFF) in the upper-ocean
boundary layer (OBL) is examined using results from a data-
base of fine-mesh turbulence-resolving three-dimensional
large-eddy simulations (LES; SM18; SM19). The analysis fo-
cuses on simulations with variable surface cooling Q* (no sur-
face winds) and initial filament strength M2. The life cycle for
these cases is initiation (density gradient plus background
strain flow or TTW momentum mixing) " frontogenesis

through secondary circulation (especially surface conver-
gence) " frontal instability (mostly horizontal shear insta-
bility so far) " frontal arrest by opposing horizontal eddy
momentum and buoyancy fluxes " slow frontal decay, plus
possible bailouts at any stage into a thermal wind station-
ary front if the strain or turbulence go away. Surface con-
vergence in the secondary circulation, d 5 =h ? uh , 0
where uh are horizontal currents is the primary accelerant;
CFF pathways are depicted in Fig. 1. We presume that a fil-
ament and one-side front evolve in qualitatively similar
ways, although this has not yet been tested by us.

The process CFF is robust across a wide range of initial fila-
ment strength M2 and surface cooling Q* values, with essen-
tially similar patterns to the fields but variable magnitudes
and rates. The M2 dependency is strong: bigger initial M2

causes faster frontogenesis and earlier arrest with higher val-
ues of peak vertical vorticity zpeak and turbulence kinetic en-
ergy TKEpeak. The Q* dependency is much weaker in these
bulk measures but evident in some aspects of the shapes of
the fields, e.g., at peak frontal strength. Very weak filaments
with surface cooling (e.g., case VW100) do not exhibit CFF
over a time period of more than 104 h. Although turbulent dif-
fusion gradually weakens the underlying geostrophic jets and
cold filament, their signatures obtained by space averaging

FIG. 21. Total energy transfer hTijSiji from large to small scales at scale d 5 50 m in case S100
at tp. The transfer is decomposed into (top) backscatter (positive values) and (bottom) forward
scatter (negative values). The sum of the forward scatter and backscatter is negative. The panels
are overlaid with identical line contours of the mean thermal structure hu 2 urefi (8C).
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remain identifiable for a long time. The Q* " 0 limit is consis-
tent with the possibility of a stationary front in thermal wind
balance.

Background boundary layer turbulence is woven into the
CFF life cycle. In the present LES, convectively driven turbu-
lence kick-starts frontogenesis by creating vertical momentum
fluxes hu′w′, y ′w′i that couple the horizontal currents hu, yi
resulting in net secondary circulations hu, wi in an x–z plane.
The secondary circulation (SC) in the surface boundary layer
is frontogenetic, and it remains coherent against a background
of fully developed turbulence generated by surface cooling.
Frontal instability occurs at the submesoscale with an along-
front scale much larger than the boundary layer depth. In all
our cases so far, there is a horizontal shear instability of the
sharpening front, especially xhyi. Horizontal shear instability
of the alongfront flow hy(x, z)i is common and can lead to
arrest by horizontal turbulence flux hu′y ′i. That turbulence
overtakes frontogenesis to cause arrest indicates that the
turbulence growth rate is even faster than the frontogenetic
rate.

During the arrest and decay stage, there is a forward energy
cascade with an approximate k25/3

y Kolmogorov-like shape at

smaller scales. The frontal turbulence (FT) spectrum is broad
with forward cascade from submesoscale down to dissipation.
Energy transfer at a horizontal scale of ;50 m transitioning
across the submesoscale–turbulence boundary highlights
the forward energy transfer. However, persistent backscat-
ter of energy (up the cascade) occurs along the filament cen-
terline associated with gradients and fluxes in the vertical
velocity, i.e., in the vertical component of the energy trans-
fer T33S33.

The SC variances and fluxes of momentum and tempera-
ture are modestly larger than their turbulence counterparts.
The notable exception is vertical velocity where the maxi-
mum turbulent variance is larger than the SC variance,
hw′2i ’ 10hwihwi. With large M2, the turbulent variances
and fluxes are tightly compacted to the frontal zone 2100 ,

x , 100 m while the SC variances and fluxes are spread hor-
izontally 22000 , x , 2000 km.

In the farfield, surface cooling drives turbulence, and the
TKE balance is the familiar one with buoyant production B
balancing dissipation D with turbulent and pressure transport
T rearranging TKE in the vertical direction (e.g., Moeng and
Wyngaard 1988). Near the filament centerline frontogenesis

FIG. 22. Decomposition of the total energy transfer into vertical and horizontal components at a
scale d 5 50 m in case S100 at tp. (top) Transfer from horizontal components hT11S11 1 2T12S12 1
T33S33i and (bottom) transfer from vertical components h2T13S13 1 2T23S23 1 T33S33i. Notice the
average backscatter in the vertical component near the water surface, which is mainly due to
hT33S33i. The panels are overlaid with identical line contours of the mean thermal structure
hu 2 urefi (8C).
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markedly changes the TKE balance with nonlocal transport T
spreading away from the filament centerline. T and, to a
much lesser extent, dissipation D balance shear production S.
Shear production, which generates high levels of turbulence
compared to the farfield, is mainly a consequence of horizon-
tal gradients xhu, yi compared to vertical gradients zhu, yi.
Buoyancy and advection play a minor role in the TKE bal-
ance within the filament. The surprising TKE balance at the
filament centerline remains with decreasing M2. Even in a
steady environment, there is great variety in frontal strength,
frontogenetic rate, and arrest time. At arrest, both FT and SC
have comparable KE within fronts. OBL restratification also
occurs with varying distance depending on M2. For example,
high levels of M2 with a potent SC can generate a shallow sta-
ble boundary layer outside the frontal zone with depth ap-
proximately 15% of its farfield value.

Horizontal heterogeneity in the initial buoyancy (tempera-
ture) field makes the turbulent OBL differ from its horizon-
tally homogeneous counterpart. CFF generates horizontal

and vertical eddy viscosities for momentum with Kh ’ 10Ky.
Also, Kh is countergradient along the filament centerline be-
low a depth z , 240 m, i.e., horizontal fluxes and mean gra-
dients are of the same sign. Thus, the parameterization must
be 3D (i.e., not just 1D vertical mixing) and have the primary
effect of causing arrest in buoyancy hbi and hy and dissipa-
tion of the submesoscale frontal flow if submesoscale fron-
tal processes are resolved in the model. The horizontal and
vertical components of the turbulent and pressure trans-
port, 2xhu′(q′ 1 p′)i and 2zhw′(q′ 1 p′)i (i.e., the triple
moments), are approximately represented as a downgra-
dient diffusion process.

Thus, our view is that oceanic frontogenesis tends to have a
generic life cycle in which the submesoscale front and bound-
ary layer turbulence are closely interacting. As yet the fronto-
genetic stage is better understood than are the arrest, cascade,
and decay processes, although all of these stages seem qualita-
tively plausible from a general perspective of fluid dynamical
instabilities and turbulence.

FIG. 23. Eddy viscosities (Kh, Ky) for the mean flow from case S100 at tp. (top) Viscosity Kh is
computed from the horizontal fluxes and horizontal shear, and (bottom) the vertical eddy viscos-
ity Ky is computed from vertical fluxes and vertical shear; see (15). The viscosity is made dimen-
sionless by w* |hi|’ 0:82m2 s21. The panels are overlaid with identical line contours of the mean
thermal structure hu 2 urefi (8C).
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