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Turbulence Is ubiquitous...

(Van Dyke, Parabolic P.1982)

Re=2300; water jet in water
L/ A, ~Re%¥ ~330

A, 1S Kolmogorov microscale
(Tennekes and Lumley, MIT P. 1972)




ubiquitous,cont.

Re ~ 3 billion
L/, ~Re3* ~107

1 /28

(http: //vulcan AWr. usés ng/Imgsf,Jpg/l\/l‘éH/lma@es) X
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Effective sustalned speed In aqulv. glgaflops

Extended “Moore’s Law” for MHD simulations

(Crowley, SIAM News 2004)

10°
Micro-turbulenca s ‘
effective speed
105 - Gl!ghal MHD
Fuli Earth improved +~~effective speed
" Swmulator eie W{i"” it .
models Improvead
104 + Sanac) = HNesr
SOWEIS
| high-order
i slamants
3
10 delta-f,
magnelic CET-
1000 NERSC cocrdinales IR Cit
102 m— SP3 processors __
(Typical) gyro- |
Rinetics | Effeclive speed
18 processor ' from hardware
10! " cray cso T O parally- | improvements
e implicit alone
100 Cray YMP | | ; it ; 3
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GA In Coppotiiziionel] Macels, ¢




GAIN Compuiatonalfviedels; Cont:

Distant _
Universe )

4
<\

proper time ¢

V =42M /r

coordinate time t

V = (1=2M/D)\2M/r = Ar/(2M)

“Time is defined so that motion looks _ 1/2
simple” (Misner et.al, Freeman P. 1973). dz= (1'2M/r) dt



GAIn ComputatienaliiViedels; concliided

BS=S T COONDINATE

 make dynamics look “simple”by redeflnlng space

e think inner and outer scales in spirit of perturbation
theory (Holmes, Springer-Verlag P. 1995)

essential feature




GA In EULAG

where

Z
( ,x,y,z) S Dp - Sp : phyS|caI space
and (

t,Xx,y,Z) € D; c S; . transformed space
Dp, D, are physical and transformed computational domains

* Physical problem is posed in physical space, S,. The coordinates
(t,x) describing S, are stationary and orthogonzal

 Physical problem is solved in transformed space, S,. The coordi-

nates (t,X) describing S, are nonstationary and nonorthogonal as
viewed from S,



°3 Ve|OCItIeS v J (“physical” as described in S )

k A (“solen0|dal” as described in S))

—%k -
V  (“contravariant” = advection as described in S)

* Metric coefficients: G :=+/g’ (ﬂk/@d]



CORGINEIES

phYSICAIFNVASIIE TS Ve SED

= uCIU T VcJ +ch

contravariant; U =u/(Ccosg), V' =Vv/[, w' =w

(where I'=1+2/R; AR =X, #R,=Y, 2 =r-R, )



EULAG velocities, cont.

Contravariant vV is analytically most fundamental form

_*I . dil —V*I ﬁzl
dt 7. I/ ojricl speed
i i i i i

K




o Vet tensers

Ok = o\l COSP) + ol + 03 (spherical)
Conjugate rneiric tensorsfor S: gk=g,*

Conjugate metric tensor for S;:

—mn _ . kk ﬁm ﬁzn
g =g 2K 2K

J > g¥= (D’yE,y +D,E , /cos® ¢)“2




~ C-CJ a C...r:) :)O ) J - CJK

G)

=1 (Cartesian), I" (polar cylindrical), and
FZCOSd) (spherical coordinates)

Jacoplar 101 G=GG'=6G (GoGyy)
IS separanle:

o [JVertical mapping contribution

= _(H(t,x,y)—zs(t, X, ) [dcj—l EATENDED GAL-CHEN
0] HO dé: ALK




EULAG metrics, cont.

} IS a similarity
variable that
collapses the
dependency of C(t,x,y,z) onto that of a single
Independent variable

where =C(&); &=H (H—z

» Horizontal mapping:
—1
G,y = (E <D y-D E ,y)z (E,XD,y — D,XE,y)

(xy)=(E(tLxy).DEXY))




Why are these important? Consider computation
of the contravariant velocity:

*M %K ﬁzm _xM @(J *k{ﬁzm @(J] %K J

CT T T e

k : e
\T*m X xK| Use of the KD identities is ubiquitous
&M in tensor manipulations




Considerthecasem=1, k=0:
&t ) =i X &)

0

- = —> - =
P xl A
—> E,t + E,XE i + E,yD,f + E,ZC,'[_ =0

casem=1,k=1: |E,Ex+E,Dy=1] , ..

In general, there are 16 independent KD equations; but given
the allowed form of the mapping, only 10 are nontrivial

Solve for K™ /& - E,=D y/Gy
E¢=(E yD¢-D yE ¢ )Gy




phyS|caI Jpl=le ag‘k(ﬁla( ) )

physical coordinates

VeF = 1
G
— 10
— Vel = E%(é

1 2 A i\ Tensor formin
oy (GF ) .

— | ) Tensor form in

transformed coordinates




move parenthetical expression inside derivative

1 0 _ i1 G 2
-— ~ (GFP)-FI =
G &° )_ {Gﬂp

G &/

(e KP

|

— VeF=VeF-F!

|

G &P

G ¢
G &P

G /!

J}

Since in general, the F ! are arbitrary,
invariance of divergence —

where

FP=agP(a&Ix")

cornponenis j=0,1,23

GCL: +
G 2|G&P|_,
G &P\ G &)

| [0 consenation laws




IMPLEMENTATION of GA in EULAG

 Vertical mapping is analytically specified, extended
terrain-following coordinates. Vertical boundaries
may be computed, however (Wedi & Smolarkiewicz, JCP
2004; Ortiz & Smolarkiewicz, IINMF 2006)

* Horizontal mappings from S;to S;may be specified
analytically, computed numerically, or be a mix




o HORIZONTAL GA:

1. BODY EITTED COORDINATES

of Thompson et.al (JCP 1974), generated
transformed coordinates (X,y) via the numerical
solution of coupled Poisson equations with Dirichlet
boundary conditions, one for each coordinate:

Vex=P(x,y), Vy=0Q(xY)

where P and Q are source functions used to control
the grid interior




generator
example

(albeit solved via

c

boundary element

method

T5p

25k

25

Tsay & Hsu,

IINME 1997)




AXmax | AXmin — larger

 GRID QUALITY encompasses smoothness,
orthogonality, monotonicity...(impact TE, Thompson
& Mastin, ASME 1983; stability)

AXmax [ AXmin —> UNity

« COURANT NUMBER Ilimitations will be set by
smallest grid interval — adaption in time



and Saltzman JCP 1982)

Extremize: |:J F (XY, X, Xz, Xg,...)AXAY  —>
A (
Euler-Lagrange EQ: i_ ﬁ(éf ]_ o) a + ... =0
(Weinstock, X K\ XKg) KKy

Dover P. 1974)
1D example: f =w(X) O(XX)2 [2 > —(W—j =0

weight function T

EQUIDISTRIBUTION
Dietachmayer,
MWR 1992)







5. NETGRID GENERATION

advection of grid point density via MPDATA
(Prusa & Smolarkiewicz, JCP 2003)

If AJ/X=0 then the P — t-s000hr
NFT solution for mesh | '| |‘
density, wof - Ox | |

25, . AUS,) _ L
o"[+ o 0 |




I CONFORIVAL IMAPEING
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SIAM News 2008)
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Linear fractional transformation on the
sphere (Bentsen et. al, MWR 1999)



2. "ALGEBRAIC” MAPPINGS
not as flexible as fully numerical generation BUT ...

» Core set of mappings is coded and ready to use
» Offer considerable speed advantage

» Easy to control grid properties by defining mappings with
“tunable” parameters.

(1= S (X = X,)°
(1+10XZ2 +5X2)

X(X 1S (D), Xo (D))= Xo + S (X = Xp) +

(1-SH(L-X,) [RREEEE R
(1+10X2 +5X2)

Xo=1-S"(L-X,) -

from function xmap1l: open domain, 1D unimodal



e extensions to 2D transformations
X (XY 18x(0).Xo(0)= fo (1) e X(X |5x(D). Xo D)+ f1() e X

fo(V)=1-Y*(3-2Y?), fi(¥V)=1-f,(Y)




horizontal GA, cont.
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QuickTime™ and a
Animation decompressor
are needed to see this picture.

Wzt 5 ol & veneiol: scoger), =ooer dareln, 20 ugisfockzl




SRIIDNIDIS) =3
“hard wired” into code (metryc)
1. HORIZONTAL &M /éx! (m=1,2)

E =D y/Gy||Dx=-D /Gy required for
- = - =1 Ak. i (K )~
Ey=E y/Gy| [Dy=E x/Gyy| G :=+g¥ (x*/ax))

grid |E,= (E yDi-D (E ,f)/ﬁxy
speeds

D;=(D xE ; —E xD i )/Cy




grid speed Is simularly cons. directly from z, , H,,

component j=3 |C,= Q{l is perfect




GCL [D=) =)

“under development” - satisfied perfectly
IN some cases, but not generally

G aIGXP|_of|, L 25X | | _where
G &P\ G «!

Consider the GCL component j=0:
1 {ae  AGEy) AGDy 4G c,t)} L

i
G

A X & a




GCL identities, cont.

ADDITIONAL PERSPECTIVES ...

* Generally, cannot ignore components
]=1,2,3!

» Diagnostically, consider spatial terms a
divergence — can use subroutine rhsdiv

{a(G'E,t) L AGDy) | a(G'C,t)}:O

1846 1
— —— + —,
G & G

X & a



recall Z=C($) where $=Hy(z—1z5)/(H —-Z,)

C’Z:dCé’fde( H, ]2501
dé ¢ d&\H -z

— In EULAG, the j = 3 component of the
GCL Is satisfied identically



GCL identities, cont.
VAE RANIEAITIRANS EOIRIVIANHO@INSHOINIENE

These expressions are
employed directly in
code forj=1,2

Time derivatives, j =0,
handled case by case



vertical, cont.

Test case: flow over
Idealized mountain

range (Prusa & Gutowski,
IINMF 2006)

dx=dy=20 km,
dz=0.75 km (uniform)

MAX MIN AVE SD
GCL, 0 0 0 0
GCL, 0.1193e-15 -0.1265e-15 0.5919e-19 0.3147e-16
GCL, 0.2590e-15 -0.3002e-15 -0.1155e-19 0.3147e-16



GCL identities, cont.
HORIZONTAL TRANS ORJ\/Ir\ [IONS

recall KD

identities:

— CONIVIONAINNVANN o partialfd Envatves!



IHTIRTRNANED.
RNNRNN
INIRAENAAEN
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—T1 I e

T T | T n S
———T R B

—400

-1500 -100n —300 s00 i0an 1500

x (lim)

MAX MIN AVE SD
GCL, 0 0 0 0
GCL, 0.6756e-15 -0.6756e-15 0.5237e-34 0.5521e-16

GCL, 0.2891e-15 -0.2764e-15 0.3470e-19 0.3521e-16



Horizontal and vertical test of GCL

400 ¢

1 | ] —1
— . — | — —
—— 1 ] 1
] T T | —1— L]
R | I Ry I
e [ 1 —
——| —. | — | ——— []
A L]
— - — | —
—— — | | — —1
— —— [ | I — ——
— —1 I — ——
] - | —— F——1
— — - | ——
— — 1 ] I — | ——
— e 1 — | —
F— —t— | P 1 — I

topography, A ~ 5 km,
,=280 km, Iy: 80 km
grid stretching, S,=2,

S,=2'2, x is 1D, unimodal
and y is 2D, unimodal

LU

RENERNRININ]

GCL, 0 0 0 0
GCL, 0.2452e-04 -0.2452e-04 -0.1591e-23 *
GCL, 0.8880e-15 -0.9826e-15 -0.2476e-19 0.6682e-16



GCL identities, cont.

Consider a case of 2D flow over topography, with a time
adaptive, unimodal stretching function for x that concentrates

resolution over the topography 1 4 ( ﬂp]
R G — EO
Only j = 0 component is G &P\ &
nontrivial; note — — —
D,, C=0 5 {1 %o, L Pyl 1BE
GO ét Xy ét G ﬁK_




time GCL, cont. Test case: same
flow and mtn:

x 1S 1D, unimedal

Ave flow changes
U= 1.3%

ext

Nejig rpigtinlizlf clogs rlot eriziric)e Wy = 2.606

GCL, ; Isiuncorrected; GCL,  isiwithiellipticiterations; Puti(G,)=0

GCL,, 0.4391e-03 -0.1099e-16 0.5738e-04 0.1217e-03
GCL;, 0.1008e-04 -0.1008e-04 0.3144e-08 0.8305e-05
GCL, 0.1215e-15 -0.1106e-15 -0.3588e-18 *




GCL identities, concluded

RENMARKS 0 GA

« KD identities can be easily solved, guarantee that
tensors not including divergence transform propertly

« GCL identities needed for divergence operator.
Connected to commutativity.

Is solving a BVP better than integration of first order
equations (l.e., a prognostic eq. for j=0)?

e Adaptation in time coordinate?
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(inverse mapping no longer unique)




GA IR ComputationaliiViedels, cont:

o Consider an example from heat transfer

An isothermal block is sud-
denly heated at its surface:

QuickTime™ and a 1. From a global perspective,
Animation decompressor the surface heat
are needed to see this picture. N
transfer rate is initially unbounded
q=-kdT /dx

rescaled X ~ x / t1/2

(AT /dX)y_o ~ —1//7

—> define space so that “motion” looks simple




EULAG metrics, cont.

Separability of metric structure into given
vertical and horizontal dependencies limits
generality but offers:

* Built in analytical structure for vertical mapping
helps maintain accuracy of vertical metric
Identities to machine precision

o All metric coefficients (except for 1) can be
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