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Gravity Waves in the Middle Atmosphere
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Gravity Waves in the Middle Atmosphere

with GWP |Without GW parameterization |
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linear GWSs Iin the Euler equations

* N0 heat sources, friction, ...

* NO rotation

EZ_EVp_ge
Dt Jo,
bo _,
Dt
Dp
—+pV-v=0
Dt .
p=pRT
Ric,
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linear GWSs Iin the Euler equations

* N0 heat sources, friction, ...
* NO rotation

Dv 1 are equivalent to Dv
—=——Vp-0e =z _
Dt 0 P~ 95 Dt c,Vx—Qge,
Do _, Do _,
Dt Dt
Dp Dz R
—+pV-v=0 +—2V-v=0
bt~ Dt c,
p=pRT
Ric,
P




linear GWSs Iin the Euler equations

* linearization about atmosphere at rest:
V=V
0=0(z)+06'

r=r(2)+7

O=-Cc.6—-— =
T dz J
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linear GWSs Iin the Euler equations

* linearization about atmosphere at rest:

V=V DV’ _
g:5(2)+9' th—chVn'er'ez
r=r(z)+r C Ea—ﬂ—gw+BC OV -v'=0
—dz ot C,
0=-C,0—-9¢g = !
dz ab
ot
v'=(u',v,w)
o
b'=qg—
’ %
szggg
6 dz
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linear GWSs Iin the Euler equations

 conservation of wave energy: linear equations satisfy

OE'
—+V-(p'V')=0
~ V()
— 12 _52 c. _
E=L2 v +— [+25-c2r?, cZ=-2RT
2C; C,
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linear GWSs Iin the Euler equations

 conservation of wave energy: linear equations satisfy

OE'
—+V-(p'V)=0
~ V()
P 2\ 58 c, -
E=L2 v +— [+25-c2r?, cZ=-2RT
2C; C,
e conservation suggests: Viecl/ ;
b'oc N/+/p
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linear GWSs Iin the Euler equations

» isothermal atmosphere: C, = COnst., N° = const.
v'= |22V expli(k -x - t)] k = (k,I,m)
o,

bl

\/'705 expli(k - x —ot)]
0
ﬂ'z\/gio expli(k -x—at)]

GOETHE

UNIVERSITAT

FRANKFURT AM MAIN



linear GWSs Iin the Euler equations

» isothermal atmosphere: C, = COnst., N° = const.

( NZ(k? +12)

, K> +12+m? + A
0" = 4H

1
Cf(k2+|2+m2+4 sound waves

gravity waves

2
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linear GWSs Iin the Euler equations

» isothermal atmosphere: C, = COnst., N° = const.

( NZ(k? +12)

, K> +12+m? + A
0" = 4H

1
Cf(k2+|2+m2+4 sound waves

gravity waves

2

—~ .M o =
u = —-1——b
k N
L . ~ ) Moy
GW polarization relations: W = |—2b
N
o m -~
T = —l———=—b
N® c Tk
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GW breaking in the atmosphere

Conservation
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GW breaking in the atmosphere

110

Conservation

100 'Ozoqu-l-...) = Vocl

Instability at large altitudes
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GW breaking in the atmosphere

altitude [km]

110

Conservation

Lo

2
100 QV +...) : V(xi

Instability at large altitudes
Turbulence
Momentum deposition...
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GW Parameterizations

o multitude of parameterization approaches
(Lindzen 1981, Medvedev und Klaassen 1995, Hines
1997, Alexander and Dunkerton 1999, Warner and
Mclintyre 2001)

* 100 Mmany free parameters
* reasons.

— Insufficent knowledge: conditions of wave breaking

e basic paradigm: breaking of a single wave
— Stability analyses (NMs, SVs)
— Direct numerical simulations (DNS)
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GW breaking
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GW stabillity in the Boussinesq theory

§t+v-v v+ fkx v+ Vp—kb=wW?v

O vV o+ N“w = 1V°b

o
NaY

Sla
o
N
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Basic GW types
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Basic GW types

¢

e

X
« Dispersion relation: = i' sin® ® + N2 cos? @)1/2 f= 22_7;sin ¢
24

Coriolis parameter

N2 = _iﬁ
Py Uz
Stability
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Basic GW types

¢

e

C
....................... .>
X
» Dispersion relation: » = +(f sin® + N2 cos @))1

* Inertia-gravity waves (IGW): Coriolis parameter

2 _

®~=90° = a)zif£1+N2COt2®j sz_id_p

2 f 0, 0z

Stability
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Basic GW types

¢

e

C
....................... .>
: , . X 5 . o 5 o U2 2w .
* Dispersion relation: W = i(f sin“®+ N“cos G))1 f = stm ]
* Inertia-gravity waves (IGW): Coriolis parameter
2 J—
®~90° = a)zif{l+N2COt2®j sz_id_p
21 P, dz
 High-frequent GWs (HGW): Stability

® <90° = w~*TNCosO
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Traditional Instability Concepts

e static (convective) instability:

B _ N2 P
0z 0z

amplitude reference (a>1)
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Traditional Instability Concepts

e static (convective) instability:

B _ N2 P
0z 0z

amplitude reference (a>1)

e dynamic instability

N2 P

Ri = e

1

3)+(3)
- _|_ -
0Z 0Z
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Traditional Instability Concepts

e static (convective) instability:

Bt = N? +8_b <0
0Z 0Z

amplitude reference (a>1)

e dynamic instability
N2+ ab
o

1

3)+(3)
- _|_ -
0Z 0Z

« BUT: limited applicability to GW breaking
GOETHE

UNIVERSITAT

FRANKFURT AM MAIN

RI =




NM analysis, 2.5D-DNS

(i,A)
t
\' \' \' :
(bj(é,y,w =0) {bj (¢)+(bj (¢)exp| i(x& + 2y)
SwW NM,SV -
: kXII _
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NMs: Growth Rates (® =70°)

02 ——— 04 —-—-— 0.6
0.8 ——— 1.0 =-m=s= 1.2 =—rmum-- 1.4
logw(kl/K) |Ogm(k|/K)
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GW amplitude after a perturbation by a NM (DNS):

0.7, == == e 0.7, =+ === 0.85

1.0 = = 1.2 e=—c == 14

t/T t/T

1.40 2400WRWIBRN 2408 1013141313102,2 4
b, a=01y a=90
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Energetics

-average over £and y — (v,b)
b

4

- deviation —(V/,

)
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Energetics

-average over £and y — (v,b)

- deviation —(V',b')
51 60 [ G
& (A) < w> > (K) L, K =1V2 A:bz
2N*
—— adv —_db
<C> <P3> |:)S:—Vu¢.kd¢ C:—bu¢kd¢
(D’> ¢ <—> ! <8’> not the grz_idients in z matter,
«—— (A) oW > (K ——> but those in ¢!
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Energetics

-average over £and y — (v,b)
- deviation —(Vv',b’)
D[ ] &w [ - |
& A < >>~ K> L* K = L2 A:b2
2 2N?
— o dv o db
C P P. =—VvUu,-k— C=-buk
(©) Fo PV a4
) ¢ L Y / not the gradients in z matter,
(DY) A (Bw) o« (€) but those in ¢!
instantaneous growth rate:
d(E")/dt
E'=K'+A=T-= B’ =1, +1. 4+, +T,
2(E")
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Energetics of a Breaking HGW with a, <1

t/T

r —_——TI%
R — l—‘c

[p+I,

2 4 0 81012141818 20 22 2

Strong growth perturbation energy

Cﬁ buoyancy instability
S

o d(E")/d

I 2(E')

S
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Singular Vectors:

characteristic perturbations in a linear initial
value problem:

e normal modes:
Exponential energy
growth

e singular vectors:
optimal growth over a
finite time <
(Farrell 1988, Trefethen et
al. 1993)

NM and SV

energy

0 1 2

t/
" commuiR
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NMs and SVs of an IGW (Ri > ¥!): growth within 5min

growth factor NM 1 growth factor SV 1

a [deq]
S & 3 8 8 3 8 8

| [ | [ | | |
% 08-08-04-02 0 02 04 05 08

l0gse(A/km) logse(A/km)

6-0.4 02 04 06 08
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Dissipation rate breaking IGW (a< 1, Ri > Y4):

dissipation rate [mW/kq]: t =0s

-
tn

+

L
tn

Ll

I
n

k3

wave phase ¢/k [km]

—
4]

—

Measured dissipation rates 1...1000 mW/kg (Lubken 1997, Millemann et al. 20031)
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Summary GW breaking

In comparison to assumptions in GW parameterizations:

 GW breaking sets in at lower amplitudes , I.e.

It sets In earlier (at lower altitudes)
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Summary GW breaking

In comparison to assumptions in GW parameterizations:

 GW breaking sets in at lower amplitudes , I.e.

It sets In earlier (at lower altitudes)

e GW dissipation stronger than assumed, i.e.

more momentum deposition
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Soundproof Modelling
and
Multi-Scale Asymptotics
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GW breaking in the middle atmosphere

altitude [km]

110

100

w
o
[

80

70 L 1 L [ L 1
-30 -20 -10 0 10 20 30

Rapp et al. (priv. comm.)

Conservation

'[;(’Qv2+...) = Voc1

Instability at large altitudes
Momentum deposition...
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GW breaking in the middle atmosphere

altitude [km]
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Conservation

'[;(’Qv2+...) = Voc1

Instability at large altitudes
Momentum deposition...

Competition between wave
growth and dissipation:

— not in Boussinesq theory
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GW breaking in the middle atmosphere

altitude [km]
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Conservation

'[;(’Qv2+...) = Voc1

Instability at large altitudes
Momentum deposition...

Competition between wave
growth and dissipation:

— not in Boussinesq theory

— Soundproof candidates:

— Anelastic
(Ogura and Philips 1962,
Lipps and Hemler 1982)

— Pseudo-incompressible
(Durran 1989)
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GW breaking in the middle atmosphere

110

 Conservation

100 '[;OQV2+...) —>|VxX—

* Instability at large altitudes
IWhich soundproof model should be used?

ﬂlv‘lvtll AT T A \JIIUUIPIUI-LIVII

— not in Boussinesq theory

— Soundproof candidates:

~ 2/2H — Anelastic
] (Ogura and Philips 1962,
I . Lipps and Hemler 1982)

-30 -20 -10 0 10 20 30 — Pseudo-incompreSSible
(Durran 1989)

Rapp et al. (priv. comm.) GOETHE
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Scales: time and space

e for simplicity from now on: 2D
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Scales: time and space

o for simplicity from now on: 2D
* non-hydrostatic GWs: same spatial scale in horizontal and vertical

X = LX
z=1Lz L =1/ K = characteristic length scale
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Scales: time and space

o for simplicity from now on: 2D
* non-hydrostatic GWs: same spatial scale in horizontal and vertical

X = LX
z=1Lz L =1/ K = characteristic length scale

e time scale set by GW frequency

t=Tit T =1/CQ = characteristic time scale
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Scales: time and space

o for simplicity from now on: 2D
* non-hydrostatic GWs: same spatial scale in horizontal and vertical

X = LX
z=1Lz L =1/ K = characteristic length scale

e time scale set by GW frequency

t=Tit T =1/CQ) = characteristic time scale

dispersion relation for K >>1/2H

o N k2 N N ?k N O—N - g
K2+m? 4+ k?+m? cT
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Scales: velocities

» winds determined by polarization relations:

u = -— ——D
k N
W = I%B what is b 2
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Scales: velocities

» winds determined by polarization relations:

~ m o =
u = —-1——b
k N
~ . W - ~
W = |Wb Wh&tlef)

* most interesting dynamics when GWs are close to breaking, i.e. locally

00,99 = P Nw=0
oz dz 0z
—
~  N?
‘b‘—— = v =Uv
m .
K
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Non-dimensional Euler equations

eusing: X=LX
t=Tt
v=Uv
T

=7
6=T,0
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Non-dimensional Euler equations

eusing: X=LX
t=Tt
v=Uv
T=7
6=T,0
yields
. DY N7 —ee g:L<<l
Dt H,
D7,Z\' K 2 A C
~ + 7wV -V = H _PH _
Dt 1-x 0 R
I _o
Dt

isothermal potential-
temperature scale height
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Scales: thermodynamic wave fields

* potential temperature:

b
a =0(¢)
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Scales: thermodynamic wave fields

* potential temperature:

b
a =0(¢)

e EXner pressure:

- .o m =~ ,
ﬂ:_lNchszb :>‘7Z'=O(82)‘
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Multi-Scale Asymptotics

Additional vertical scale needed:

« smand @ have vertical scale H,=—
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Multi-Scale Asymptotics

Additional vertical scale needed:

« smand @ have vertical scale H,=—

* scale of wave growth is i =—H, = EL
2 g

x
2
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Multi-Scale Asymptotics

Additional vertical scale needed:

« smand @ have vertical scale H,=—

* scale of wave growth is i _
2

LT
2 2 ¢

Therefore: Multi-scale-asymptotic ansatz

v v
6 (=3 & 00 |(xf.¢)
7% i=0 7z'(i)
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Multi-Scale Asymptotics

Additional vertical scale needed:

« smand @ have vertical scale H,=—

* scale of wave growth is i _
2

LT
2 &

Therefore: Multi-scale-asymptotic ansatz

v V(i)
0 :Zgi AR ()A(,f,g) c=¢él
7% i=0 7z'(i)
= n(0) _
also assumed: Ve =0
1) _
7 =0
GOETHE
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Scale asymptotics Euler: results

vVz® =0

669 oz

Hydrostatic, large-scale, background

ot ot
o 1
ol B _W
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Scale asymptotics Euler: results

Vz9 =0

5(9(0) 572.(0)
ot  of

or® 1
ol B _W

Dou(o) or'?

— —=0
Dt OX

DOW(O) _Hg(o) @72'(2) B (9(1)
Df 07 0O

—DOQA(D +w® 907 _ 0
Dt ol

Hydrostatic, large-scale, background

Momentum equations and entropy equations

as in Boussinesq or anelastic theory
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Scale asymptotics Euler: results

vz© =0 Hydrostatic, large-scale, background
00 oz
of  of
or® 1
ol 9O
D,u® o 0 Momentum equations and entropy equations
Dt R as in Boussinesq or anelastic theory
DOW(O) 4 9O or® B oW
Dt oz 0"
—DOQA(D +w® 907 _ 0
Dt ol |
Exner-pressure equation:
v.y©@ =0 o leading order incompressibility
o o (Boussinesq)
@07 K 0.0, _ol  +nextorder yields density effect on
oc 1l-«x og amplitude
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Scale asymptotics: pseudo-incompressible equations

scale-asymptotic

analysis of
Dv
— = Nr—e
Dt g =
Do _,
Dt
V- (pov)=0

GOETHE

FRANKFURT AM MAIN




Scale asymptotics: pseudo-incompressible equations

scale-asymptotic

analysis of
Dv
— = Nr—e
Dt g =
Do _,
Dt
V- (pov)=0

results:
0
P g0 277 o
X
DOW(O) g(o) 872'(2) B 9(1)
Dt oz 99
DO(9(1) @ 8(9(0) B
Dt oG
V.v@ =0
@72 | K ofg.0, M)
o l-«k ol
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Scale asymptotics: pseudo-incompressible equations

scale-asymptotic results:
analysis of
Dv M + (9(0) 87[—(2) -0
—=—C,Vr—-e,Q Dt OX
[[))tg D,w® e or® oY
ﬁ — O Df 82 9(0)
v-(pév)=0 D 0 907 _

P Dt 0g

vV.-v@ =0
@72 | K ofg.0, M)
oc 1l-« ol

e same scale asymptotics as Euler
» such a result cannot be obtained from the
anelastic equations
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Scale asymptotics: anelastic equations

scale-asymptotic

analysis of

Dt
D6

=0
Dt
V-(;v)zO

bv_ —vlp

Jo,

]+ezb
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Scale asymptotics: anelastic equations

: results:
scale-asymptotic
i 0 2
analysis of D[l;t( ) 4 9O ag( ) g
Dv p' X
ot —lejﬂezb D,W© e or? W
D@ Dt oz 6
=0
( ) —Dthifl) +w© as(_O) =0
9
vV.v@ =0
(0) (0)
WOOT K oy 0, W
ol 1—/< ol
+L7Z(0) w® 29 _
1-x 0 oc
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Scale asymptotics: anelastic equations

: results:
scale-asymptotic
i 0 2
analysis of D[l;t( ) 4 9O ag( ) g
Dv p' X
ot —lejﬂezb D,W© e or? W
D@ Dt oz 6
=0
( ) —Dthifl) +w© as(_O) =0
9
vV.v@ =0
(0) (0)
WOOT K oy 0, W
ol 1—/< ol
+L7[(0) w® 59© B
1-x 0 oc
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Scale asymptotics: anelastic equations

scale-asymptotic

analysis of

Dv_ _¢[P
=

P

Jo,

]+ezb

anelastic equations only
consistent if:

x | 1 069

<<

1 o9

1—x |69 oc (0)

T

0g

results:
0
DDut() 0 @gm .
X
DOW(O) +0(0) 872'(2) B g(l)
Dt oz 99
D0 @007 _
Dt 0¢
vV.v@ =0
(0) R (0)
w©® 5; +1K ﬂ(o)(v v +_8\(;v j
= —K S
_|_L ©) w® 59© B
1-x 0 oc

l.e. potential-temperature scale >> Exner-pressure scale
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Large-Amplitude WKB
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Large-amplitude WKB

=V
0=00 +509

e

7 =70 4 g27?
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Large-amplitude WKB

v=v®
0=0"+e0"

=704 g27®

O YO L 00 4o(s) (eg)
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Large-amplitude WKB

(0)

<>
[
<!

5= + o0

=704 g27®

O YO L 00 4o(s) (eg)

VO = O )+ 9%{\71(0’ (7, 2.¢) e><|0{i ot 1.¢ )}
E

e, &X,
- o~
(24

™1,
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Large-amplitude WKB

(0)

<>
[
<!

600 450

7=70 4270

O YO L 00 4o(s) (eg)

VO =0 )+ 9%{\71(0’ (7, 2.¢) e><|0{i ot 1.¢ )}
E

e, &X,
s g
(V4

™R,

Mean flow with only large-scale dependence
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Large-amplitude WKB

(0)

<>
<!

600 450

7=70 4270

O YO L 00 4o(s) (eg)

VO O >+m{\7§°’ (7, 2,.€) exr)Pw(T,z,i)}
E

e, &X,
- o~
(24

™R,

Wavepacket with
e large-scale amplitude
« wavenumber and frequency with large-scale dependence

K=V, o9
P
orT

GUE

x4
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Large-amplitude WKB

v =V
660 1550
= 70 4 £27®

O YO L 00 4o(s) (eg)

\A/(O) = \A/()(O) (ét:! ég’ ég) + m{\,\/l(()) (2-1 Zi é’) exp|:L ¢(T’ Z’ é/):|}
&
T ¥ <

VO =V®(r, 7,8)+ %i{vﬁf) (z, 2:¢) eXp[iaco(T, 7.6 )}}
a=1 &
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Large-amplitude WKB

(0)

<>
[
<!

6 4 5™

79 4 27

0
(2)

SH
Il

O YO L 00 4o(s) (eg)

VO = V(O)(e‘t X, gz)+9%{v(°)(r 7, é’)exp{ (T}(C;):|}
r 1 ¢

VO =V (z, 7,¢)+ %i{vé” (7. 2.¢) eXp[iaco(T, §ny )}}
a=1 &

Wave induced mean flow
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Large-amplitude WKB

(0)

<>
[
<!

600 450

7=70 4270

O YO L 00 4o(s) (eg)

VO = V(O)(e‘t X, gz)+9%{v(°)(r 7, é’)exp{ (T}(C;):|}
r 1 ¢

V& = (f,z,é)+‘ﬁi{\7§” (z,2.) exp{ia(p(r,z,g)}}
o=l &

Harmonics of the wavepacket due to nonlinear interactions
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Large-amplitude WKB

(0)

<>
[
<!

6 4 5™

79 4 27

0
(2)

SH
Il

O YO L 00 4o(s) (eg)

VO = V(O)(e‘t X, gz)+9%{v(°)(r 7, é’)exp{ (T}(C;):|}
r 1 ¢

VO =V®(r, 7,8)+ mi{vﬁf) (z, 2:¢) eXp[iaco(T, 7.6 )}}
a=1 &

* collect equal powers in ¢
« collect equal powers in exp(igo/g)
* no linearization!
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Large-amplitude WKB: leading order

ik-V© =0
" _ 700
—-lo 0 0 1K Lil( |
0
0 —iw —-N im WlA(l) G
0 N —ied 0 %(?(10) -
. . G
Ik im 0 0 )| ~gv2
M (a), k)

»=w-kU

Intrinsic  frequency
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Large-amplitude WKB: leading order

ik-V© =0

i@ 0 0 ik
0 —-iw —-N im
0 N -—id 0
ik im 0 0

MGk

&=w-kUl

Intrinsic  frequency

dispersion relation and structure as

from Boussinesq

det(M)=0=
k?+m?
U
W,
1 ®% |= Nulivector of M
N 9©
6O
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Large-amplitude WKB: 1st order

M (&, k)

oul” oW 1-xW,® o7

oy o x 79 a¢
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Large-amplitude WKB: 1st order

M(o,k) 1 6@

o

WO

1-x W o7

oy

g

K

70

oG

Solvability condition
leads to wave-action
conservation

(Bretherton 1966,
Grimshaw 1975,
Mduller 1976)

=

E
—j+V( £) ( g

~(0)
yo,

El

~ o2
1 1

£]-o

A 2
e

=

2 2

c =|U

g

( o, 00 0
° "k ' om

+
2N *

on,

é(O)

waVve energy

group Velocity
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Large-amplitude WKB: 1st order

Uy
V\71(1)
M(c?),k) 1 6@ _Pseudo— |
Bl ~0) ~0 ~ ) ~~0 |||INcompressible
,|\\| HA(O) _8U1 _8W1 _1—1('\/\!1 87? divergence
oiits Oy o¢ x 7% 8¢ )||needed!
Solvability condition o (E' E'
leads to wave-action |57 = +Vi,0)°| Co = =0
conservation
~(0) | [V ‘2 1 160
(Bretherton 1966, E'= P § +—— A(lo) wave energy
Grimshaw 1975, 2 2 2N° |6
Mduller 1976)

g

i :(ugm 06 aasj
ok ' om

group Velocity
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Large-amplitude WKB: 1st order, 2nd harmonics

Vo = +922{V‘” (z.2.€) exp[ agle. 7. )}}
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Large-amplitude WKB: 1st order, 2nd harmonics

Vo = +922{V‘” (z.2.€) exp[ agle. 7. )}}

a=2:
ue
ol
M (2@,2k ) 169 |=| 7=
N0 | |
(9(0)1—[(23)
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Large-amplitude WKB: 1st order, 2nd harmonics

Vo = +2RZ{V‘” (z.2.€) exp[ agle. 7. )}}

a=2:
gp
Y
M (2@,2k) i@g)
N 9©
Q(O)H(ZS)

1 0@ [=M*(2d,2k)

2nd harmonics are slaved
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Large-amplitude WKB: 1st order, higher harmonics

o - +€RZ{V“’(TZ§)€XP{ aco(w?)}}
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Large-amplitude WKB: 1st order, higher harmonics

S A Ly
o>2:
U
W@
a>2: M(ad,ok) 1 e® |=0=
N 9©
HOTT®
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Large-amplitude WKB: 1st order, higher harmonics

Ve = +9*Z{V“’ (7. 2.¢) exp{ aglr, 1.¢ )}}
o>2:
U® U®
Wi W@
a>2: M(ad,ak) 1 0@ [=0= 1 0@ =0 (@ >2)
N 9© N /©
HO[T® AO[T®

higher harmonics vanish
(nonlinearity is weak)
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Large-amplitude WKB: mean flow

VO —VO 4+ V9 40(s) (e.g)
VO =VO(r 4 ) +...
VO =V, 7, ) +...
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Large-amplitude WKB: mean flow

Pa

VO —VO 1 U9 1o(s)  (e.g)
VO =VO(r 4 ) +...
VO =V, 7, ) +...

Horizontal flow
horizontally
homogeneous
(non-divergent)
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Large-amplitude WKB: mean flow

VO —VO 1 U9 1o(s)  (e.g)
VO =VO(r 4 ) +...
VO =V, 7, ) +...

No zero-order
vertical flow




Large-amplitude WKB: mean flow

79 VO 1 09 10z)  (eg)
VEIRVCISp

Uy _ ; VO =VO(z, 7, ) +...
ox
WO =0 No first-order potential
A ((’1) temperature
oY =0
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Large-amplitude WKB: mean flow

79 VO 1 09 10z)  (eg)
VEIRVCISp

Uy _, VO VO (z, 7, O)+...
oy
W© — o  acceleration by GW-
Y momentum-flux
e =0 divergence
20O o ol® .
Z=0 9O "0 _ _v.FgW
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Large-amplitude WKB: mean flow

79 VO 1 09 10z)  (eg)

VO =VO (2, 4,0)+...

5 R -
ou ¥ G VO =VvO(z, y,)+...
ox
W© — o  acceleration by GW-
0
~ momentum-flux
e =0 divergence
Lj o T " _
Uy~ + 99 ot~ =-V-Fy, * GWs induce lower-
ot Oy order potential
- 2 2 temperature
. 0 H® . @Y =
H© olly” [ ('?o =_V-FY _ ‘ : 2 variations
o @O 29
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Large-amplitude WKB: mean flow

79 VO 1 09 10z)  (eg)
VEIRVCISp

1(0) ¢ ¢
Vs~ g VY =VP(r, 7,{)+...
oy
W© — o  acceleration by GW-
Y momentum-flux
e =0 divergence
10 7(0) .
% + 09 % —_V.- FC‘;JW « GWs induce lower-
ot Oy order potential
- A 2 temperature
X © QO X @) P
o g~ G}o __V.EV _ ~®1 variations
aé, 0(0) GW Zé‘(o)Z
* p.-i. wave-correction
not appearing in
anelastic dynang}iocs £
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Large-amplitude WKB: mean flow

Uy _,
%4

W, =0

0P =0

LA RLL Y

r X

S0 O OF v.Ev

A(O) ¥Vl ew
o 6
= 3060 -
Wc,(l)a—_—v Fow =0

VO —VO 1 U9 1o(s)  (e.g)
VO =VO(r 4 ) +...
VO =V, 7, ) +...

 Wave-induced lower-
order vertical flow
vanishes
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Summary

 multi-scale asymptotics:

 nonlinear dynamics of GWs near breaking
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e linear theory used for obtaining scale estimates
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Summary

 multi-scale asymptotics:

 nonlinear dynamics of GWs near breaking

e linear theory used for obtaining scale estimates
 velocity
« thermodynamic wave fields
e uniqgue small parameter:
1 L

&= = <<1
KH, H,
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Summary

 multi-scale asymptotics:

 nonlinear dynamics of GWs near breaking

e linear theory used for obtaining scale estimates
 velocity
« thermodynamic wave fields
e uniqgue small parameter:
1 L

&= = <<1
KH, H,

e result:
e same asymptotics for Euler equations and p.-i. equations
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Summary

 multi-scale asymptotics:

 nonlinear dynamics of GWs near breaking

e linear theory used for obtaining scale estimates
 velocity
« thermodynamic wave fields
e uniqgue small parameter:
1 L

&= = <<1
KH, H,

e result:

» same asymptotics for Euler equations and p.-i. equations
 no such result for anelastic theory
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Summary

 multi-scale asymptotics:

 nonlinear dynamics of GWs near breaking

e linear theory used for obtaining scale estimates
 velocity
« thermodynamic wave fields

e uniqgue small parameter:

g = = <<1

e result:

» same asymptotics for Euler equations and p.-i. equations
* no such result for anelastic theory
o large-amplitude WKB (consistent with p.i. equations)
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Summary

 multi-scale asymptotics:

 nonlinear dynamics of GWs near breaking

e linear theory used for obtaining scale estimates
 velocity
« thermodynamic wave fields

e uniqgue small parameter:

g = = <<1

e result:

» same asymptotics for Euler equations and p.-i. equations
* no such result for anelastic theory
o large-amplitude WKB (consistent with p.i. equations)

e conclusion:

 Uuse pseudo-incompressible equations for studies of
GW dynamics with altitude-dependent amplitude W—
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