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Aim: Extended predictability of the whole weather active atmosphere

Premise: The atmospheric dynamics constitutes a relatively small perturbation about
dominant balances of hydrostacy and geostrophy established in effect of the Earth
gravity, rotation, stably stratified thermal structure of its atmosphere and the incoming
flux of solar energy.

Inference: Given the approximate nature of the available solution methods, it is
compelling to formulate governing PDESs in terms of perturbation variables about an
arbitrary state of the atmosphere that already satisfies some or all of the dominant
balances.
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Formulating governing PDESs in terms of perturbation variables is well known in small-
scale atmospheric dynamics (Boussinesq, 1903), where hydrostatically balanced
reference states are used to justify filtering out energetically insignificant acoustic
modes from the compressible Euler equations under gravity.

Our notion of ambient states is distinct. The role of ambient states is to enhance the
efficacy of numerical simulation; e.g. by simplifying the initial and boundary conditions
and/or improving the conditioning of elliptic BVPs, without any system linearization !

The key assumption is that the ambient state is a particular solution of the governing
problem, so that subtracting its own minimal set of PDEs from the governing
equations can provide a useful perturbation form of the governing system.

Ambient states are not limited to stable or neutral stratifications, can be spatially and
temporally varying to represent, e.g., thermally balanced large-scale steady flows in
atmospheric models or prescribe oceanic tidal motions.

Here, we consider a generalized formalism allowing, in principle, for arbitrary ambient
state. All derived PDEs are mathematically equivalent but lead to different solvers !
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Governing equations

Generic form

d ._ .
d_'i — _EV . (gV) , V = (a:r~ dy: az)
| g d/dt = 9/9t+v-V
dp V- — GTU, G
E =H ? Q = cpé?n?r f
Rjey
du 0~ R
. . _ T QVhL e — b = c,0 —pb
g HDGVQ—I_g f xu+M(u)+D pt0 (pgp) ]

Ambient state (p,.0q, da, 1)

dafa _ _Pa do/dt = 0/0t + v,V
— __V ) gva : =

dt g v, = GTu,
d,0, Ga = Epgﬂﬂa

dt - Ha ’ R R/e,
d,u, 6, ~ Pa = CJJHD __;ana

7R —Q—GV@% +g—f xu,+M(u,) +D(u,) Po

- 0
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Perturbation forms

Definitions: . =0-6,, d=u—u,, ¢ =0¢d—0a,

[ "1 |'I!'r
Key auxiliary Vb = o + dy  dotpe _ AV R

- p=Y + %, - = +v' -V, ;
relations: “Tdt dt dt @

6 — 6, — Y
Q—GW: — GV, = Q—GW}" + Q—GV% .

0 '9[] 0 0

Then, subtracting ambient from generic PDEs =2

!
%z—v’-V&JﬁH’ :
du’ , 0~_ , 0~
— — vV .Vu,— —GVdé——GVo, GBIS
- v -Vu e Vo e Vo

—f xu +M'(u,u,) +D'(u,u,)

where: H' =H - H, ,
v =G,
M'(u,u,) =M +u,) — M(u,) ,
D(u,u,) =Du' +u,)) —D(us), = D — D(u') for flow independent viscosity
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Discussion

implicit, centred advection of the ambient state

o'

— = v - Vl|+H .

dt 3D buoyancy

du’ , b OE
— . " L _G I.,f__

7 v - Vu Y Vo e

xu + M'(u,u,) +D(u,u,)

_ f daUg
GV, = - (g —f %, 4+ M(u) + D) — d;‘ )

du 6 o f
—:__G' _.-I-.F_ ——f ——u,
i g T8y, (“ e )

(M0 a0+ (B D))+

GBIS

REF

currently employed in the Finite-Volume Module (FVM) of the Integrated Forecasting System (IFS)
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Meridional wind (m/s) in zonal-height section at 50° N
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Numerical solutions

Conservation form of perturbational PDEs (GBIS):

aGp _. _
oG ptd’ el
gai +V - (Gpvt) = —Gp (GT' - VO, — W' — a’d/) .
IGpu! G il e
I LG (Gov e ) = — Gp (GTu" Vu, + -GV + -GV,
ot o b

+fxu — M'(u,u,) —D'(u,u,) — ar“’u’)
Template NFT algorithm:

Yt = A, (¢“+0.55m(¢“))+0.55tm(¢“+1) = . +0.56t R;(¢" )
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Step 1: mass continuity & advectors for specific variables
+1/2

Pl = A (ﬂ”: (vg)"H2 g, Q”’“) — V"2 =yIgp"

Step 2: advecting specific variables & formulating semi-implicit solver

0's — 0.55t (GTu/"™ - VO + %),

1

Fn+1
Ry

=2
~-o

yn+1 3 g T =T 1n+l :
u;  =u; —0.50t (G‘Tu\ : Vu?l).
S 1

~

g* ‘1‘\391 n+l
—05&(—Gv&“‘+ Gvﬁﬂ)
2 2 i

— 0.50t (f xu' " — M (ut, u™h) + atu

;n—l—l)
i

where

g}i — A, (éﬁ-?vn+1fﬂj (pg)n* (pg)n+1) , éﬂr _ (Hr n D55tRﬂ)n

Wi = A (W, V2 (0G)" (p6)™) L W = (0 + 0.50tR™)"
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Lu =u —7“0*V¢ =—

u=u-CV¢; d=L"v, C=7"0"L7'G.

Given all entries of L = L1 =» C, and the rest is straightforward in the Finite-Volume Module of
IFS: taking d/dt of the perturbation form of the gas law, and integrating it consistently with all
other dependent variables leads to the elliptic Helmholtz equation for pressure perturbation, the
solution of which essentially completes the time step.

3 At
0=-3 ( SR GTCW)) ~B*(p—9)

Op

=0 . acommon molecule
oxrk ’

1
Poi BVP — ¢
oisson gg pye [CE (
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Results
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Fig. 1. Surface potential temperature perturbation #" after 18 simulated days. The
solutions GBIS and REF, corresponding to perturbation equations (7b) and (11)

are shown at the top and bottom, respectively. The results from the O180 and 0640
mesh are shown on the left and right, correspondingly.
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Fig. 2. The 18 days surface §" REF (left) and GBIS (right) solutions on the O180
grid without the initial perturbation.
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Fig. 3. GBIS-REF differences of the #" solutions in Fig. 1.
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Fig. 7. The difference GBIS minus REF for surface potential temperature (top),
zonal wind [m/s| at 850hPa (center) and surface pressure [hPa] (bottom) of the 18

days moist solutions.
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Fig. 5. GBIS-REF departures of the 18 days surface #’ solutions on the O180 grid
for the symmetrically excited instability. Left and right panels show, respectively,
the solutions with one (default) and two outer iterations in (16b).
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Fig. 6. The respective departures of REF (left) and GBIS (right) solutions with two

and one (default) outer iterations.
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The perturbation formulation offers: increased accuracy due to extending the trapezoidal rule on
the convective derivative of the ambient velocity and generalised vectorial buoyancy; efficiency

gains by preconditioning the solution procedure with arbitrary balanced states; and facilitated
generalisations of geometry and physics.

We exploited a pristine approach with perturbations defined about the solutions of the generic
PDEs. However, the resulting apparatus is equally applicable to approximate ambient states
constructed based on alternative or surrogate models and/or data. The latter may require
inclusion of additional forcing terms, but will not affect the machinery of the semi-implicit
integrators and the BVP coefficients. Consequently, the new solvers enable the development of

new multilevel methods, time parallel and/or hardware-failure resilient algorithms as well as
blending with novel data-informed approaches.

The research leading to these results has received funding from the European Research Council under
the European Union’s Seventh Framework Programme (FP7/2012/ERC Grant agreement no. 320375)
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Step 3: formulating linear problem

6/6p = O

helpful notations
u = (u*, u’, u”) g

——— ——

GV=V=(0,.0,0) 2 Vo (G') - Vy=u (GV¢)=u- Vi

0 =6t (1 +6,ta”)™ 7, 1 =6t (L4 Gpta™)™t =

thus leading to the shorthand of the momentum integral "
u + 7'’ Vu, + 7 < u’ — 747 (u’ - %E)a) V ba
= i — T*O*Vd .
where o — ;—; (ff — 196/ Ve, + ot M (u*, ua))

|
o

-> Lu =u—71"90*"V¢ =—

W =u-CV¢; W =L"'v, C=7"0'L"'G,

L Consider that each @ is composed of three terms: e.g., 5; = 91103 + 9120y + 9130..

17
where g;; are entires of G.



——
——

Lu =u —7“©*V¢' incomponent notation =

)T P 1Y A 12~ / 1z
w47 (-u. Opul + u' YO ut + u dz-u.‘z) + 7 (—-u. 4w fy)

—
T

I e FY 127 o s a i/
— Y (-u. 0,0, +u'79,0, +u dz@a) Ophg = U'" — 7O 0,0

/ 1T 1Yy 1z 1z ! T
u'’ T (-u. Dpu? +u'? Oyu¥ + u dz-u.g) + 7 (—-u. ff+u fz)

FT e Py 1z a U a it
— U (-'u. 0,0, + u ydy@a +u dz@a) Oyg = 'Y — 7" O0%0,¢" .
z T a_ z2° T
u' T (-u.’ Dz +u"? O uz + u' dz-u.fl) + 7 ( —u' " Y+ fﬂ’)
w0 T a

Which upon regrouping all the terms in the spirit of matrix-vector product =
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0 T [1+ 7 (Dpul — 700,0,0,04))]
' V[T Oyt — 700,000,060 — 17))]

+-'tf.'z[’?'u(d u, — 790,0,0,0, + )] =

(G
+u' Y (é;u;

—

a

1+ T“(g-'tfm — QSJ(-) a;g*}a) :
T Oyus — 7°0,0,0,00 — f7) .

= T“(é;u,a - Tﬂdzeadm@& + fy) ’

!/
—+1u

T ng;gaggd)a _ fy”
— 7°9,0,0. 04 + 7))
tu' (L7000, = 700,000 0,)] = 0 F — T 60,

WE — O d o'

T”(E?;-ug - 795;9a5;¢}a + )]

47 (Oyu — 770,040, 04)

70l — 790.0,0y00 — f7)] = W'V — 7" 0%,/

—

reveals all entries of the
linear operator L =2

Iy = T4 Dpu? — 790,0,0,00 + f7) .
oo = 1 + T“(é;ug — Tgég@aéggf}a) :
lag = TH(DuY — 790,0,0,0, — 17) |
1 = 7(0pti — 7°0,0,0.0, — fY) .
lsg = THOyuZ — 790,0,0.04) + f7) .
23 =1+ T“(@-'ti.z - TQEGQEQ*}Q) .
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= [T Ty + G(14+-Fa T |0, + [ Fr Ty + (1 + FuFs)|0.
+(148") (1 + Fo Ty + Fa F) .

ﬁé-:ﬁQ—l—%Ha, E;:'—EB_%HQ:«

V' = AU + BV — ZW ,
VE=CU+ DV + AW .
V3= U+ IV +ZW .
A = A+ D0, + G0, .
B = RT3+ G(FoVy+ F30.)
X = —RFy — G(Fob, + F30.) ,

¢ =R(G) + Gy F3) + DGO, + s |GLF, + (G 73)

¢ =A(G} + G3.F) + DG, + G [GRF, + (G} + G3.F3)0.

B =R(G3 + C3F — GAT) + 4 | G3Fy, + (GS Ggﬁ‘;wg
+9, [-GiFa0. + (G - G37)
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