MM5 Tutorial A-1

Appendix A: Derivation of Basic MM5 Equations

A.1 Derivation of Thermod ynamic Equation

First Law of Thermodynamics

(A.1)

since from the gas law and . Temperature tendency there-

fore is given by

(A.1)

A.2 Derivation of Pressure T endenc y Equation

From Gas Law

(A.1)

Continuity and Thermodynamics lead to

(A.1)

However, , so

(A.1)

But , therefore

(A.1)

Qd cv Td p αd+ cp Td α pd– = =

RdT pdα α dp+

= cp cv– R=

cpDT Dt -------- 1 ρ --Dp Dt ------- Q̇+ =

1 p --Dp Dt ------- 1 ρ --Dρ Dt ------- 1 T ---DT Dt -------- + =

1 p --Dp Dt ------- ∇– v Q ˙ cpT --------- 1 cpρ T

-------------Dp Dt ------- + + ⋅ =

cpρ T cp R ----- p = 1 p --Dp Dt ------- 1 R cp -----– ∇– v Q̇ cpT --------- + ⋅ =

1 R cp -----– cv cp ----- 1 γ -- = = Dp Dt ------- γp∇– v γpQ ˙ cpT ---------- + ⋅ =

A-2 MM5 Tutorial

A.3 Forms of the Vertical Momentum Equation

(A.1)

Defining ,

(A.1)

Defining hydrostatic reference and perturbation, , ,

(A.1)

By definition, , so

(A.1)

which can be written as

(A.1)

This can be expanded as

(A.1)

In terms of ρ, this is

(A.1)

which is

Dw Dt -------- 1 ρ -- p∂ z∂ ----- g + + Dw= α 1 ρ --= Dw Dt -------- α p∂ z∂ ----- g + + Dw=

α α 0 α ′+ = p p0 p′+ = Dw Dt -------- α 0 α ′+( ) p0∂ z∂ -------- p′∂ z∂ ------- + g + + Dw=

α 0 p0∂ z∂ -------- g–= Dw Dt -------- α ′ p′∂ z∂ ------- α 0 p′∂ z∂ ------- α ′ p0∂ z∂ -------- + + + Dw=

Dw Dt -------- α p′∂ z∂ ------- gα ′ α 0 ------ – + Dw=

Dw Dt -------- α p′∂ z∂ ------- g α α 0– α 0 --------------- – + Dw=

Dw Dt -------- 1 ρ -- p′∂ z∂ ------- g 1 ρ -- 1 ρ 0 ----- – 1 ρ 0 -----

--------------- – + Dw=

MM5 Tutorial A-3

(A.1)

This can be expressed in terms of temperature and pressure perturbations for the buoyancy term because

(A.1) So (A.1)

A.4 Coordinate Transformation

General coordinate transformation

(A.1)

but , so

(A.1)

A.5 Derivation of Relation

(A.1)

where and are the values of at the top and surface and .

Dw Dt -------- 1 ρ -- p′∂ z∂ ------- gρ ′ ρ ---- + + Dw=

ρ ′ ρ ----– ρ 0 ρ ----- 1– p0T pT0 --------- 1– p0 p ----- T T0 ------ p p0 ----- – p0 p ----- T′ T0 ------ p′ p0 ----- – = = = =

Dw Dt -------- 1 ρ -- p′∂ z∂ ------- g p0 p ----- T′ T0 ------ p′ p0 ----- – – + Dw=

x y z, , ( ) x y σ, ,( ) → ∂ x∂ ----- z ∂ x∂ ----- σ z∂ x∂ ----- σ ∂ z∂ ---- – →

δz δp0 – ρ 0g

------------ p ∗δσ σ δp∗ + ( ) ρ 0g

-------------------------------------- – = = ∂ x∂ ----- z ∂ x∂ ----- σ σ p∗ ----- p ∗∂ x∂ -------- ∂ σ∂ ------ – →

σ̇

σ p0 ptop – psurf ptop – ----------------------------- p0 ptop – p∗ ---------------------- = =

ptop psurf p0 p∗ psurf ptop–=

A-4 MM5 Tutorial

(A.1)

Therefore

(A.1)

Expanding total derivatives noting that and and also that is hydrostatic

(A.1)

σ̇ Dσ Dt ------- =

σ̇ 1 p∗ ----- Dp0 Dt ---------- p0 ptop – ( ) p∗( ) 2 ---------------------------Dp ∗ Dt ---------- – =

p0 p0 z( )

= p∗ p∗ x y( , )

= p0

σ̇ ρ 0g p∗ --------w – σ p∗ ----- u p ∗∂ x∂ -------- v p ∗∂ y∂ -------- + – =