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A B S T R A C T   

Cauchy’s stress tensor, in the most generalized form, is known to be in two parts: a pressure plus octahedral shear 
stresses. Shear stress thermodynamics in pressurized and sheared systems are used to describe the physical shear 
properties of materials. Pressure alone does not fully describe solids although pressure is the basis for most 
equations of state. The thermal expansion coefficients are the major differences between normal and shear 
thermal strains. Shear-strain thermal expansion coefficients are central to predicting a material’s shear prop
erties. Shear thermodynamics through the entropy-stress components predicts shear moduli proportional to a 
power-law in the specific volume. The concept is applied to all elastic moduli in solids and structures. Extensive 
empirical evidence supports elastic moduli that depend only on specific volume. The evidence is very extensive 
and leads to a new, generalized, universal, elastic moduli concept; it applies to materials that support shear 
stresses i.e., solids. A shear equation of state is explored in detail with use of empirical data. The elastic moduli 
are proportional to a specific volume power-law; the volume is both pressure and temperature dependent.   

1. Introduction 

The thermal and elastic properties of solids have been of interest for a 
very long time. Physical and mechanical properties play a fundamental 
role in advancing technology and understanding complex phenomena. 
Physical properties at high temperatures and extreme pressures as in 
compressed materials are considered central for successful laser fusion 
energy production (Hicks et al., 2009; Craxton et al., 2015; Hu et al., 
2010). A new high-pressure physics (Degtyareva, 2014; Higginbotham 
et al., 2016; Hu et al., 1986; Lundegaard et al., 2009; Parker et al., 1996; 
Pickard and Needs, 2010; Polsin et al., 2017; Zha and Boehler, 1985) is 
evolving: it includes descriptions of the exciting electride phases, 
improved understanding of the geophysics of planetary bodies including 
exoplanets (Wang et al., 2013; McMahon and Nelmes, 2006; Ping et al., 
2013; Belonoshko, 1994), advanced construction of engineering struc
tures in extreme thermal environments (LeBlanc et al., 2021; Yehia and 
Kashwani, 2013) or in high stress applications from A to Z i.e., 
aluminum alloyed with lithium to zirconia stabilized with yttria and all 
the microstructural designs of lightweight yet strong meta-materials 
(Berger et al., 2017; Berger et al., 2018; Milton, 2018; Hashin and 
Shtrikman, 1963; Kadic et al., 2019). 

Over 70 years ago there was a series of papers that investigated the 
hypothesis that the elastic, shear moduli of solids were only dependent 
on the specific volume (Kê, 1949; Lazarus, 1949). Both papers concluded 
that the thermodynamic experimental evidence, at that time, did not 
support the hypothesis. The analyses used were based on thermody
namics with the state variables of pressure, p, absolute temperature, T, 
and specific volume, v. The thermodynamic analyses thus explicitly 
excluded all shear stresses, τ, as relevant mechanical state variables. The 
state variable τ and its thermodynamic conjugate shear strain, γ are state 
variables needed to define the shear modulus. More recently, the ther
mal analysis (Ledbetter, 2006) of sound speed data obtained using the 
moduli of copper repeated the conclusions of (Kê, 1949; Lazarus, 1949) 
again no shear variables were included. Although, thermodynamic 
terms found in the analysis (Ledbetter, 2006) were comparable, they did 
not exactly cancel. Again, the p, v and T data without τ did not support 
the hypothesis that v is the only state variable in the sound speed in 
copper. The equations for the longitudinal sound speed include contri
butions from the shear modulus. Thermodynamic analysis of shear 
moduli without shear included as a relevant state variable will have 
limited value. 

Equation of state, EOS, tables (Lyon, 1992) describing a very wide 
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selection of materials include: T, p, v, and internal energy variables are 
curated at Los Alamos National Laboratory. These tables are constructed 
from measured physical properties using Helmholtz’s free energy; solid 
materials are included in the low T part of the tables. These EOS do not 
include any shear varibles in describing solids and generally are used to 
describe gasses and liquids. Descriptions of material properties at high 
strain-rates and extensive T ranges were recently reviewed in Armstrong 
(2021). These models of solids are solely based on shear stress defor
mation and are thus excluded from EOS table descriptions. 

Swenson’s law (Swenson, 1968; Monfort and Swenson, 1965; 
Anderson, 1995; Anderson and Anderson, 1970; Anderson, 1979) hy
pothesized that the isothermal, bulk elastic moduli are independent of T 
and p at constant v. This law is considered to be very widely applicable 
by Anderson (1995); the opposite conclusion is reached by Lawson and 
Ledbetter (2011) based on a through and complete p, v, and T, but no τ, 
thermal analysis. Swenson’s law if corroborated would support the hy
pothesis and evidence in Kê (1949), Lazarus (1949), Ledbetter (2006) 
since the modulus only depends on v. This concept is explored below by 
expanding the independent mechanical state variables in elastic solids to 
include τ directly as a state variable. The τ state variable is obtained by a 
rotation of the Cauchy stress tensor in a solid. The thermodynamics then 
explicitly includes both p and τ as mechanical descriptions for the elastic 
solid. 

Observations that seem to have unconnected origins are an impor
tant aspect of the physical properties described above. Consider: Gibson 
and Ashby 1982 working with a foam who called their relation between 
modulus and density a ‘scaling-law’ with the power exponent between 2 
and 3 for open and closed cell foams respectively (Gibson and Ashby, 
1982; Ashby and Medalist, 1983; Ashby, 2005; Huber, 2018); O. L. 
Anderson 1967 discovered a volumetric relation with thermal expansion 
which is dependent on the ‘Anderson-Grüneisen exponent’ with the 
exponent typically about 5 for fully dense solids (Anderson, 1967; 
Reynard and Price, 1990; Anderson et al., 1992; Barron, 1979); Burns 
(2018a, 2018b) related the elastic shear compliance to the specific 
volume using thermodynamics and called his relation a ‘constitutive- 
law’; Birch (1938) and then Murnaghan (1944) noted that an ‘Equation 
of State’ found by Birch-Murnaghan can be reduced to a simple power- 
law relating the modulus to the density through a power-law in most 
cases. Grover et al. (1973) called their semi-logarithmic form of the 
moduli versus the dilatation a ‘Simple Compressibility Relation for 
Solids’ and applied it to over 70 solids. Mast (2000) empirically related 
the wave speed in human tissue to the density. This relation is used in 
Boyd et al. (2010) to ultrasonically detect cancers in women’s breasts. 
Finally, the elastic relation for graphene, man-made metamaterials at 
the limits of Hashin-Shtrikman structures and 2-dimensional Schneebeli 
materials are described by a power-law (Qin et al., 2017; Hall et al., 
2010). Tallon and his co-authors (Tallon et al., 1977; Tallon, 1979; 
Tallon and Wolfenden, 1979; Tallon, 1980; Tallon, 1982) explored Born- 
Durand-Tallon theory of melting in aluminum single crystals. They used 
Grover, et al. 1973 semi-logarithmic moduli versus dilatation relation 
while including phase co-existence between the solid and the melt. 
Tallon also reported on the elastic moduli of 42 materials in a semi-log 
description with isobaric dilatation using Murnaghan’s 1944 expres
sions. Tallon 1980 used Swenson’s law for the elastic moduli and Grü
neisen’s parameter to describe the product of moduli with the dilatation 
but having little or no dependence on T nor p. It seems that a law relating 
the elastic moduli to the specific density or dilatation is empirically well 
established and has some theoretical basis; this concept is expanded on 
below using the shear variables in solids. 

No distinction is generally made between the isothermal, μT and the 
isentropic μS shear moduli. S is the entropy in the shear modulus 
subscript. Shear stress-wave speeds for over a century, have not been 
corrected for thermal effects because the shear thermal expansion is 
always considered to be zero except for (Burns, 2018b) and (Porporato 
et al., 2019). The presumption of no shear thermal expansion negates 
the necessity to consider heat; there is no temperature change, so there 

should be no heat to equilibrate. 
Our research shows that elastic moduli are power-law functions of 

the specific volume whether the change in specific volume comes from 
thermal or pressure changes, or any combination of both. We have 
added a shear variable to the thermodynamic analyses noted above that 
leads us to this conclusion. The shear stress and pressure are the inde
pendent mechanical state variables in an expanded thermodynamic 
system. We start by first considering an octahedral stress tensor to 
represent pressure plus effective shear stresses. Thermodynamics is then 
developed by consideration of the shear thermal expansion coefficient to 
establish the consequences for this system. Finally, we provide addi
tional experimental evidence of the moduli-dilatation as a power law. 

2. Cauchy’s stress tensors in solids 

Eq. (1) is a general stress tensor in a solid. 

σ̃⇒

⎛

⎝
σxx τxy τxz
τxy σyy τyz
τxz τyz σzz

⎞

⎠⇒

⎛

⎝
σ11 0 0
0 σ22 0
0 0 σ33

⎞

⎠⇒

⎛

⎝
σ1′ 1′ τ1′ 2′ τ1′ 3′

τ1′ 2′ σ1′ 1′ τ2′ 3′

τ1′ 3′ τ2′ 3′ σ1′ 1′

⎞

⎠ (1) 

A stress tensor with normal stresses σ and shear stresses τ in equi
librium is symmetric about the diagonal so the first tensor may always 
be rotated to the principal stresses and principal coordinates as seen by 
the second tensor in expression (1). The stress state is the same in the 
third tensor: a rotation, as explained below, is used to find this tensor. 
The rotation axis in Fig. 1 lies in the 2–3 plane with the rotation being at 
equal angles to 2 and 3 axes; 1 is rotated through an angle ψ . This new 
rotated axis is called 1′ and is equidistance from 2 and 3. The axes 2 and 
3 are also rotated with the ψ rotation and become 2′ and 3′ respectively. 
The angle ψ is chosen so the normal stress on the 1′ face is equal to 1/3 of 
the trace of the stress tensor. The third tensor shows all the normal 
stresses, σ1′ 1′ , σ2′ 2′ and σ3′ 3′ are equal in the octahedral stress state (Chen 
and Saleeb, 1982; Chen and Han, 2007) and the shear stresses for this 
face are proportional to the deviatoric stresses in Eq. (1): 

τ1′ 2′ =
1
3
(σ11 − σ22); τ2′ 3′ =

1
3
(σ22 − σ33); τ1′ 3′ =

1
3
(σ33 − σ11) (2) 

This octahedral stress state is well described in the literature but is 
not used extensively as maximum shear stress systems are dominant. 
There are a total of 8 octahedral planes: the perpendicular normal from 
the 8 planes are at an angle of 54.736 degrees with the principal stress 
axes. 

3. Energy balances in the pressurized and sheared 
thermodynamic system 

The incremental energy balance per unit mass from the 1st law of 
thermodynamics for the stress state shown on the far right side of 
expression (1) is: 

du = TdS+ vσi′ i′ dεi′ i′ + vτ1′ 2′ dγ1′ 2′ + vτ1′ 3′ dγ1′ 3′ + vτ2′ 3′ dγ2′ 3′ (3) 

The first term on the left, du, is the incremental internal energy of the 
system per unit mass. On the right side T is the temperature; S is the 
entropy per unit mass; TdS is the incremental heat add to the system. v is 
the specific volume i.e., volume per unit mass. vσi′ i′ dεi′ i′ is the incre
mental mechanical work per unit mass done on the i′ surface due to the 
normal stress. σ1′ 1′ is the normal stress on the 1′ plane and ε1′ 1′ , ε2′ 2′ and 
ε3′ 3′ are the normal strains in the 1′

, 2′ and 3′ directions respectively. 
vτi′ j′ dγi′ j′ is the incremental mechanical work per unit mass due to the 
shear stresses, τi′ j′ . γij is the corresponding engineering strain. τ1′ 2′ is the 
shear stress on the 1′ face in the 2′ direction as shown in Fig. 1(b). Eq. (3) 
shows all three shear terms for the 1′ , 2’ and 3’ faces. In Eq. (3) the trace 
of the normal strains are well known: 
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dε1′ 1′ + dε2′ 2′ + dε3′ 3′ =
dv
v

(4)  

So with this substitution and 

σ1′ 1′ = − p =
1
3
(σ11 + σ22 + σ33) (5)  

We now have for (3) 

du = TdS − pdv+ vτ1′ 2′ dγ1′ 2′ + vτ1′ 3′ dγ1′ 3′ + vτ2′ 3′ dγ2′ 3′ (6) 

The shear strain-volume (Li, 1978; Burns, 2011) is defined in in
cremental form using the symbol γij. 

vdγij ≡ dγij (7) 

The strain-volume definition places no restriction on v. It allows u to 
be transformed from the internal energy to the Gibbs’ like free energy, g, 
while maintaining energy per unit mass. g is a free energy with com
plimentary work terms that use Eqs. (6) and (7): 

g = u − TS+ pv − τ1′ 2′ γ1′ 2′ − τ1′ 3′ γ1′ 3′ − τ2′ 3′ γ2′ 3′ . (8) 

In incremental form, we have from Eqs. (6) through (8): 

dg = − SdT + vdp − γ1′ 2′ dτ1′ 2′ − γ1′ 3′ dτ1′ 3′ − γ2′ 3′ dτ2′ 3′ (9) 

A constitutive or single effective shear stress based on Eq. (2) is 
employed here to reduce the three shear stresses to a single represen
tative shear term in the Gibbs’ like incremental free energy function, (9). 
This shear stress is neither a von Mises nor a Tresca stress; it is the 
effective octahedral shear stress which is proportional to a von Mises 
shear stress. Separation of the system into pressure and shear allows the 
material to have shear deformation while holding p constant or hold 
shear constant and allow for p changes. The octahedron changes v with 
pressure but not shape and shear strain changes shape but not v. The 
shear stress in Eq. (10) is based on distortional strain energies acting on 
the octahedron. 

τ0 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
3
((τ1′ 2′ )

2
+ (τ1′ 3′ )

2
+ (τ2′ 3′ )

2
)

√

=
1
3

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(σ11 − σ22)
2
+ (σ33 − σ11)

2
+ (σ22 − σ33)

2
√

. (10)  

And the effective shear strain-volume is: 

γ0 =
1
3
(γ1′ 2′ + γ1′ 3′ + γ2′ 3′ ) (11)  

The last three incremental complimentary energy terms on the right in 
Eq. (9) are now replaced with single effective shear so the Gibbs’ like 
energy function from the last tensor in expression (1) is: 

dg = − SdT + vdp − 3γ0dτ0 (12)  

4. Thermodynamic property definitions in the shear system only 

The Gibbs free energy in thermodynamic systems described with p 
and v as the mechanical variables are well known in the literature 
including several books. In what follows below, the thermodynamic 
mechanical variable is only shear stress and shear strain restricted to an 
isobar. Thus, the mechanical system variables of τ0 and γ0 which de
scribes the physical shear properties are unique to sheared solids and are 
explored below in detail. Eq. (12) when restricted to an isobar is: 

dg = − SdT − 3γ0dτ0 (13)  

We see from Eq. (13) that: 

∂g
∂T

⃒
⃒
⃒
⃒

τ0

= − S ;
∂g
∂τ0

⃒
⃒
⃒
⃒

T
= − 3γ0 (14)  

and from Eqs. (7) and (14), we obtain a Maxwell relation: 

∂2g
∂τ0∂T

= −
∂S
∂τ0

⃒
⃒
⃒
⃒

T
= − 3v

∂γ0

∂T

⃒
⃒
⃒
⃒

τ0

=
∂2g

∂T∂τ0
(15) 

The middle expression in (15) is a differential expression for the 
entropy from the shear stress. 

dS = 3v
∂γ0

∂T

⃒
⃒
⃒
⃒

τ0

dτ0. (16) 

The thermal expansion coefficients in shear are very different from 
thermal expansion coefficients in the normal strains found with p, v and 
T state variables. Consider the physical differences seen in Fig. 2. In this 
figure both normal strains and shear strains are shown. The schematic 
shows the thermal derivatives of both strains at constant stress, but not 
necessarily at zero stress, as is frequently assumed. Solids with an 
applied shear stress will change shape upon heating as seen in Fig. 2(a) 
in panels (iii) and (iv) as explained below. Without the application of a 
shear stress the solid shows no thermal shape changes. This physical 

Fig. 1. (a). Rotation of the 1 axis, in the principal coordinate system, is through the angle ψ. The rotation is about a line that lies in the 2 − 3 plane at 45 degrees to 
both axes. ψ = 54.736◦. (b). Shows the stresses on the rotated stress cube with normal stresses as -p and τ stresses displayed. 
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difference leads to equations of state that are unfamiliar to well-known 
equations of state in the p, v and T systems. 

Fig. 2(a) shows material schematically in the first panel labeled (i) on 
the left at a temperature T0. The square is then heated with a tempera
ture change of ΔT. The material will expand due to thermal expansion. 
The original square is now displayed in the general case as a rectangle on 
the second upper panel (ii) of the schematic. The material does not 
change shape if it is incrementally heated using the principal co
ordinates of Eq. (1). Fig. 2(a) shows in the lower left panel (iii) the 
application of a shear stress, one of the three independent shear stresses, 
which causes material to change shape. The square is now a rhombus. 
Panel (iii) shows the shape change due to the mechanical application of 
the shearing stress. Upon heating by ΔT the shape again changes as seen 
in the lower right panel (iv) with a larger shear strain; it becomes a more 
acute rhombus; the same result is seen in Fig. 2(b) as the shear thermal 
expansion coefficient follows the green arrow. The application of shear 
stress is the source of the shear thermal expansion coefficients which are 
zero when the shear stress is zero as seen in Fig. 2(b). The third quadrant 
shows negative shear thermal expansion coefficients with negative shear 
stresses. 

The shear thermal expansion coefficient is the thermal part of the 
shear strain. It is well known that solids support shear stresses, τ0 and 
engineering shear strains, γ0 as seen below in the linear Eq. (17). λT is the 
linear, isothermal, shear compliance. 

γ0 = λT τ0 (17) 

The temperature derivative of the shear strain as shown in Fig. 2 (b) 
and from Eq. (17) is the shear thermal expansion coefficient as 

∂γ0

∂T

⃒
⃒
⃒
⃒

τ0

= τ0
∂λT

∂T

⃒
⃒
⃒
⃒

τ0

(18)  

Generally, all other stresses are held constant. 
Substitution from Eq. (18) in a linear system, into Eq. (16) and 

integration with T constant as dictated by the middle-left side of Eq. (15) 
allows for integration and yields S for linear elastic systems. 

S =

∫ τ0

0
3vτ0

∂λT

∂T

⃒
⃒
⃒
⃒

τ0

dτ0 = 3v
τ2

0

2
∂λT

∂T

⃒
⃒
⃒
⃒

τ0

(19) 

A constant S curve in τ versus γ space is obtained from knowledge of 
the T dependence of λT. This is seen by solving Eq. (19) for τ with S 

constant; it yields: 

τ0 =

⎛

⎜
⎜
⎜
⎝

2S
3v ∂λT

∂T

⃒
⃒

τ0

⎞

⎟
⎟
⎟
⎠

1/2

. (20) 

And with the aid of Eq. (17), we find: 

γ0 = λT

⎛

⎜
⎜
⎜
⎝

2S
3v ∂λT

∂T

⃒
⃒

τ0

⎞

⎟
⎟
⎟
⎠

1/2

(21) 

The T dependence of λT, ∂λT
∂T

⃒
⃒

τ0 
and a fixed value for S, yields a 

parameterized curve of τ0 versus γ0 with entropy constant from Eqs. (20) 
and (21). 

Fig. 3 is data (Simon et al., 1992; Ledbetter and Naimon, 1974) for 
the T dependence of the shear compliance, λT , of polycrystalline copper. 
The measured data was the shear modulus, μT , which is used below to 

Fig. 2. (a). A schematic of thermal principal strains seen in material with and without applied shear stress. The first panel (i) is a square in a crystal; the second panel 
marked (ii) after heating is a rectangle; the third panel with the application of shear stress marked (iii) is a rhombus; the last panel marked (iv) is a rhombus with a 
more acute shear-strain angle. (b) A schematic showing isothermal, linear-elastic, shear-stress, τ, versus shear-strain, γ, on isotherms. All the isotherms cross at the 
point (0, 0). The shear thermal expansion is marked in green and µT is the shear modulus or the reciprocal compliance. 

Fig. 3. Shear compliance of copper versus T. A third order curve fit to the data 
is shown. The original data is from references (Simon et al., 1992; Ledbetter and 
Naimon, 1974). Copper melts at 1357 K. 
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construct an adiabatic line in a two-independent-variable thermody
namic system; it assumes a simple third order power law series in T to 
describe the temperature dependence of λT. Fig. 3 shows λT = 1/μT 
versus T from two sets of measurements of shear modulus of copper cited 
above. These two different measurements were matched at T = 300 K. 
The higher T values have been corrected with the ratio of the match at T 
= 300 K which results in a smooth curve. The curve fit to the data in 
Fig. 3 was used to construct the T dependence of λT and ∂λT/∂T|τ0 

in the 
parametric expressions for the constant entropy curve. 

Fig. 4 is a construction of the constant entropy curve using equations 
(20) and (21). The isentropic slope of Fig. 4 versus T is plotted in Fig. 5. 
This slope is the isentropic shear modulus, μS i.e., the slope of the con
stant S curve. The isothermal shear modulus, μT, taken from the original 
data is also given for comparison in Fig. 5. 

The thermodynamic relation that connects the isothermal and isen
tropic shear moduli is found from Table 1 using Jacobian algebra and is 
given in expression (T-2). 

λS = λT − 3v
T

Cτ0

(

τ0
∂λT

∂T

⃒
⃒
⃒
⃒

τ0

)2

(22) 

The constant shear stress heat capacity Cτ0 is for a shear only stress 
system. It is included in Table 1. Cτ0 is found with the aid of Eq. (19) and 
Table 1; it is listed as expression (T-3). Using this expression for the heat 
capacity the following differential Eq. is found from Eq. (22) with the 
primes as the first and second derivatives: 

λS = λT

(

1 − 2
(
λ
′

T

)2

λT λ′ ′
T

)

(23)  

5. A universal law for the volume dependence of the shear 
modulus 

The isothermal lines must exist at the zero-stress crossing in Figs. 2 
(b) and 5. The requirements are for all isothermal crossings to have no 

second-law violations, no temperature changes in the sheared solid 
except through v, and keep µs proportional to µT so a solid can be rapidly 
sheared without changing temperature on crossing through the zero- 
thermal expansion coefficient point. This form is possible if the differ
ential Eq. on the right side of Eq. (23) is satisfied for the adiabatic lines at 
the isothermal crossing point and throughout the shear-stress, shear- 
strain space. The T derivatives of the shear compliance will not allow for 
these conditions as seen in Figs. 4 and 5. The differential equation below 
from the right of Eq. (23) describes the slope of adiabatic stress versus 

Fig. 4. The shear stress versus shear strain on a constant entropy curve 
bounded between two isotherms is displayed. The mirror image is in the 3rd 
quadrant. S was chosen as 3.3 J/mole*K, the density of copper was taken as 
8.96 gm/cm3 and the atomic weight as 63.55 au. Eqs. (20) and (21) plus the 
curve fit data from Fig. 3 are used for the construction of the dotted curve. The 
two solid blue lines are isothermal asymptotes. 

Fig. 5. The measured isothermal shear modulus and the isentropic shear 
modulus constructed from the slope of the constant entropy curve in Fig. 4. The 
isothermal data are shown as diamonds and isentropic moduli are plotted as 
squares, both are shown versus T. 

Table 1 
A table constructed to describe the thermodynamic system in Eq. (13). The Table 
is in Jacobian format and contains the physical properties and Maxwell’s Eq. 
(15) for the system. The system is restricted to linear shear elasticity in Eq. (17). 
All partial derivatives may be found using Jacobian algebra and Table 1’s en
tries. See Eq. (T-1) and (T-2) displayed below Table 1 for examples.  

function ∂
∂T

⃒
⃒
⃒
⃒
τ0  

∂
∂τ0

⃒
⃒
⃒
⃒
T  

Temperature, T 1 0 
Effective shear stress,τ0 0 1 
System entropy, S Cτ0

T 3vτ0
∂λT

∂T

⃒
⃒
⃒
⃒
τ0 

Effective shear strain,γ0 τ0
∂λT

∂T

⃒
⃒
⃒
⃒
τ0  

λT 

∂γ0
∂τ0

⃒
⃒
⃒
⃒
S
≡ λS =

J(γ0, S)
J(τ0, S)

=

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

τ0
∂λT

∂T

⃒
⃒
⃒
⃒
τ0

λT

Cτ0/T 3vτ0
∂λT

∂T

⃒
⃒
⃒
⃒
τ0

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

⃒
⃒
⃒
⃒
⃒
⃒
⃒

0 1

Cτ0/T 3vτ0
∂λT

∂T

⃒
⃒
⃒
⃒
τ0

⃒
⃒
⃒
⃒
⃒
⃒
⃒

= λT − 3v
T

Cτ0

(

τ0
∂λT

∂T

⃒
⃒
⃒
⃒
τ0

)2

. (T-1) 

λS = λT − 3v
T

Cτ0

(

τ0
∂λT

∂T

⃒
⃒
⃒
⃒
τ0

)2

. (T-2) 

Cτ0 is obtained by using Eq. (19) in the S line of Table 1. 

Cτ0 = 3vT
τ2

0
2

∂2λT

∂T2

⃒
⃒
⃒
⃒
τ0

. (T-3)  
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strain curve at all points in the entire τ vs γ space. Take the shear 
compliance to be λ(v) and primes on λ are derivatives with respect to v so 
the adiabatic slope is proportional to the isothermal slope. The shear 
compliance is not the same as λT since elastic compliances are in general 
considered functions of the thermodynamic variables. λ is considered 
only as a function of v which avoids the difficulties seen in Fig. 5. The 
numerical values of λS and λT are identical with λ = λ(v). Eq. (23) with 
these restrictions implies: 

(λ′ )2

(λ)(λ′′)
= constant (24) 

The general solution to the second-order differential Eq. (24) with 
both integration constants is evaluated in Supplemental Material A as 
Eq. (A-12). The solution in (25) is after application to a reference state to 
evaluate the arbitrary constants of integration: 

λ
λ0

=

(
v
v0

)m

λ = C0vm or μ =
ρm

C0
(25) 

v is the specific volume, v0 is a reference specific volume at the same 
reference state as the shear compliance, λ0; ρ is the density and µ which 
only depends on v is Lame’s second shear modulus and is now only a 
function that depends on v i.e., a specific volume line. v in turn is a 
function of the pressure p and T and all other thermodynamic variables. 
C0 is a constant formed from the reference states. Eq. (25) is the solution 
to the differential Eq. (24) for a constant on the right side. Eq. (25) 
contains m a constant on the right from Eq. (24) or Eq. (A-12); the two 
constants of integration are already explicitly given in (A-12) and Eq. 
(25). 

5.1. Elastic constants dependence on the specific volume 

The argument to mandate all elastic constants only dependent on 
specific volume is based on the transformation laws of elastic constants 
in one orientation to elastic constants in a second rotated coordinate 
system i.e., the state of stress in a tensor stress field from reference (Nye, 
1964; Wallace, 1972). Rotations depend on the direction cosines be
tween the two coordinates systems and the other elastic constants. In 
isotropic materials a π/4 coordinate rotation is well known to relate the 
shear modulus in the rotated coordinate system to Young’s modulus, E, 
and Poisson’s ratio, υ, in a uniaxial stress state. E is obtained from the 
uniaxial stress versus uniaxial strain and Poisson’s ratio which is the 
uniaxial strain proportioned to the negative strain on a stress-free 
perpendicular coordinate. 

μ =
E

2(1 + υ) (26) 

Generally, E and υ are considered as functions of T, p and other 
thermodynamic variables. However, Eq. (25) has established that the 
shear modulus is only a function of v. 

μ(v); v = v(T, p) (27) 

Expression (26) with (27) shows the left side of (26) is only a function 
of a single variable, v, and the right side is generally considered a 
function of all the thermodynamic variables including T and p in both E 
and υ. The state of stress requires that both sides of (26) be functions of 
the same variable or variables and not be dependent on the choice of the 
coordinate system. The isotropic solid described in (26) on both sides is 
independent of the choice of coordinates. The condition for the moduli 
transformation to be valid is 

E = E(v) and υ = υ(v) (28)  

It follows that elastic stiffnesses and the elastic compliances are there
fore not thermodynamic functions but like the shear modulus, they must 
be functions only of the specific volume. They can’t be thermodynamic 
expressions dependent on additional variables. Stresses are tensors so 

equations (26) through (28) follow for solids and describe the trans
formations of both elastic stiffnesses and compliances. Elastic moduli in 
crystals and the effective moduli in solids and complex microstructures 
should be functions of the specific volume. Empirical support of this 
statement is given below while earlier references (Gibson and Ashby, 
1982; Ashby and Medalist, 1983; Ashby, 2005; Huber, 2018; Anderson, 
1967; Reynard and Price, 1990; Anderson et al., 1992; Burns, 2018; 
Burns, 2018; Birch, 1938; Murnaghan, 1944; Grover et al., 1973; Mast, 
2000; Qin et al., 2017; Hall et al., 2010; Tallon et al., 1977; Tallon, 1979; 
Tallon and Wolfenden, 1979; Tallon, 1980; Tallon, 1982) have, as 
already noted, moduli that depends only on v. 

6. Empirical evidence to support the specific volume 
dependence of the elastic moduli 

Empirical evidence will now be presented in support of Eq. (25). The 
first materials are with shear moduli data of metals, ceramics and 
minerals. Fig. 6 throughout uses relative values for both the elastic shear 
compliances and volumes. The investigation on copper used the T 
dependence of λT and v in Eq. (25) in parametric form. Fig. 6 is a plot of 
ℓn(λT) versus ℓn(v) for oxygen-free copper. The assumption in the data is 
that µs = µT = µ. The data were taken from reference (Simon et al., 1992; 
Ledbetter and Naimon, 1974). Each point in this plot is at a different T or 
p. The data are from very low temperatures near 5 K to about 300 K. 
Thus, all quantum effects at low temperatures are included in the data 
presented. v in the data used in Fig. 6 is from numerical integration of 3 
times the measured linear thermal expansion coefficient. The measure
ments were obtained from the same copper rod. 

MgO single crystal measurements (Isaak et al., 1989; Li et al., 2006) 
are the second material in Fig. 6 that was chosen for study. The data are 
for thermal changes for a cubic single crystal’s elasticity. The single 
crystal shear compliance S44 scale is also on the left of the graph. The 
temperature goes from T = 300 K to T = 1,800 K. The shear-compliance 
S44 versus volume with pressure as a parameter is also shown in Fig. 6. 

Fig. 6. Experimental shear compliances for Copper, Olivine (Fo92Fa8) and 
single crystal MgO plotted as ℓn(shear compliance/reference compliance) 
versus ℓn(volume/reference volume). The MgO single crystal’s shear compli
ance is S44. Data in the first quadrant use T as a parameter with each point at a 
different T value. The data for MgO in the third quadrant are with different 
pressures at each point. The data are from references (Simon et al., 1992; 
Ledbetter and Naimon, 1974; Isaak and Goto, 1989; Li et al., 2006; Anderson 
et al., 1992). Low temperature data for Cu is well below the Debye temperature. 
For Olivine (Anderson et al., 1992) the shear modulus at 1,000 K was taken as 
69.17 GPa being between 70.54 and 67.81 GPa, the neighboring points. The 
table lists this value as 59.17 GPa, an assumed typographical error. 
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The elastic properties in compression were measured by Brillion spec
troscopy in a sample within a diamond anvil cell. The material in the 
volume data and in the shear modulus data is from the same single 
crystal (Li et al., 2006). Fig. 6 shows a plot of ℓn(S44) verus ℓn(v) using 
parametric p and T values in the elastic shear compliance, S44 and v. The 
density comes from X-ray measurements of interatomic plane spacings. 
Fig. 6 on the left scale uses relative values with a slightly different 
reference state between the thermal and pressure data. This pressure 
data is in excellent agreement with the thermal data as noted above. The 
pressure data have significantly more scatter than the more precise 
thermal data. Also, increasing the temperature increases v while 
increasing the pressure decreases v. This is seen by having the temper
ature data in the 1st quadrant and the pressure data in the 3rd quadrant 
in the plot as is physically expected for v. 

Olivine is the third material chosen for shear modulus investigation. 
The plot in Fig. 6 is of ℓn(λ/λ0) verus ℓn(v/v0) again with T as a para
metric variable. The data for this mineral were taken from reference 
(Anderson et al., 1992). The temperature goes from 300 K to 1,400 K. 
The material used in the v data and in the shear compliance data are 
again the same material. Olivine is a two-phase material within a solid- 
solution phase field. 

Fig. 7(a) and 7(b) are graphs of the elastic compressibility or the 
reciprocal bulk modulus of materials versus specific volume. Again, the 
linear fit to the measured data all have R values of 0.997 or better. The 
implication is that the dilatational components of the Cauchy stress 
tensor empirically follows Eq. (25). Fig. 7 also contains graphs of other 
minerals and metals. 

The restriction on Eq. (25) is that the solid must support a shear 
stress. The solution to expression (24) would apply to all material se
lections with very different nano, micro or macro structures. The recent 
designs of material structures considered to be very stiff yet extremely 
light weight are reported (Berger et al., 2017, 2018). Metamaterials, 
engineered foams structures with both open and closed structures, 
graphene mats with fiber structures, etc. all seem to be described by Eq. 
(25). Fig. 8 is a plot of the log natural of 1/(effective shear modulus) 
versus the log natural of the volume from reference (Berger et al., 2017) 
data. The graph is the meta-structures of: Cubic foams, Octet foams, 
Cubic + Octet, Cubic + Octet 2, Octet Truss, Isotropic Truss and Quasi- 
random foams. The meta-material foam curves have been fit as straight- 
line data in log–log plots with m between 1.07 and 1.28 respectively for 
the measured power exponents. 

7. Conclusions 

The use of only p, T and v as thermodynamic variables to completely 
describe elastic solid materials is questioned. Equations of state based 

only on p, v and T as descriptions for solids are quite commonplace. The 
reduction of all stresses in solids to the state variable of p alone ignores 
shear stresses. Yet solids are defined as materials that sustain shear 
stresses. Eq. (2) shows that with the principal stresses equal then all 
shear stresses are zero and the solid is the same as a thermodynamic 
fluid. 

The universal moduli concept as derived in this manuscript comes 
from thermodynamics applied to a sheared elastic solid. Shear thermo
dynamics is unique because all the isotherms pass through the τ = 0, γ =
0 point while the adiabatic lines are excluded as seen in Fig. 4. The 
isothermal shear stresses and shear strains pass through τ = 0, γ = 0, a 
point that includes all isotherms and isobaric pressures but excludes the 
adiabatic lines. The adiabatic curves can’t mimic the isotherms through 
this point because of second law thermodynamic considerations. This is 
also the point of zero shear thermal expansion coefficients at all tem
peratures and pressures in single crystal materials, polycrystalline ma
terials, and structures. The material does not have to be crystalline, but it 
must support shear stresses i.e. is restricted to a solid without phase 
changes. Shear thermal expansion coefficients at zero shear stress are 
zero and are thus very different from normal thermal expansion 

Fig. 7. (a) Experimental data of the isothermal compressibility for polycrystalline magnesia, ringwoodite and alumina (Anderson et al., 1992) plotted as 
ℓn(compressibility/reference compressibility) versus ℓn(volume/reference volume). (b) Experimental data of the isothermal compressibility for polycrystalline 
garnet, sodium and olivine (Wallace, 1972; Anderson et al., 1992) is plotted as ℓn(compressibility/reference compressibility) versus ℓn(volume/reference volume). T 
was used as a parameter for all plots. 

Fig. 8. Metamaterial structures analyzed with a finite element program for 
which representative, isothermal shear moduli and density have been deter
mined (Berger et al., 2017). The data are plotted as ℓn(reference/shear 
modulus) versus ℓn(volume/reference volume). Applied strains were used as a 
parameter to change the internal shapes in all structures. Each color is a 
different metastructure curve fit to a power law relation and offset by an 
increment of 0.2 on the abscissa. 
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coefficients. Considerations of the elastic shear moduli at all tempera
tures and pressures is through the material’s specific density or volume. 
This concept is neither totally new nor unique as it was proposed in the 
past and quite recently only to be rejected using p, v and T thermody
namic analyses without including shear stress concepts. 

Swenson’s law some time ago proposed the isothermal bulk elastic 
moduli as having no dependence on p, and T if v is held constant. The 
universal Eq. (25) developed here agrees with Swenson’s law while also 
deriving a universal form for the elastic moduli. It is argued that a single 
form predominates all elastic moduli: it relates the material’s specific 
volume v(T, p) to the modulus for materials in shear, μ(v). μ(v)

′

s ther
modynamic dependence on T and p is through v. The power law de
scriptions were extended to all elastic moduli; the bulk moduli as 
developed here has consequences for materials at very high pressures 
which are briefly explored in the attached Supplemental Material B. The 
example described is one consequence of a pressurized solid via the 
thermodynamics explored in this text. The exponent m found initially in 
Eq. (25) and is seen from inspection of the empirical data presented to 
likely to be related to the material’s packing density. 
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