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ABSTRACT

A simple analytical model including both diurnal thermal forcing over sloping terrain (the ‘“Holton” mech-
anism) and diurnally varying boundary layer friction (the ‘‘Blackadar” mechanism) is developed to account for
the observed amplitude and phase of the low-level jet (LLJ) over the Great Plains and to understand better the
role of each mechanism. The present model indicates that, for the pure Holton mechanism (time-independent
friction coefficient), the maximum southerly wind speed vyax occurs (depending on the assumed friction co-
efficient) between sunset and midnight local standard time, which is earlier than the observed after-midnight
maximum. For the pure Blackadar mechanism (time-independent thermal forcing), the present model shows
that vmyx generally occurs later (closer to sunrise) than observed and has a strong latitudinal dependence. For
both mechanisms combined, the present model indicates that vyax Occurs near to the observed time, which lies
between the time obtained in the pure Holton mechanism and the time obtained in the pure Blackadar
mechanism; furthermore, vymay is larger (and closer to that observed) than in each one considered individually.
The amplitude and phase of the LLJ as a function of latitude can be obtained by the combined model by allowing
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A Simple Analytical Model of the Nocturnal Low-Level Jet over the Great

for the observed latitude-dependent mean and diurnally varying thermal forcing.

1. Introduction

The warm-season nocturnal low-level jet (LLJ) over
the Great Plains of the United States (Great Plains) has
been extensively studied over the past 60 years through
observations (e.g., Bonner 1968; Whiteman et al. 1997;
Mitchell et al. 1995; Banta et al. 2002), numerical simu-
lations (e.g., Zhong et al. 1996; Jiang et al. 2007, herein-
after JO7; Parish and Oolman 2010, hereinafter P10; Rife
et al. 2010), and theoretical models (e.g., Blackadar 1957
Holton 1967; Shapiro and Fedorovich 2009). The LLJ is a
feature of the boundary layer and is characterized by
a pronounced diurnal cycle with the maximum at night. In
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the present study, we develop a simple analytical model
that accounts for the observed amplitude and phase of the
LLJ as a function of latitude.

Two main popular theories have been proposed to
explain the occurrence of the LLJ, one centered on the
diurnal variation of boundary layer friction (Blackadar
1957) and the other focused on the diurnal heating of the
east-west sloping terrain of the Great Plains (Holton
1967).

Blackadar (1957) proposed that the supergeostrophic
LLJ frequently observed at night is a result of the in-
ertial oscillation of the ageostrophic wind triggered
by the sudden decay of eddy viscosity after sunset. During
the daytime, turbulent vertical mixing associated with the
heated ground results in the retardation of the wind to
subgeostrophic values in the boundary layer. At sunset,
when turbulent stresses shut down because of the rapid
stabilization of the boundary layer, air parcels suddenly
accelerate horizontally. Subsequently, the Coriolis force
rotates this accelerating and frictionless ageostrophic wind
and causes an inertial oscillation with supergeostrophic
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winds being reached after several hours. Based on
Blackadar’s conceptual model, Shapiro and Fedorovich
(2010) established an exact analytical one-dimensional
model to describe the evolution of the nocturnal low-
level jet after sunset. Their model takes the initial (sun-
set) value of the winds from a steady-state Ekman layer
having a large eddy viscosity and solves for the sub-
sequent evolution of the flow with a much smaller eddy
viscosity typical of the night. Their solution suggests that
more intense jets are related to larger reductions in eddy
viscosity. Van de Wiel et al. (2010) extended Blackadar’s
concept to consider frictional effects within the nocturnal
boundary layer and found that the oscillation of the wind
speed profile is around the nocturnal equilibrium wind
vector instead of the geostrophic wind vector. In these
theories, the interest is confined to the development stage
(after sunset) of the LLJ and the solutions do not apply
past sunrise.

The theory proposed by Holton (1967) stressed the
important role of thermal forcing in the diurnal oscilla-
tion of the boundary layer wind above sloping terrain.
Holton (1967) derived viscous momentum and diabatic
thermodynamic energy equations with time-independent
eddy viscosity and heat conductivity, respectively, for a
stably stratified sloping boundary layer and obtained di-
urnally periodic solutions for the wind oscillation. How-
ever, the results did not correctly predict the observed
phase of the diurnal oscillations.

Since these two well-known theories alone could not
adequately explain the observations, Bonner and Paegle
(1970) represented diurnal thermal forcing over sloping
terrain (the ‘“‘Holton” mechanism) through a diurnally
varying geostrophic wind in combination with a diurnally
varying eddy viscosity (the “Blackadar” mechanism) and
obtained a better reproduction of the observed LLJ over
the Great Plains. They noted that the amplitude of the
oscillation in their solution is fairly sensitive to the time-
varying geostrophic wind and viscosity, but they did not
discuss in detail the response to varying parameters for
the two mechanisms and their relationship to each other.
Paegle and Rasch (1973) further discussed the three-
dimensional features of diurnally varying boundary layer
flows using the combined model.

JO7, using an atmospheric general circulation model
(AGCM), found that the LLJ can be generated by either
the Blackadar or the Holton' mechanism but that either
mechanism alone produces an unrealistic timing of the

! The Holton mechanism was simplified in the studies of Bonner
and Paegle (1970) and Paegle and Rasch (1973) by accounting for
the heated slope only through the diurnal variation of the pressure
gradient. This usage is now common.
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LLJ maximum and an incorrect dependence of this
timing on latitude. P10, using an idealized model, argued
that the Blackadar mechanism is mainly responsible for
the nocturnal wind maxima, and that the sloping terrain
plays a key role in the establishment of the mean flow
but plays an adverse role in the nighttime maximum
intensity of the LLJ. We note that the latter idealized
model only includes a nighttime period and does not
include the complete diurnal cycle of heating and cool-
ing over sloping terrain.

Therefore, to reconcile some of the differing in-
terpretations offered in the literature, it is desired to es-
tablish a simpler analytical model that spans the diurnal
cycle and includes both diurnal thermal forcing over
sloping terrain and diurnally varying eddy viscosity. Fol-
lowing the Bonner-Paegle approach, but representing
vertical diffusion as a linear damping and dividing a day
into only two periods with different friction coefficients,
we obtained such a simpler model and its analytical so-
lution. This solution allows for easier access to the factors
underlying the diurnal variation of the LLJ, such as its
dependence on latitude, frictional effects, and the mean
and diurnal thermal forcing. This simple analytical model
for the diurnal cycle of the LLJ is described in section 2.
In section 3, we present solutions for three problems: the
Holton mechanism (diurnal pressure gradient, time-
independent friction coefficient), the Blackadar mecha-
nism (time-independent pressure gradient, diurnally
varying friction coefficient), and their combination. We
also examine the sensitivity of the amplitude and phase of
the LLJ oscillation to different parameters in our model.
In section 4, we compare the results from our model to an
analysis of the LLJ from the North American Regional
Reanalysis (NARR) (Mesinger et al. 2006) and in par-
ticular discuss the meridional variation of the LLJ over
the Great Plains.

2. Description of a simple analytical linear model
a. Equations of motion

We consider the one-dimensional linear equations of
motion for frictional flow on an f plane:

du 10P
E—fv— —;a—au, (21)
J
jl[’ + fu = —av, (2.2)
1P — .
-~ —=F+ .
o dx F + F coswt, (2.3)

where (u, v) are the wind components in the (x, y)
directions, respectively; «(¢) is the diurnally varying
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frictional coefficient; P is the pressure; p is the density of
air; f is the Coriolis parameter; and w is the diurnal
frequency (=2 day ). Following Haurwitz (1947) and
Schmidt (1947) in their classic studies of the sea breeze,
the frictional force (per unit mass) has been simplified to
(—au, —av). The pressure gradient force (per unit mass)
in the x direction is composed of a mean (F) and a di-
urnally varying (F coswt) contribution. The diurnally
varying part of the pressure gradient is associated with
the diurnally varying east-west temperature difference
over the sloping terrain of the Great Plains; the pressure
gradient in the y direction is neglected in the present
study (as in P10). A recent paper by Pu and Dickinson
(2014) includes this effect and is briefly discussed in the
summary.

b. Nondimensional equations

It is convenient to nondimensionalize variables as

w
U:ﬁ+if1, (ﬁ,fl):(u,ll) —_— = |
|[F| + |F|

b:g7 a:i, T:wl"

w w
_ F . F
& == ~—, &= = .

|F| +[F]| [F[+[F|

With these definitions and (2.3), (2.1) and (2.2) reduce to
the single complex nondimensional equation
du

—+ (b +ia)U = (g + &cosr,0).

= (2.4)

The physical meaning of the above-mentioned non-
dimensional parameters in (2.4) is given in Table 1.

Considering the significant difference of eddy viscos-
ity between daytime and nighttime, we set

b b, for nr=r=(n+1)7w

B b, for (n+l)m=7= (n+2)w’
n=0,2,4,6, ...,

where 7 = (n + 1)7r is considered to be sunset (1800 LST)

when the diurnal pressure gradient force (£ cost) reaches
its (negative) minimum value.?

c¢. Analytical solutions

The periodic solutions to (2.4) are similarly divided into
daytime and nighttime intervals,

2 Sunset in summer is at about 2000 LST. However, 1800 LST is
reasonable for the (negative) minimum pressure gradient force.
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TABLE 1. Nondimensional parameters for the linear model.

Control

parameter Description

i Nondimensional wind component in x direction
uol(|F| + |F))

v Nondimensional wind component in y direction
vol(|F| + |F])

Nondimensional time wt

Ratio of inertial to diurnal frequency f/w

Ratio of friction coefficient to diurnal frequency a/w

Nondimensional mean east—west pressure
gradient F/(|F| + |F])

Nondimensional amplitude of diurnal
east-west pressure gradient F/(|F| + |F|)

o TR 2

>

U, for nr=r=(n+ 1w
U=
U, for n+)m=r=(n +2)7’
n=20,2,4,6, ....
Continuity of the velocity at sunrise and sunset re-
quires that

U,(nm) = U,(nm + 2m) (2.5)
and
U,(nm+ )= U,(nm + 7); (2.6)
the solution of (2.4) is
U2 = Urorced, , T Ukree,,» 2.7)
where
Uromea, (D =5~
.\ & o7 . o i
2|by,+ila+1) by, +i(a—1)
(2.8)

and

UFreeL2 ()= Clei(leria)(TinTr), C2e*(bz+ia)(7'*n7777r).

(2.9)
Applying the conditions (2.5) and (2.6), we have

U,

Forced (mr) + Cl = UF [(I’l + 2)77] + Czei(bzﬂ‘“)ﬂ'

(2.10)

orced,
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and
Ukorced, [(n+ 1)a] + CpeCrFiam
= Uporeeg, [(n + D7) + G, (2.11)

Using (2.8) and solving for the unknown constants
gives

F[l _ e%bzﬂ'a)q-r] + E[l + e‘(bz‘*’l’a)ﬂ]

Cl - 1 — e (bytb,+2ia)ymw (2.12)
and
_ _F[l - e*(leria)qT] + E[l + €1b1+ia)7r]
C2 - 1 - e_(b1+b2+2i(l)7T ’ (213)
where
~ & 1 1
E=- +
2 L’zﬂ(aﬂ) b, +i(a—1)
1 1
- - 2.14
by +i(a+1) b1+i(a—1)} (2.14)
and
E=s - : 2.15
8(b2+ia b1+ia> (2.15)
The solution is therefore
U (7) = Upgreeq, (7) + e 000m (2.16)
and
Uy(7) = Upgpegq, (7) + Ce 2007 n7-m) 217

with the definitions (2.8), (2.12), and (2.13).

3. Discussion of the analytical solution

The analytical solution of the present simple model is
used to discuss three problems: the Holton mechanism
(diurnal pressure gradient, time-independent friction co-
efficient), the Blackadar mechanism (time-independent
pressure gradient, diurnally varying friction coefficient),
and their combination.

a. Problem 1: The Holton mechanism

Since Holton (1967) described the nature of the LLJ
as a response to the diurnal heating and cooling of
sloping terrain with constant viscosity in time, we set
by = by = by in (2.16) and (2.17) for this problem. The
solutions (2.16) and (2.17) reduce to
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FIG. 1. The diurnal variations of v with different b, values for
the Holton mechanism. The setting of the parameters is F =
—58x107*ms 2, F =~ 1.7X10*ms 2, and a =flw=1.15 (lat-
itude 35°N).

= elT e —IT

+ f
by tiat1) bytia—1)

é
U(T)_b +ia E

nr=71=(n+2)w.

(3.1)

The solution here is a combination of steady Ekman
balance (first term on the rhs) plus the time variation
forced at the diurnal frequency; that is, there are no in-
ertial oscillations. By the definitions given above, we have

b3 +1
b2 + az (a2 + b2 —1)> + TR
0 0
where ¢ = tan"'[(—a® + b§ + 1)/by(a* + b§ + 1)]
and
B ca ea .
R L sin(t + ),
bota @+ 03— 1) + 403
(3.3)

where i = tan"'[(a® + b3 — 1)/2by].

Based on the time-mean geostrophic wind v, ~ 7ms
and the amplitude of the diurnally varying geostrophic
wind v, ~ 2ms~ ! at a latitude of approximately 35°N
(Fig. 3b of P10), we estimate F = —7ms™!X
(83%x1079s71) = —58x10*ms2 and similarly F =
1.7x107*ms™2 (8 = —"/s, & = ¥9) to obtain dimensional
velocities and consider the case a = f/w = 1.15. Figure 1
shows the diurnal variations of v with different friction

-1
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coefficients by from the analytical solution [(3.3)].
Inspection of the phase function i(a, by) in (3.3) in-
dicates that the maximum v (vpyax) Occurs at sunset for
either very small or very large friction coefficients; how-
ever, at intermediate values of by, it can be shown that
Umax Occurs much later. The latest time can be found by
setting dy/aby = 0, which gives by = Va> — 1 ~ 0.6 for the
case illustrated in Fig. 1. Hence, the latest time for the jet-
speed maximum (~2300 LST) is earlier than the ob-
served maximum (~0100 LST; P10; J07). This result of
our simple model is consistent with the statement in
Holton (1967) that the phase of the observed oscillation
lags the phase of that from his model by 2 or 3h. The
present 1D model derives from original studies of the sea
breeze by Haurwitz (1947) and Schmidt (1947). In those
studies the along-coast flow is found to be at its maximum
(in midlatitudes) when the imposed diurnally varying
cross-coast pressure gradient force is at its (negative)
minimum (at sunset); friction was found to postpone the
maximum until after sunset, consistent with the present
results.

b. Problem 2: The Blackadar mechanism

Blackadar (1957) proposed that nocturnal super-
geostrophic winds are due to an inertial oscillation in-
duced by the reduction in eddy viscosity at sunset without
considering the diurnal thermal effect. To represent this
mechanism, we set £ =0 in (2.16) and (2.17) for the
Blackadar problem. The solutions (2.16) and (2.17)
reduce to

1 1 1
=% + —
Uim) =2 [bl +ia (b2 +ia b+ ia>
1-— e—(b2+iu)77
1-— e—(bl+b2+2ia)77

o (b, +ia)(’r—n7r):| for

nr=r=(n+1)mw

34

and

1 1 .
Uy(r) =% - )
() S[bzm <bz+ia ”1”“)
Mﬂbﬁia)[ﬂnﬂw for
1 — ¢ (b, +by+2iaym
1+ Dr =7 =G+ .
(3.5)

The solution here is composed of the steady Ekman
solution (first terms on the rhs) plus the inertial oscillation
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approximation
a=1.0

a=1.15
a=1.29
a=1.41
a=1.53

v(ms™

—

%8 10 12 14 16 18 20 22 0 2 4
Sunrise Noon Sunset Midnight
LST
FIG. 2. The diurnal variations of v at different latitudes for the
Blackadar mechanism. The setting of the parameters is F =
—-5.8%X10"*ms™2,b; = 1.6, and b, = 0.2. The thick black curve for
40°N shows the approximation (3.7) for the nighttime.

o

Sunrise

and frictional damping as a result of the transitions from
daytime to nighttime Ekman solutions.

Based on the magnitude of the vertical diffusion co-
efficient (K ~1m?s™! at nighttime and K ~120m?s ™!
during the daytime from Fig. 7 of J07), we set b; =
alw = (K#*9z%)w = (KI8%)/w = [(120m?s~1)/(1 km)?]/
(726 X 10557 1)~ 1.6 and b, = [(1 m*s~1)/(0.25km)?]/
(7.26 X 1072 s™1) ~ 0.2, where the boundary layer height
scale 6 is 1 km during the daytime and 0.25 km at night.

For by~O(1), the ratio [1—e (P @7]/[1— e CrbP2iam| ~
and therefore (3.5) can be simplified to

b
iy =% [b% —Eaz +Dsin(ar’+ 6) (3.6)
and
= [—ﬁ +D cos(at’ + 0)} , 3.7)

where D = (by — by)e 7/, /(b3 + a?)(b5 + a?), 6 =
tan_l[(az —biby)la(by + by)],and 7 =7 — (n + 1)
Inspection of (3.6) and (3.7) reveals several important
features of the solution. First, the amplitude of the inertial
oscillation D is proportional to the day—night difference in
friction coefficients (b; — by) and inversely proportional
to the latitude parameter a. Second, the period of the
oscillation is inversely proportional to a. Figure 2 shows
v(t; a) from (3.4) and (3.5); inspection of the solution in the
sunset-to-sunrise interval shows that the solution is char-
acterized by an inertial oscillation of decreasing period
and amplitude with increasing latitude as expected from
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FIG. 3. The diurnal variations of v with different b, values at 35°N
for the Blackadar mechanism. The setting of the parameters is F 2
—58%10"*ms™2, a = flw = 1.15 (latitude 35°N), and b, =0.2.

(3.7). The approximated 40°N curve (3.7) in Fig. 2 (thick
black line) shows that the approximation leading to (3.7)
is excellent. The approximation (3.7) is similarly good at
the other latitudes (not shown).

Figure 3 shows that the timing and amplitude of v, is
sensitive to the daytime friction coefficient by (for fixed
b,), whereas Fig. 4 shows that it is primarily the ampli-
tude of vy that is sensitive to nighttime friction coeffi-
cient b,. Considering the limiting case over the Great Plains
in which by <« b1 ~a~ O(1), (3.7) further reduces to

-

\/b? + a?
6 = tan™! (i) .
bl

Equation (3.8) indicates that the maximum amplitude of
the southerly flow and its latest time occur for the largest
b1, consistent with Fig. 3. It also shows that the amplitude
of the nighttime peak wind is exponentially damped by b,
without changing its timing, consistent with Fig. 4.

The original Blackadar model (and its descendants)
considers an initial-value problem, with the initial (sun-
set) ageostrophic velocity given, the geostrophic velocity
fixed in time, and no frictional effects. The frictional ef-
fects are assumed to have taken place in the daytime and
acted to produce a large ageostrophic imbalance that,
upon the reduction of the frictional effects at sunset, is free
to evolve. In diurnally periodic solutions, such as those
presented here, the ageostrophic velocity at sunset is part
of the solution; the geostrophic velocity and friction co-
efficients (b, by) are given. In the present Blackadar case
(b1 > by), the geostrophic wind is constant; however, the

(7))~ — e 7 cos(ar’ +6)|;

Q| o

(3.8)
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FIG. 4. The diurnal variations of v with different b, values at 35°N
for the Blackadar mechanism. The setting of the parameters is F 22
—5.8x10"*ms 2, a = flo =1.15 (latitude 35°N), and b; = 1.6.

change in friction coefficient between day and night gives
different daytime and nighttime Ekman solutions; the
difference between these Ekman solutions, embodied in
(2.15), sets the ageostrophic wind at sunset.

To illustrate the latter point, Fig. 3 shows that from
approximately noon to sunset, the solution is nearly steady
for alarge by, as can be seen by the exponential-decay term
that multiplies the oscillatory part of the daytime solution
[(3.4)]. This interval of a nearly steady solution is consis-
tent with the study by Shapiro and Fedorovich (2010) in
which the initial velocities for the nighttime solution are
taken from assumed steady-state daytime values.

c¢. Problem 3: Combination of the Holton
and Blackadar mechanisms

In this problem, we consider both the Blackadar and
Holton mechanisms together [(2.16) and (2.17)]. Figure 5
shows that vy, occurs around 0100 LST, which is be-
tween the time obtained in the pure Holton mechanism
(~2200 LST) and the time obtained in the pure Black-
adar mechanism (~0300 LST); furthermore, the mag-
nitude of v,y is larger in the combined case (and closer
to observed values; see below) than in either one in-
dividually. With diurnally varying viscosity and diurnal
thermal forcing, both the phase and magnitude of the
LLJ are more similar to the LLJ from previous studies
(e.g., JO7; P10) or NARR data (Fig. 7) than with either
mechanism in isolation.

4. Latitudinal variation of the LLJ

The long-term (1979-2001) summertime (June—
August) NARR with high spatial (32-km horizontal grid,
45 layers) and temporal (3 hourly) resolution (Mesinger
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FIG. 5. Comparison of the diurnal variations of v among the
Holton mechanism (green), the Blackadar mechanism (blue), and
their combination (red). The setting of the parameters is F 2
-58%x1074ms™2, F =~ 1.7x10%ms 2, a=flo=1.15 (latitude
35°N), by =0.9, by =1.6, and b, =0.2.

et al. 2006) is used to analyze the climatological charac-
teristics of the LLJ, including the latitudinal variation of
its diurnal phase and amplitude. This dataset has been
used in other similar studies (Pu and Dickinson 2014; J07)
and has a longer period of record than any other analysis
(e.g., the Rapid Update Cycle analysis). JO7 found that

120°W 105°W
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925hPa was a good level for the NARR LLJ maximum
(see Figs. 1b and 4a of J07). As shown in Fig. 6, a strong
southerly wind at 925hPa is located over the Great
Plains. In the present study, we focus on the region 30°—
40°N, 95°-100°W, shown by the box in Fig. 6. Figure 7
shows the latitudinal variation of the diurnal phase and
amplitude for the meridional wind v in the analysis box.
The southerly jet maximum vpax occurs around 0200
LST from 30°N to 40°N and its maximum amplitude is
located at about 34°N, which is also consistent with the
AGCM from the study of JO7.

Next, we use our simple model to account for this
observed amplitude and phase of the LLJ as a function
of latitude.

First, we consider simple situations in which F and F are
constant with latitude (F = —5.8x10™*ms™2 and F =
1.7 x10"*ms™2). For the Blackadar solution, the time
phase of the vy (solid blue line in Fig. 8) exhibits a sig-
nificant latitudinal shift; vy Occurs earlier at higher lat-
itudes [because of the shorter inertial period (27/f) as
mentioned in section 3b]. Figure 9 (solid blue line) shows
that vy, decreases with latitude. These features are
generally consistent with Fig. 8c in JO7. For the Holton
solution, there is a weak temporal shift with a latitude of
approximately 1h in the time of vy, (solid black line in
Fig. 8) compared to a corresponding approximately 2.5-h
shift for the Blackadar solution, whereas the magnitude of

45°N

40°N

35°N

30°N

25°N

20°N

40°N

35°N

30°N

25°N

20°N

9 8 7 6 5 4 -3 -2 -1

12 3 4 5 6 7 8 9

FIG. 6. Horizontal distribution of the averaged 925-hPa wind vectors and the meridional wind
speed (shaded; ms™') from NARR during the summer (June-August) during 1979-2011. The
blue rectangular box indicates the LLJ analysis box.
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14

17 20 2 02 5 08
Sunset M?dnight OSunrise

LST
FI1G. 7. Latitudinal variation of the diurnal variation of v at the

925-hPalevel (shaded; ms ') (averaged along the x direction of the
blue box in Fig. 6).

1
Noon

Umax (solid black line in Fig. 9) does not change with lat-
itude. Note, however, that vy, decreases with latitude in
the modeling of JO7 (their Fig. 8b). In the combined so-
lution (solid red line in Figs. 8 and 9), the time of v,y still
exhibits a latitudinal shift and the magnitude decreases
with latitude, which is not consistent with the NARR data
(Fig. 7) and the results from JO7.

To correctly reproduce the phase and qualitative
changes of amplitude of the LLJ as a function of lati-
tude, next we take into account the variation of F and F
with latitude. Figure 10 shows the latitudinal variation of
the daily-mean pressure gradient force (gdZ,/dx, where
Z, is geopotential height) and the difference between
the maximum and minimum pressure gradient forces in
a day [(80Z,/0x) . — (80Z4/0x) 1in] at the 925-hPa level
averaged along the x axis of the blue box in Fig. 6 from
the NARR data. As shown in Fig. 10, the NARR data
during the summer season suggest that F increases with
latitude from 30° to 37°N and slightly decreases from 37°
to 40°N, whereas F decreases with latitude from 30° to
40°N. According to these variations, we let F and F vary
with latitude in our model and obtain modified results in
the Holton, Blackadar, and combined problems. For the
Holton solution, v,y (dashed black line in Fig. 9) is
essentially constant from 30° to 34°N and then decreases
from 34° to 40°N because of decreasing F, which is
consistent with Fig. 8b of JO7.

For the Holton or the Blackadar solutions considered
individually, the latitudinal dependence of the time of
Umax (dashed black and blue lines in Fig. 8) is independent
of the latitudinal variation of F and F , because each so-
lution has a distinct frequency (diurnal in Holton, Coriolis
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F1G. 8. Latitudinal variations of the time of vyax (averaged along
the x direction of the blue box in Fig. 6) for the Blackadar mecha-
nism (blue), the Holton mechanism (black), and their combination
(red). Solid and dashed lines indicate constant and latitudinally
varying F, respectively. Note that black and blue dashed lines are
covered by the black and blue solid lines, respectively.

in Blackadar). However, in combination, the latitudinal
dependence of the time of vy, (dashed red line in Fig. 8)
changes and in fact is weaker (the maximum occurs at
around 0200 LST) and vpax (dashed red line in Fig. 9)
peaks near 34°N in the combined solution because of the
coexistence of both diurnal and inertial time variations in
(2.16) and (2.17). The features of the combined solution,
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FIG. 9. Latitudinal variations of vp,, (averaged along the x di-
rection of the blue box in Fig. 6) for the Blackadar mechanism
(blue), the Holton mechanism (black), and their combination (red).
Solid and dashed lines indicate constant and latitudinally varying F,
respectively.



3682

40N

\
30N | \ —summer F__ ]
\ summer F__ -F _
38N '\ max min o4
KU S P winter F
- mean
37N 1 ) il
. winter F -F _
\ max  min

36N ' -

(]
o \
2 35N| \ 4
© 3
— aant 3 1
v
33N 1 -
!
32N \ =
‘,
3INF i b
\
30N ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 1 2 3 4 5 6
: - -4
Pressure gradient force (m s 1) x10

F1G. 10. Latitudinal variations of the mean pressure gradient force
(blue; ms~?) and the difference between the maximum and mini-
mum pressure gradient forces in a day (green; ms ) from the
NARR data (averaged along the x direction of the blue box in Fig. 6)
during the summer (solid) and winter (dashed) seasons.

given by the dashed red lines in Figs. 8 and 9, are consis-
tent with the NARR data (Fig. 7) and the results from JO7.

The corresponding values of (F, F) for the winter
season (December—February) are shown in Fig. 10 to be
much weaker than the summer values; therefore, the
present model, which has the weaker dimensional veloc-
ities (1, v) = (i1, V)[(|F| + |F|)/w], is consistent with the
observation that the southerly LLJ is most pronounced
during the summer season (Whiteman et al. 1997; Mitchell
et al. 1995; Song et al. 2005).

The present simple model suggests that the LLJ over
the Great Plains has a diurnal variation with a maximum
(v~10ms~!) around 0100 LST and is the result of the
combination of the Holton mechanism (v~35ms™!,
2200 LST) and the Blackadar mechanism (v~8ms™!,
0300 LST). The Blackadar mechanism results in the lat-
itudinal shift of the time of wpa, but the combined
mechanism with varying F and F counteracts the degree
of shift. The Blackadar mechanism also leads to a larger
amplitude of the LLJ at lower latitudes, but varying F and
F with latitude as observed gives a maximum amplitude
near 34°N. Therefore, the observed amplitude and phase
of the LLJ as a function of latitude can be reproduced in
our simple model in which both Blackadar and Holton
mechanisms are introduced with latitudinally varying F
and F.

S. Summary

The inertial-oscillation theory proposed by Blackadar
(1957) and diurnal heating over the sloping terrain
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proposed by Holton (1967) are the two main theories for
the LLJ over the Great Plains. To understand more
precisely the role of each mechanism in the diurnally
varying LLJ and its dependence on latitude, boundary
layer friction, and the mean and diurnal pressure gradi-
ents, a simple analytical one-dimensional linear model is
developed including both diurnal thermal forcing over
sloping terrain and a diurnally varying friction coefficient.

Considering the significant difference of boundary
layer friction between daytime and nighttime, the peri-
odic solutions are similarly divided into daytime and
nighttime intervals with conditions on the continuity of
the velocity at the transitions: U;(7) is the daytime so-
lution with large friction coefficient by and U,(7) is the
nighttime solution with small friction coefficient b,.
With the analytical solutions of the present model, three
problems are discussed.

1) The Holton mechanism (diurnal thermal forcing,
time-independent friction coefficient): with increas-
ing friction the jet speed maximum vy, decreases
and shifts in time to between 1800 and 2300 LST,
which is earlier than the observed maximum.

2) The Blackadar mechanism (constant thermal forc-
ing, diurnally varying friction coefficient): vyax OC-
curs earlier at high latitudes than at low latitudes
because of the shorter inertial period. The magnitude
and timing of vy, are sensitive to the daytime friction
coefficient, whereas primarily its magnitude is sensi-
tive to the nighttime friction coefficient.

3) The combined mechanisms (diurnal thermal forcing,
diurnally varying friction coefficient): vy, occurs
(~0100 LST) between the time obtained in the pure
Holton mechanism (~2200 LST) and the time ob-
tained in the pure Blackadar mechanism (~0300 LST);
furthermore, its magnitude is larger than in either
one individually and closer to the observed values.

The amplitude and phase of the LLJ as a function of
latitude can be reproduced in the present model with
latitudinally varying F and F. The maximum diurnal
amplitude of the LLJ occurs around 34°N and is mainly
due to the variation of F and F with latitude. The
Blackadar mechanism leads to the latitudinal shift of the
time of vy, but the combination of the two mecha-
nisms with varying F and F counteracts the degree of
shift.

Blackadar (1957) suggested in his paper that the height
of the maximum LLJ winds would be expected to rise
overnight toward sunrise as the height of the nocturnal
inversion rises. A 2-yr study (Mitchell et al. 1995) using
wind profiler observations confirmed this (about 100—
200-m height variations of the jet location). As our model
is 1D, it cannot have this effect.
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This simple analytical model is applied to explain
the LLJ over the Great Plains in this study. In the
future, features of LLJs over other regions of the
world will be studied with this model. Du et al.
(2012), using a wind profiler radar, found that the
low-level jet in Shanghai (near the eastern coast of
China) exhibits pronounced diurnal variations in the
boundary layer. It is noted that the diurnal thermal
contrast of coastal regions is similar to sloping ter-
rain, so it will be interesting to study coastal jets with
the present model. Furthermore, Pu and Dickinson
(2014), using a two-dimensional (x-y), one-layer
linear model, showed that diurnal oscillation of the
LLJ over the Great Plains contributes to the diurnal
phasing of the vertical motions (and thus to precip-
itation). Du et al. (2014), in an analysis using the Weather
Research and Forecasting (WRF) Model to simulate the
warm-season climatology of the LLJ in China, also sug-
gested that the eastward propagation of precipitation east
of the Tibetan Plateau (TP) is closely related to the di-
urnal variation of the LLJs. It will be of interest to see
whether the simplified models proposed here and in Pu
and Dickinson (2014) can describe the LLJ and its re-
lation to the diurnal precipitation features in other geo-
graphical contexts.
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