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The Problem

• We want to find the state 𝑥 	that minimizes the difference 
between the background and observations

𝑱 𝑥 = !
" 𝑥 − 𝑥#

$𝑩%𝟏 𝑥 − 𝑥# + !
" ℎ(𝑥) − 𝑦

$𝑹%𝟏 ℎ(𝑥) − 𝑦
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Incremental form

• It is common to rewrite the cost function in the incremental 
form, where 𝛿𝑥 = 𝑥 − 𝑥' and 𝛿𝑥' = 𝑥# − 𝑥'

𝑱 𝛿𝑥 = 𝟏
𝟐 𝛿𝑥 − 𝛿𝑥𝒈

𝑻𝑩%𝟏 𝛿𝑥 − 𝛿𝑥𝒈 + 𝟏
𝟐 𝑯𝛿𝑥 − 𝑑

𝑻𝑹%𝟏 𝑯𝛿𝑥 − 𝑑

𝑑 = 𝑦 − ℎ(𝑥!)

• Start from 𝑥! = 𝑥" and 𝛿𝑥' = 0
• 𝑥+ = 𝑥' + 𝛿𝑥
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Liu et al. (2022)
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The 𝑩 matrix 

𝑱 𝑥 = !
" 𝑥 − 𝑥#

$𝑩%𝟏 𝑥 − 𝑥# + !
" ℎ(𝑥) − 𝑦,

$𝑹%𝟏 ℎ(𝑥) − 𝑦,

• In the pure ensemble form, B is entirely determined from an 
ensemble of forecasts

𝑩 = 𝛽-𝑩𝒔 + 𝛽/𝑳 ∘ 𝑩𝒆
𝛽- + 𝛽/ = 1
𝑩 = 𝑳 ∘ 𝑩𝒆
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The ensemble 𝑩 matrix 

• In the pure ensemble form, B is entirely determined from an 
ensemble of forecasts

𝑩 = 𝑩𝒆 =
1

𝑛 − 1
6
12!

3

(𝑥1 − 𝑥̅)(𝑥1 − 𝑥̅)$

𝑩 = 𝑩𝒆 =
1

𝑛 − 1
6
12!

3

(𝛿𝑥1)(𝛿𝑥1)$
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Benefits of using an ensemble to estimate 𝑩

• Simple to implement, analogous to the EnKF

• Incorporates ensemble estimate of background errors within the 
variational update
• Still updates a deterministic forecast

• Provides a flow-dependent estimate of the errors and 
uncertainties
• Depends on the quality of the ensemble
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Single observation 
tests

Ensemble 𝑩:
- Errors of the day are sampled
- flow-dependent update
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Ensemble B

Increments of temperature (shaded) 
and horizontal winds (vector)

-0.5 0.50

Static B



Localization of the 𝑩 matix

Because we do not have a 
complete estimate of 𝑩 
(e.g., limited ensemble size) 
we need to use localization

Basic idea: observations 
should only influence an 
area nearby the observation

𝑩 = 𝑳 ∘ 𝑩𝒆
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Small localization



Localization of the 𝑩 matix

Because we do not have a 
complete estimate of 𝑩 
(e.g., limited ensemble size) 
we need to use localization

Basic idea: observations 
should only influence an 
area nearby the observation

𝑩 = 𝑳 ∘ 𝑩𝒆
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large localization
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3DEnVar

𝑱 𝑥 = !
" 𝑥 − 𝑥#

$𝑩%𝟏 𝑥 − 𝑥# + !
" ℎ(𝑥) − 𝑦

$𝑹%𝟏 ℎ(𝑥) − 𝑦

• We assume that all observations 𝒚𝒐 are valid at the center of the window 
(i.e. at the same time as 𝒙 and 𝒙𝒃)
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3DEnVar
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Background

0ℎ +3ℎ– 3ℎ

observations

• All observations in 3DEnVar are assumed to be valid at the same time as the background
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JEDI uses .yaml files to control settings for DA 
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Caution with YAML Files

Warning: .yaml files are sensitive to formatting. When modifying 
chunks of code in the .yaml files make sure to preserve the 
formatting (indentation). All indentation must be spaces.
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Defining variables to access throughout .yaml
_member config: &memberConfig
date: &analysisdate '2018-04-15T00:00:00Z'

  state variables: &incvars
  - temperature
  - spechum
  - uReconstructZonal
  - uReconstructMeridional
  - surface_pressure
  stream name: ensemble
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Specifying the output in YAML
output:
  filename: ./an.$Y-$M-$D_$h.$m.$s.nc
  stream name: analysis

9/20/23 19



YAML settings in JEDI for 3DEnVar
cost function:
cost type: 3D-Var

  window begin: '2018-04-14T21:00:00Z'
window length: PT6H

  geometry:
    nml_file: ./namelist.atmosphere_240km
    streams_file: ./streams.atmosphere_240km
    deallocate non-da fields: true
  analysis variables: *incvars
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Specifying Background for 3DEnVar
cost function:
  …
  background:
    state variables: [temperature, spechum, uReconstructZonal, uReconstructMeridional,
                                  surface_pressure, theta, rho, u, qv, pressure, landmask, xice, snowc, 
                                  skintemp, ivgtyp, isltyp, snowh, vegfra, u10, v10, lai, smois, tslb,                 
                                  pressure_p]

filename: "./bg.2018-04-15_00.00.00.nc"
    date: &analysisdate 
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YAML settings in JEDI for 3DEnVar
cost function:
  …

  background error:
covariance model: ensemble

    localization:
      localization method: SABER
      saber central block:
        saber block name: BUMP_NICAS
        active variables: *incvars
         read:
           io:
             files prefix: ./BUMP_files
           drivers:
             multivariate strategy: duplicated
             read local nicas: true
           model:
             level for 2d variables: last
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Specifying Ensemble for 3DEnVar 𝑩 
cost function:
  …

  background error:
  …  

    members:
    - filename: ../ensemble/2018041418/01/mpasout.2018-04-15_00.00.00.nc
      <<: *memberConfig
    - filename: ../ ensemble/2018041418/02/mpasout.2018-04-15_00.00.00.nc
      <<: *memberConfig
    - filename: ../ ensemble/2018041418/03/mpasout.2018-04-15_00.00.00.nc
      <<: *memberConfig
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An alternative way to specify the 𝑩 ensemble 
cost function:
  …

  background error:
  …  

    members from template:
      template:
        <<: *memberConfig
        filename: ../ensemble/2018041418/%iMember%/mpasout.2018-04-
15_00.00.00.nc
        pattern: %iMember%
        start: 1
        zero padding: 2
        nmembers: 20 
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4DEnVar

𝑱 𝒙 = 𝟏
𝟐 𝒙 − 𝒙𝒃

𝑻𝑩%𝟏 𝒙 − 𝒙𝒃 + 𝟏
𝟐'
𝒌'𝟏

𝑲

𝑯𝒙𝒌 − 𝒚𝒌 𝑻𝑹𝒌%𝟏 𝑯𝒙𝒌 − 𝒚𝒌

• We bin the observations 𝒚𝒐 into smaller subwindows and compute the innovation 
(𝑯𝒙 − 𝒚𝒐) at the center of each subwindow

• Ensemble needed at 𝑲 times to calculate innovation at appropriate time

• The ensemble covariance (𝑩) is then used to propagate the innovation across the 
subwindows
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4DEnVar
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Background

0ℎ +3ℎ– 3ℎ

observations

• All observations in 4DEnVar are are binned within a subwindow and innovations are calculated 
relative to background valid at that time

Background Background

– 1.5ℎ +1.5ℎ



4DEnVar can evolve increment through window
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Start of window

end of window

Lorenc et al. (2015)

Static B Ensemble B



4DEnVar vs 3DEnVar Performance
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• Assimilating observations at their appropriate time improves the analyses
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YAML settings in JEDI for 4DEnVar
cost function:
cost type: 4D-Ens-Var

  window begin: '2018-04-14T21:00:00Z'
  window length: PT6H
subwindow: PT3H
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Background needed for each subwindow
background:
    states:
    - state variables: &stvars
                                  [temperature, spechum, uReconstructZonal, uReconstructMeridional, surface_pressure,
                                   theta, rho, u, qv, pressure, landmask, xice, snowc, skintemp, ivgtyp, isltyp,
                                   snowh, vegfra, u10, v10, lai, smois, tslb, pressure_p]

filename: "./bg.2018-04-14_21.00.00.nc"
      date: '2018-04-14T21:00:00Z’
    - state variables: *stvars

filename: "./bg.2018-04-15_00.00.00.nc"
      date: '2018-04-15T00:00:00Z’
    - state variables: *stvars

filename: "./bg.2018-04-15_03.00.00.nc"
      date: '2018-04-15T03:00:00Z'

9/20/23 32



Member file needed for each subwindow
members from template:
      template:
        states:
        - state variable: *incvars
           date: 2018-04-14T21:00:00Z
           filename: ../ensemble/2018041418/%iMember%/mpasout.2018-04-14_21.00.00.nc
        - state variable: *incvars
           date: 2018-04-15T00:00:00Z
           filename: ../ensemble/2018041418/%iMember%/mpasout.2018-04-15_00.00.00.nc
        - state variable: *incvars
           date: 2018-04-15T03:00:00Z
           filename: ../ensemble/2018041418/%iMember%/mpasout.2018-04-15_03.00.00.nc
      …
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