
Quuctrt. J. K. Mrt .  SOC. (197U), 96, pp. 715-721 

Flux-gradient relationships in the constant flux layer 
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SLMMARY 

An analysis is made of the Monin-Obukhov function @.*I in the familiar wind profile equation, using 
data from two recent expeditions to Gurley (New South Wales) and Hay (New South Wales). In one, the 
friction velocity u1 is determined directly by the eddy correlation method, and in the other, conducted during 
mid-winter when small heat-fluxes were experienced, by the use of a friction coefficient applied to a low-!eve1 
wind. 

By collating with a similar earlier analysis for heat and water vapour transfer, the variations of @.u, 
and @w with stability are presented in tabular torm in the z / L  range -- 0.01 to - 1.0. Within this range thc 
empirical relationships @JI = (1 - 16 z/L)- i  and @H,  IV - ( 1  - 16 z/L)-f, and the implied equality between 
Ri and z /L ,  are found to approximate the data to within a few per- cent. 

1. INTRODUCTION 

For some time the relationship between fluxes and gradients in the constant-flux 
layer under various degrees of instability has been the subject of much enquiry. Following 
a series of micro-meteorological expeditions (Swinbank and Dyer 1967), the flux-gradient 
relationships for heat and water vapour, expressed in the form of the Monin-Obukhov 
universal functions @H and @w as a function of - z / L ,  were satisfactorily specified 
(Dyer 1967). @H was found to be equal to Ow, implying that KH Kw over a wide 
range of - z,/L 

The corresponding discussion for momentum, in terms of @.\I, was not presented at 
that time because of uncertainty regarding the correct values for the friction velocity t i x ,  

which enters the momentum analysis in a more crucial way. This difficulty arose because, 
unlike the fluxes of sensible heat and water vapour, the eddy-flux of momentum was not 
measured directly but had to be inferred from a low-level wind by the use of a friction 
coefficient C,. 

In the absence of a significant body of neutral runs, some uncertainty attaches to such 
estimates of Cf ,  since the extrapolation from the non-neutral case frequently involves a 
knowledge of the wind-profile form itself. Furthermore, the possible variation of C, with 
stability becomes an important question. C, may also vary with wind-speed through a 
Reynolds Number effect discussed by Deacon (1957). 

The purpose of this paper is to present an analysis for @M based on new data, in 
which these difficulties are very largely overcome. Material from two expeditions is 
used. 

One set of data is taken from the micro-meteorological component of Project Wangara 
(Clarke, private communication), an experiment conducted at Hay (New South Wales) 
during July and August, 1967, aimed at investigating the transfer of momentum through 
the first 1 to 2 kilometres of the atmosphere. Here, the uI( values were again determined 
by the friction coefficient method but, this being a mid-winter expedition, large heat- 
fluxes were not encountered. In addition a total of 43 neutral runs were obtained, thus 
enabling Cf to be well determined, including the evaluation of a slight variation of C, with 
w ind-speed . 

The second experiment was conducted at Gurley (New South Wales) during March 
1070. In this case tiI( values were obtained from direct measurements of the momentum 
flux by the eddy-correlation technique. 
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2 .  SITES AND INSTRUMENTATION 

The site at Hay (New South Wales) used for Project Wangara was similar to other sites 
used in this area and described previously (Swinbank and Dyer 1967). 

The site at Gurley (New South Wales) was a 20,000 acre wheat farm. After the wheat 
is harvested, it is general practice in this area to plough the land, leaving a uniformly 
rough surface of soil and stubble. The experiment was timed to take place immediately 
after the ploughing had been completed. Heavy rain occurred mid-way through the 
expedition (35 mm on the evening of 16 hlarch) causing a dramatic increase in the water 
vapour flux on subsequent days. An uninterrupted fetch of 1 mile of ploughed land was 
available to the north, with much larger fetches to the east and west. T o  the south there 
was a fetch of mile within the ploughed paddock, with flat and treeless terrain for a 
further mile. 

The instrumentation for both expeditions followed the pattern of earlier work (Swin- 
bank and Dyer 1967). All runs were of approximately 30 min duration. Mean wind 
speeds were recorded at heights of 1, 2 ,  4, 8 and I6 metres. An additional anemometer 
was placed some distance from the main mast at a nominal height of 50 cm. Temperature 
differences were measured between 1 and 2 ni height (1 to 2 ni and 2 to 4 m at Wangara). 
Standard measurenients were made of net radiation and ground heat-flux. 

Eddy flux measurements of sensible heat were made at a height of 4 metres, using 
an improved version of the Fluxatron (Hicks 1971). In addition, for the Gurley experi- 
ment, similar measurements were made of the momentum flux, and a few measurements 
of the water-vapour flux using a new type of water-vapour sensor (Hicks and Goodman 
1970). 

Thc complete data for Gurlep is givcn in the Appendix. The Wangara clnta is to be 
published separately. 

3 .  @AI-ANALYSIS 

Values @nr art: calculated for each successive height i n t e n d  from the familiar expression, 

making the assumption that >tt/>z at the geometric mean height is given by the finite 
difference form ( h / A z )  ' ( $ j  In 2). For the two-fold height intervals used, this form is 
exact for a neutral logarithmic profile, and with increasing instability an error in 211 '32 
of less than 0.5 per cent might be expected. The & to 1 metre data are not used in this 
analysis, since the precise height of the 4 metre anemometer relative to the main mast is 
not known. A valire of 0.41 is used for k .  

The Xlonin-Obukhov length L is calculated from the relation 

when the latent heat-flux E is inferred from an energy balance. 
The @nr data thus computed are grouped into convenient ranges of z / L  and plotted 

in Fig. 1 as geometric mean values. For the @.w analysis, 5 2  runs are available from the 
Gurley data, and 44 from Wangara. 

k .  T I I E  ACCURACY 01; H AND U* AIEASUREMENTS 

Before discussing the @.if results i n  detail, it is pertinent to consider the accuracy 
\Lith which H and IL* are determined by the eddy-correlation method. 

In the Fluxatron technique, long time-constant filters are imposed in each channel 
t o  ieniove the mean values as wdl  as long-period eddies which do not contribute to the 
nc,t !lux-transport process. Originally the time-constant of these filters was set, somewhat 



FLUX-GRADIENT RELATIONSHIPS 717 

arbitrarily, at 40 s (Dyer, Hicks and King 1967). Recently, to ensure a satisfactory response 
in light winds, a value of 160 s was selected. It should be noted that 97.5 per cent of the 
flux carried by eddies of 160s period is thereby recorded. O n  the basis of spectral 
measurements by Panofsky and Mares (1968), the low-frequency loss ranges from 1.1 
per cent at 4 m s-l wind speed to 3.4 per cent at 1 m s-'. 

At the high frequency end, the limit is set by the response time of the propeller 
anemometers measuring u and LC, which have a nominal distance constant of about 0.6 m. 
It is estimated, again from Panofsky and Mares (1968), that this would cause a loss of 
.t per cent at all wind-speeds. 

O n  the basis of frequency response, therefore, we might expect the covariaiices w' u' 
and W' T' to be underestimated by 4 to 7 per cent, according to wind speed. 

For those runs where an independent measurement of the water vapour flux is available, 
an overall energy balance ( H  -+- E)I(H -- G),  of 1.00 (standard error O.O4) was obtained. 

5 ,  DISCCSS~ON 
The heavy line of Fig. 1 represents a line of best fit, drawn by eye, to the experimental 

points. The data beyond Iz/LI = 1 have been ignored for two reasons. There has been 
some evidence (Webb 1964) that a new rCgime of turbulence begins at or a little below 
lz,'LI - -  1. There is therefore no reason to expect that the same smooth curve will neces- 
sarily extrapolate into the region beyond : also the scatter of the data in this region is 
too great to establish an independent curve with confidence. 

The  dotted line of Fig. 1 is deduced from the shape function analysis of earlier data 
(Swinbank and Dyer 1967) assuming that, at Iz,/LI 2 0.001, @If - @A! - 1.0. This 
analysis has the feature that it relies solely on profile observations, and thus the accuracy 
of values of H and uI does not affect it. 

It is encouraging that the two quite different approaches agree to within a few per 
cent. Similar agreement was found previously for the corresponding @H and @w analysis 
(Dyer 1967). The earlier determination of @H is included in Fig. 1. 

The  experimental findings for @AI are summarized numerically in Table 1, together 
with the earlier results for @H and @iv. The latter were recalculated using k = 0.41 rather 
than 0.40 as used previously. 

'"t p G u r l c y ,  1970 1 
I I I I I I , , I  I I 8 L d  . 1 1 1  L I L .. I LJ J L 1 1  J 

0001 0 01 01 I I0 
- Z / L  

Figure 1. Geometric mean values of @M as a function of - z/  L for the two experiments. The dottled line 
represents @AJ determined from shape function analysis (Swinbank and Dyer 3967) and the dashed line is the 

earlier determination of @if (Dyer 1967).  
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The data of Table 1 lead to a comparison of Ri with z / L ,  since, from the definitions 

* (3) 
@H 

of the various quantities 
Ri := z / L  . -~ ' @.\,2 * 

It is seen that Ri and z;L are approximately equal, the largest difference being about 
6 per cent at z iL  - - 0-05. This approximate equality has already been foreshadowed in 
comments by Pandolfo (1966), and Businger (1966). The basic implications are not 
immediately obvious, but warrant further careful consideration. 

Included also in Table 1 are the numerical values for the integrated forms # M ,  #H 
and I / ~ I J ,  first suggested by Panofsky (1963), where 

Z I L  

The #-functions are useful in practical applications where finite differences are 
measured. 

0. COMPARISON W I T H  OTHER WORKERS 

It is generally accepted that dimensionless scaling according to z / L  is valid, as demon- 
strated recently by Swinbank (1968) and as implied in the present analysis. This appears 
to provide a satisfactory physical basis of interpretation up to a limit in the region of 

A number of flux-gradient relationships have appeared in the literature. Some are 
entirely empirical, whilst others have some physical content. Frequently, an assumption 
is made regarding the transfer coefficients KH and K,v. It is difficult to decide which have 
the greater merit in physical understanding and it is partly for this reason that a purely 
numerical expression of the experimental findings has been used in this paper. 

A direct comparison between the results of this work and previous experimental or 
theoretical treatments is beset with a number of difficulties. Swinbank (1964, 1968) has 
presented two analyses of earlier data but, as his u+ values were not determined directly, 
such a comparison would be inconclusive. The KEYPS profile (Lumley and Panofsky 
1964) contains K H / K ~ ~  in an unspecified form, leading to a similar uncertainty. 

Businger (1966) has suggested the empirical forms OM = (1 - 16 z/L)--i and 
OH, OW = (1 - 16 z/L)-*. A comparison of these expressions with the numerical values 
of Table 1 reveals departures of a few per cent at various parts of the z j L  range considered. 
In some contexts these differences may be relatively trivial and the above formulae are 
then a convenient expression of the present result. Most workers will be aware of the 
danger of assuming that these formulae have the correct asymptotic form at very high 
instabilities, i.e. beyond the range of the present measurements. The applicability of the 
z / L  framework has already been questioned in this regard. 

; z . q  = 1. 
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A recent profile analysis (Webb 1070) argues that KH,’KM is equal to unity from 
neutral to Ri = - 0.07, but this conclusion is based on his Fig. 9; the present results, 
noting that KH/K.M &/%, would fit his diagram equally well. In our case we find 
that Kig/Knr == 1-12 at z / L  - -- 0.03, with a steady increase up to a value of 2.07 at 
z,‘L - - 1. 

7.  CONCLUDING REMARKS 

W e  have enumerated, with some confidence, the flux-gradient relationships for 
momentum, heat and water vapour transfer in the z / L  range - 0.01 to - 1-0. These results 
should find ready application in many problems in micrometeorological research, since 
atmospheric instability rarely exceeds Iz,’LI - 1 in the first few metres of the atmosphere. 
Certainly the results should lead to more reliably determined fluxes than the use of near- 
neutral approximations. 

The extension to greater instabilities must be approached with some caution. This 
is particularly relevant in the context of numerical forecasting or general circulation 
studies, but lies outside the scope of the present paper. 
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