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Modifications to MPAS Numerics for Deep 
Atmosphere Applications

• Use actual geocentric distance r instead of the Earth radius re
in the governing equations and the grid mesh configuration

• Allow gravity to vary with height,   𝑔 𝑧 = 𝑔!
"!"

"!#$ "

• Include Coriolis force terms involving vertical velocity components

• Include variable atmospheric composition and its coupling to the dynamics

• Include (large) kinematic viscosity and thermal diffusivity terms

• Add appropriate physics and chemistry for the upper atmosphere (solar 
and Joule heating, ion drag, oxygen disassociation, etc.)

• Modify vertical coordinate to permit a constant pressure upper boundary

Above ~ 150 km

r
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Diurnal Heating in the Thermosphere
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at 00Z on 21 January 2000 
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Coordinate Transform for Variable Height Model Top

2. Adaptive coordinate formulation79

In generalizing a height-based vertical coordinate to permit a moving upper boundary, several80

approaches may be considered. For example Wedi and Smolarkiewicz (2003) modified the terrain81

following Gal-Chen transformation (Gal-Chen and Somerville 1975) to become82

I =
� � IB
�0

Z + IB, (1)

where I is the geometric height, IB (ÆG) is the terrain height, � (ÆG, C) is the variable height of the model83

top, Z is the transformed vertical coordinate that ranges from zero at the surface to the constant �084

at the model top. ÆG represents the horizontal coordinate(s), which just becomes G in discussing a85

2-D (G, I) configuration. Here, setting � = �0 recovers the basic Gal-Chen transformation.86

Another approach is to express the equations in terms of a generalized vertical coordinate that87

can then be used to transition the coordinate behavior from one form at lower levels to another88

at upper levels. For example, this approach has been designed by Konor and Arakawa (1997)89

to transition from a pressure based sigma coordinate near the surface to an isentropic coordinate90

higher in the atmosphere, and modified by Toy and Randall (2009) to change from a variant of91

the height-based Gal-Chen transformation at low levels to an isentropic coordinate aloft. This92

approach could be used here to transition from a height based vertical coordinate representation to93

a pressure coordinate at upper levels. However, this would add significant complexity to the model94

numerics as currently implemented in MPAS.95

MPAS-A currently uses a height-based smoothed hybrid terrain-following vertical coordinate96

that more rapidly transitions coordinate surfaces to a constant height aloft and thereby accelerates97

the removal of small-scale terrain influences on the coordinate surfaces with increasing height98

(Klemp 2011; Skamarock et al. 2012). To retain these beneficial features and avoid the complexity99

of a more general coordinate transformation, we modify the existing smoothed hybrid coordinate100

by altering it beginning at some level I?, which is chosen to be above the level at which the hybrid101

coordinate surfaces revert to constant height. Thus, we define102

I =
✓
Z � I?
�0 � I?

◆2

(� ��0) + Z , for I > I? (2)

5

where � is the height of the upper surface of the model domain and �0 is a constant nominal height103

of the domain such that Z = �0 at I = �. Here, we have specified a quadratic relationship between104

Z and I so that the metric mZ/mI will be continuous at I = I?. This coordinate representation is105

adaptive in that the variable height of the upper boundary � (G, C) can be continually adjusted to106

satisfy the desired boundary condition at the top of of the model domain.107

To have the upper surface follow a constant pressure surface, we adjust the height � by using the108

hydrostatic equation109

mq

mI
= � 6

'3)
, (3)

where q = ln(?/?0) for pressure ? and a reference surface pressure ?0, and ) is temperature, 6 is110

gravity, and '3 is the gas constant for dry air. At the model top at I = �, (3) can be written in the111

form112

� = �⇤ + '3)

6
(q⇤ �qtop), (4)

where �⇤ and q⇤ are the height and pressure at the upper surface at the current time step or iteration,113

and qtop is the desired constant pressure at the top boundary. Since this adjustment is applied every114

time step, we can adjust the boundary height to closely follow the constant pressure surface by115

applying only a portion of the full height correction, which may be beneficial in inhibiting any116

oscillatory behavior in the moving boundary. Thus, we can add a coe�cient to (4) such that117

� = �⇤ +U'3)

6
(q⇤ �qtop), (5)

where U  1. In applying (5) to adjust the height of the domain top, our experiments indicate that it118

is su�cient to maintain a pressure along the upper boundary that remains very close to the desired119

constant value and that it is not essential to achieve exact equivalence since the upper boundary120

material surface does not, in reality, precisely correspond to a surface of constant pressure.121

To further promote stability, we can spatially filter the newly computed � to remove small122

scale perturbations in the surface profile, if needed. This is conceptually similar to the smoothing123

introduced in the generalized vertical coordinate proposed by Toy and Randall (2009) and by others124

to insure smooth coordinate surfaces. In testing this filter, we smooth � by simply applying several125

passes of a second order horizontal Laplacian filter to the � profile.126

6
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Height of coordinate surfaces with a 
constant pressure upper boundary. 
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Diurnal Heating Test Case
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where Ĩ = (I� I1)/I3 and )C is the temperature of the diurnal variation at I !1, given here as202

)C = ) +�)3 · sin2c
✓
G

!4
+lC

◆
, (12)

with ) = ()C_<0G +)C_<8=)/2 and �)3 = ()C_<0G �)C_<8=)/2. In representing the periodic diurnal203

variation, we define !4 = 40,000 km as the circumference of the earth and l = day�1. If we assume204

that '3 and 6 are constant, we can obtain the pressure by integrating (3) using (11) and (12) with205

the result:206

q = q1 �
6I3
'3)1


Ĩ�

✓
1� )1

)C

◆
lncosh( Ĩ)

�
. (13)

To numerically simulate the evolution of the diurnal heating with time, we need to specify the207

internal heating rate in the thermodynamic equation. For this purpose, we first recast (11) for208

temperature ) :209

) = )C


)C
)1

(1� tanh Ĩ) + tanh Ĩ
��1

. (14)

Since the time derivative in the numerical representation of the thermodynamic equation is com-210

puted along coordinate surfaces, the heating rate to be used as a forcing term in this equation must211

also be computed at constant Z . Thus , the heating rate computed from (14) is given by212

&3 =
m)

mC
=

m)C
mC

tanh Ĩ� )C
I3

✓
1� )C

)1

◆
sech2 Ĩ

mI

mC

� 
)C
)1

+
✓
1� )C

)1

◆
tanh Ĩ)

��2

, (15)

where from (12),213

m)C
mC

= 2cl�)3 · cos2c
✓
G

!4
+lC

◆
(16)

and from (2),214

mI

mC
=
✓
Z � I?
�0 � I?

◆2 m�

mC
, for I > I? . (17)

b. Height of the constant pressure upper boundary surface215

Defining the nominal height �0 of the model domain as the height at the location where )C = )̄ ,216

applying (13), the height � of the constant pressure surface passing through this location must217

satisfy218

Ĩ� �
✓
1� )1

)C

◆
lncosh( Ĩ�) = Ĩ�0 �

✓
1� )1

)̄

◆
lncosh( Ĩ�0), (18)

11

3

boundary. Here, the time derivatives of the prognostic
variables in (7) are computed as the right hand sides of
these variables on the large time steps of the split-explicit
integration scheme (i.e.,,C = 'C

, ,*C = 'C
* , ( d̃3)C = 'C

d̃3
).

These right-hand side terms have already been computed
before the adjustment (7) is applied, just prior to advancing
the prognostic variables forward in time on the smaller
acoustic time steps. The time-dependent metric terms in
(7) are obtained directly from the coordinate definition (2):

ZI =
⇢
1+

2(Z � I?) (� ��0)
(�0 � I?)2

��1

, (8)

ZIC
Z2
I

= I2
Z
m

mC

⇣
I�1
Z

⌘
= �IZ C = �

2Z � I?
(�0 � I?)2

�C , (9)

and

[IG , IC , IGC , ICC ] =
✓
Z � I?
�> � I?

◆2

[�G ,�C ,�GC ,�CC ] . (10)

The metrics as defined in (8)–(10) apply only for I > I? ,
where the coordinate surfaces are moving. For I  I? ,
the coordinate surfaces are fixed in time and IG and ZI
are determined from the smoothed hybrid coordinate as
previously described for MPAS.

Upon completion of the small time steps in the split-
explicit integration, the actual vertical velocity F is recov-
ered as a diagnostic quantity using (6). In the regions above
I? where the coordinate surfaces are moving in time, this
equation now includes the additional metric IC .

3. Diurnal heating test case
For a 2-D test case with some element of realism, we

construct an idealized representation of the diurnal solar
heating at the equator within a periodic (G, I) channel.
Here, we are guided by a vertical cross section for tem-
perature taken along the equator from a WACCM-X (Liu
et al. 2018) simulation valid at 00Z on 21 January 2000
(provided by Hanli Liu, personal communication), shown
in figure 1a. Based on this cross section, we prescribe a
synthetic diurnal cycle in a hydrostatic atmosphere where
the columns are assumed to be independent of one another.
Since the diurnal heating is primarily evident in the ther-
mosphere, we place the lower boundary of the simulation
domain at I1 = 100 km, where we specify a constant tem-
perature)1 = 200 K and pressure ?1 = 0.03 Pa (q1 = �15),
consistent with the conditions at 100 km in the WACCM-X
simulation.

a. Temperature and heating rate

To represent the temperature field, we define the max-
imum daytime top temperature as )C_<0G = 1125 K and
the minimum nighttime top temperature as )C_<8= = 825

F��. 1. Vertical cross section along the equator from the WACCM-
X 2.0 Model at 00Z on 21 January 2000 for (a) temperature and (b)
horizontal (longitudinal) velocity.

K, with a scale height for the lower level vertical temper-
ature gradients at I3 = 50 km. We then model the inverse
temperature to be used in the hydrostatic relation (3) as

)�1 = )�1
1 �

⇣
)�1
1 �)�1

C

⌘
tanh

I� I1
I3

(11)

Initial (inverse) temperature:

Diurnal temperature variation as              :where Ĩ = (I� I1)/I3 and )C is the temperature of the diurnal variation at I !1, given here as202
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◆
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�
. (13)

To numerically simulate the evolution of the diurnal heating with time, we need to specify the207

internal heating rate in the thermodynamic equation. For this purpose, we first recast (11) for208

temperature ) :209

) = )C


)C
)1

(1� tanh Ĩ) + tanh Ĩ
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b. Height of the constant pressure upper boundary surface215
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applying (13), the height � of the constant pressure surface passing through this location must217
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Physically realistic solutions require 
dissipation in the horizontal 
momentum equation.
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MPAS and WRF Results at 1 day
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Diurnal Heating with Rigid Lid Upper Boundary
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Initial temperature field
Simplified test case configuration to 
compare with linear analytic solution

• Initial temperature independent of height:

• Heating function independent of height:

• Linear analytic solution:

T = T̄ +∆Td · sin

(

2πx

Le

)

∂T

∂t
= 2π∆Td · cos 2π

(

x
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Comparison with Rigid Lid Results at 1 day
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Summary
• Height-based hybrid terrain-following coordinates seem well suited for 

deep atmosphere domains.

• For applications extending into the thermosphere, realistic simulations 
may require an upper boundary that permits vertical 
expansion/contraction of the atmosphere.

• For a height-based vertical coordinate, the rigid lid upper boundary can 
be relaxed through a simple coordinate transform that requires only 
minor modifications  to the model numerics.

• Applying a hydrostatic adjustment each time step, the upper boundary 
can adaptively move to follow a desired constant pressure surface.

• An idealized diurnal heating test case confirms the viability of the 
technique and emphasizes the importance of relaxing the rigid lid 
constraint.


