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Atmospheric turbulence and planetary 
boundary  layers (PBLs) 

Physics Geo-sciences 
 

Revised paradigm for  
stratified turbulence: self-  

control and self-organisation 
 

PBLs link atmosphere,  
hydrosphere, lithosphere 

and cryosphere within  
weather & climate systems 

 
Revised turbulence-  

energetics, turbulence-closure 
and PBL theory and modelling 

 

Improved “linking algorithms” 
in weather & climate models 

Progress in understanding and modelling 

weather & climate systems 



Geospheres in climate system 
Turbulence performs vertical 
transports of energy, matter 
and momentum in the air and 
water 
 
Atmosphere, hydrosphere, 
lithosphere and cryosphere 
are coupled through turbulent 
planetary  boundary layers 
PBLs (dark green lenses) 
 
PBLs include 90% biosphere  
and the entire anthroposphere 

 



Changing the paradigm 
 TRADITIONAL: 

•   Fluid flow (implied neutral) = 
    mean flow (regular) +   
    turbulence (chaotic) with 
•   forward energy cascade 
    from larger to smaller eddies            
•   towards viscous dissipation  
 

 

 

http://www.jpgmag.com/photos/1006154 REVISED: Geophysical fluid flow (stable/unstable) =  
•   mean flow  + 
•   usual turbulence with forward cascade towards dissipation + 
•   anarchy turbulence (inverse energy transfer) from smaller     
    to larger eddies (e.g., merging plumes in turbulent convection) 
•   towards large organised structures (secondary circulations) 

   



http://www.jpgmag.com/photos/1006154 

Role of planetary boundary layers (PBLs): 
TRADITIONAL VIEW 

ocean 

Surface fluxes between 
AIR 
and 
WATER (or LAND) 
fully characterise interaction between 
ATMOSPHERE and OCEAN / LAND 

Monin-Obukhov similarity theory (1954) 
(conventional framework for determining 
surface fluxes in operational models) 
disregards non-local features of  
convective and long-lived stable PBLs 



http://www.jpgmag.com/photos/1006154 

Role of PBLs: MODERN VIEW 
Because of very stable stratification in the atmosphere  
and ocean beyond PBLs and convective zones, the 
density increments at the PBL outer boundaries 
prevent the entities delivered by the surface fluxes (or 
emissions) to efficiently penetrate from the PBL into 
the free atmosphere or deep ocean.  
 

Hence the PBL heights and the fluxes due to 
entrainment at the PBL outer boundary essentially 
control local weather including extreme weather events  
 - heat waves associated with convection,  
 - strong stable stratification triggering air pollution, etc.  
 

This modern view (relevant also to hydrosphere) 
requires accurate modelling of the 
 - PBL height (depth) and  
 - turbulent entrainment at the PBL outer boundary 



Very shallow boundary layer separated form 
the free atmosphere by capping inversion 

PBL height visualised by smoke blanket (Johan The Ghost, Wikipedia) 
Capping inversion restricts the PBL-free flow exchange 



 Classification by the sign of the surface buoyancy flux Bs 
      Stable Bs < 0 

     Neutral Bs = 0 
     Unstable (convective) Bs > 0 
 disregards free-flow Brunt-Väisälä frequency N (at z >h).   
_________________________________________________________________________________________________________________________________________________________ 

We account for N and distinguish 
     Stable             nocturnal stable (NS) N = 0     

                   long-lived stable (LS) N > 0 
    Neutral            truly neutral (TN) N = 0 
                  conventionally neutral (CN) N >0 
 

     Unstable shear-free (convective cells)  in two-layer fluid N = 0  
                in stratified fluid N > 0 

 

      Unstable sheared (convective rolls)      in two-layer fluid N = 0  
                in stratified fluid N > 0 

 
 

 

 

Different  types  of  PBL 



 
PBL shallowing due to free-flow stability 

 
●  LES  
●   observations   

Traditional theory 

Advanced theory (Z et al., 2007)‏ 

Nocturnal  
PBL Polar PBL 

Marine  
PBL 

The effect of free-flow Brunt-Väisälä frequency N on the equilibrium CN PBL height hE  

Dashed line –  
traditional TN 
PBL model  
 

Heavy curve –  
CN PBL model   
 
 
 
 
 

Red points –  
LES 
 
 
 
 
  

Blue points – 
atmospheric 
data 



PBL deepening due to baroclinic shear  

 
      

Theoretical model                                 against LES (LESDATABASE64, NERSC) 

Dimensionless baroclinic shear, x = Sg/N  
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Turbulence-closure theory milestones 
  Boussinesq 1877 Turbulent transfer is similar to molecular transfer but 
stronger 

     à down-gradient transport à K-theory (eddy viscosity, conductivity, diffusivity)   
 
 
 

Richardson (1920, 1922) role of stratification (Ri), the forward energy cascade 
 

  Prandtl (1930s) mixing length l ~ z, velocity scale  uT ~ ldU/dz, viscosity K ~ 
luT  

 Kolmogorov (1941) quantified the cascade, closure as a problem of energetics: 
  • budget equation for turbulent kinetic energy (TKE)  
  • TKE dissipation rate expressed through the turbulent-dissipation length scale 
  uT ~ (КЭТ)1/2, K ~ lεuT   underlies further developments through 20th century 

 Obukhov (1946) TKE-closure extended to stratified flows by adding the buoyancy flux 
in TKE equation, introduced Obukhov length scale L , but kept l ~ z 

 Monin & Obukhov (1954) M-O similarity theory (MOST) for the atmospheric 
surface layer à  z /L 

 Mellor & Yamada (1974) hierarchy of K-closures à turbulence cut-off problem 
overtaken heuristically 

 

 

 



Turbulence cut-off problem: Ri and Re 
  Buoyancy  b = (g/ρ0)ρ ≈  (g/T0)dΘ/dz  (g –  gravity acceleration, ρ – 
density) 

  Velocity shear  S = dU/dz   (U – velocity, z – height)     
 

  Richardson number characterises static stability:   

                               the higher Ri (or z/L), the stronger suppression of turbulence 

 Key question What happens with turbulence at large Ri? 

 Historical answer At Ri exceeding critical value (Ricritical< 1) turbulence 
degenerates, and the flow becomes laminar (Richardson, 1920; Taylor, 
1931; Prandtl, 1930,1942; Chandrasekhar, 1961;…‏) 

 Observations in nature and numerical (LES, DNS) experiments                                    
GEOPHYSICAL (very high Re) turbulence is maintained up to Ri > 102                 

 Lab experimentsat with low Re Flow becomes  laminar at supercritical Ri   

2)/(
/
dzdU
dzdbRi =



Mainstream in turbulence  closure theory 
  Prandtl-1930’s followed the Boussinesq idea of down-gradient transport (K-theory),          
determined K ~ luТ , and expressed turbulent velocity uT heuristically through the 
mixing length l and velocity gradient 

  Kolmogorov-1942 (for neutrall stratication) followed Prandtl concept of eddy 
viscosity KM ~ luТ ; determined uT  = (ТКЕ)1/2 through the turbulent kinetic energy 
(TKE) budget equation with dissipation rate   ε ~ (TKE)/tT ~ (TKE)3/2/l 

 Obukhov-1946 and then the entire turbulence community extended Kolmogorov’s closure 
to stratified flows keeping it untouched, except for inclusion of the buoyancy flux in 
the TKE equation  

 This approach overlooked turbulent potential energy TPE and its interaction with TKE 
and employed   Prandtl’s relation K ~ luТ to both KM  and eddy conductivity KH,     
which caused unrealistic cut off turbulence in supercritically stable stratification 

 Mellor and Yamada (1974) developed corrections preventing the turbulence cut-off  

  



Energy- & flux-budget (EFB) closure (2007-13)  
     Budget equations for major statistical moments 

  Turbulent kinetic energy (TKE)   EK    
  Turbulent potential energy (TPE)  EP     
  Vertical flux of temperature              Fz= <θw> [or flux of buoyancy (g/T)Fz ] 
  Vertical flux of momentum              τiz = <uiw> (i = 1,2)                             
New equation for the dissipation time scale   tT = EK/εK = l(EK)-1/2

 

   Accounting for TPE, vertical heat flux (killed TKE in Kolmogorov-type closures) 
drops out from the equation for total turbulent energy (TTE = TKE + TPE) 
  Heat-flux equation restricts Fz through counter-gradient heat transfer and yields   
self-preservation of turbulence  and  no Ri-critical in the energetic sense            
====================================================================================================================== 

  EFB disclosed two different regimes of stably stratified turbulence                                                                     
”Strong-mixing turbulence” in boundary layer flows        with KM ~ KH  at Ri < Ric 
”Wave-like turbulence” in free atmosphere    with PrT = KM /KH ~ 4 Ri  at Ri >>Ric   

      New vision: PBL height separates strong-mixing and wave-like regimes 

     Conventional theories (e.g. Monin-Obukhov) overlook wave-like regime 



Turbulent potential energy  –  analogy to 
Lorenz (1955) available potential energy  

Buoyancy fluctuation proportional to displacement of fluid particle 

 
 

 
Potential energy proportional to squared buoyancy/temperature 
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Turbulent energy budgets 
Kinetic energy 

Potential energy 

 

Total energy 

Buoyancy flux βFz drops out from the turbulent total energy budget 
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    Budget equation for the vertical  
turbulent flux of momentum  3i iu wτ =
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  Effective dissipation 



LES verification of Kolmogorov closure for effective 
dissipation of the turbulent flux of momentum ( )

3(eff )
τε i

LES incapable  
of modelling  
viscous terms 
(presumably 
negligible in 
strongly stable 
stratification)  



  Budget equation for the vertical turbulent     
    flux of potential temperature zF wθ=
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(1) We have shown that pressure term combines with mean-squared  
 

potential-temperature-fluctuation term:                                                     
 
(2) On r.h.s. of the equation, 1st term (generation of positive heat flux) 
counteracts to 2nd term (generation of negative heat flux) and yields 
self-control of turbulence in very stable stratification 
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LES verification of our parameterization of 
  the pressure term  1

0 p zρ θ− ∂ ∂ 2~ θβ



Ri-dependence of the buoyancy flux B = βFz 
 

Ri 

Stable stratification 
(boundary layer) 

Neutral 
stratification 

Weak turbulence regime 
(free atmosphere) 

Data (Sheba) and theory disprove very concept of eddy-conductivity 
 
 
 
 
 
 

Almost neutral stratification (0<  z/L <0.5)  MOST OK 
 
 
 
 
 
 

“z-less stratification” (0.5< z/L <<10)          MOST OK  
 
 
 
 
 
 

Very stable stratification (z/L >> 10)           MOST fails 
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Turbulent dissipation time and length scales 
By definition, time scale                         and length scale   
 

 

The steady-state TKE budget 
 

Flux Ri                                      Obukhov      
number                                     length 
 

Shear: neutral                  , extreme stable (TKE) 
 

Interpolation yields empirical 
law valid in any stratification  
 

Combining this 
law with the TKE 
equation yields       
            where kz plays the role of a “master length scale”   
 

KKT Et ε/≡ TK tEl 2/1≡

( )
TE

K
Kfz t

ERiSFS −≡=−≡+ ετβτ 1

SLS
FRi z

f

2/1τ
τ
β

=
−

≡ 1<→ ∞RRi f
zF

L
β
τ
−

=
2/3

kz
S

2/1τ
=

LRR
FS z

∞∞

=
−

→
2/1τ

τ
β

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=

∞ L
z

R
k

kz
S 1

2/1τ
6.1/ =∞Rk

f

fK

K
TE Ri

RRiE
zCE

kzt
−

−
⎟
⎠

⎞
⎜
⎝

⎛
Ω+

= ∞

Ω 1
/12/3

2/1 τ



Relaxation equation for dissipation time scale 

Evolution of tT is controlled by 
 

tendency towards equilibrium 
 

counteracted by distortion due to non-stationary processes and 
heterogeneity causing mean-flow and turbulent transports. 
 

This counteraction is described by RELAXATION EQUATION  
 
 
 
 
 

           relaxation constant (differs for increasing/decreasing regimes)  
KT  is the vertical turbulent exchange coefficient (~ to eddy viscosity) 
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Major results 
•  CONCEPT of turbulent potential energy analogous to Lorenz’s 
available potential energy; both ~ squared density (O & T, 1986) 

•  CONCEPT of self-control: down-gradient buoyancy flux àTPE à 
compensating counter-gradient flux / TPE converts back into TKE 

•  Geophysical (high-Re) flows remain turbulent at supercritical Ri.    
“Critical” Ric ~ 0.25 demarcates two different turbulent regimes:                       
- known strong turbulence with KM ~ KH at Ri < Ric typical of PBLs       
- new weak turbulence with PrT = KM /KH ~ 4Ri at Ri >>Ric in free flow 

•  Hierarchy of closure models of different complexity – for use in 
research and operational modelling (incl. new dissipation time scale) 

•  Revision of Monin-Obukhov surface-layer similarity theory (MOST)      
•  Experiments confirm EFB theory up to Ri ~ 103 (free atmosphere/ocean) 

 

 



Examples of empirical verification 



Turbulent Prandtl number PrT  = KМ /KH  versus  Ri 

Atmospheric data:     (Kondo et al., 1978),    (Bertin et al., 1997); laboratory experiments: 
  (Rehmann & Koseff, 2004),    (Ohya, 2001),   (Strang & Fernando, 2001); DNS:   (Stretch et al., 
2001); and LES:   (Esau, 2009). The curve sows our EFB theory. The “strong” turbulence (PrT ≈ 
0.8) and the “weak” turbulence (PrT  ~ 4 Ri) match at Ri ~ 0.25.… 
 

MOST assumes PrT = constant  (Reynolds Analogy) 
Prior closures àheuristic corrections to R-analogy 



Longitudinal Ax, transverse Ay & vertical Az TKE shares vs. z/L 

Experimental data from Kalmykian expedition 2007 of the Institute of Atmospheric 
Physics (Moscow). Theoretical curves are plotted after the EFB theory. The traditional 
“return-to-isotropy” model overlook the stability dependence of Ay clearly seen in 
the Figure. The strongest stability, z/L =100, corresponds to Ri = 8.  



Порог  Ri = 0.25 

The share of turbulent potential energy ЕР / (ЕР+ЕК) 

Насыщение ЕР / (ЕР + ЕК) ~ 0.2-0.4  



The share of the energy of the vertical velocity  Еz   / ЕK 



 
Dimensionless vertical flux of momentum: two plateaus 
corresponding to the strong and weak turbulence regime 

traditional closures and MOST assumes τ/EK = constant 
s 



 
 
 
 

Dimensionless heat flux: practically constant in 
strong turbulence and sharply decreases in weak 

turbulence  
MOST assumes Fz/(EK Eθ)1/2 = constant 

traditional closures overlooked this dependence 
 
 
 



  
      Dimensionless velocity gradient 
     versus ζ = z/L after LES (dots) and the EFB model (curve)  
                                             MOST OK   
 

( ) ( )/ / /M kz u U z∗Φ = ∂ ∂



 
Dimensionless temperature gradient 
 versus ζ = z/L after LES (dots) and the EFB model (curve)                          
         MOST and conventional closure models fail  
 

( )zFzk zTH ∂Θ∂−=Φ /)/( 2/1τ



 
Richardson number, Ri, versus ζ = z/L                               

after LES (dots) and the EFB model (curve)  
 



General closure model: energy & flux equations 
Kinetic energy 

Potential energy 
 

Momentum flux 
 

Θ-flux 

Turbulent exchange coefficients for energies and fluxes are taken 
proportional to the eddy viscosity  
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General closure model:           Vertical TKE 
To characterise stability we use, instead of Rif , the energy-ratio    
                     {in the steady-state Π = CPRif /(1 – Rif) } and employ 
our steady-state solution to express                 and               as  
universal functions of Π determined from our prognostic equations 

          Dissipation time scale 
Similarly, we express the equilibrium time scale tTE through Π 

 

 

and determine tT  after our relaxation equation 
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For operational modelling                                                          
we recommend model based on 3 prognostic equations for:                                                                                   
- the the two turbulent energies EK and EP                                            
- and the dissipation time scale  tT                                                      
- in combination with diagnostic eddy viscosity & eddy conductivity 

Advantages                                                                                      
- consistent energetics with no Ri-critical                                         
- advanced concept of the turbulent dissipation time scale               
- “energy stratification parameter” preventing artificial extremes       
- essential anisotropy of turbulence                                                
- generally non-gradient and non-local turbulent transports 

 

Optimal meteorological EFB closure model 



EFB compared to case study GABLS-1 



0

50

100

150

200

250

300

350

400

0 2 4 6 8 10 12

Wind Speed (m/s)

H
ei

gh
t (

m
)

 LES (INM)
 Our EFB closure model
 MUSC (Meteo France)

Other second-order closures:
 LouvainU-eps
 Environment Canada
 NASA
 UIB-UPC
 York U

0

50

100

150

200

250

300

350

400

261 262 263 264 265 266 267 268

 LES (INM)
 Our EFB closure model
 MUSC (Meteo France)

Other second-order closures:
 LouvainU-eps
 Environment Canada
 NASA
 UIB-UPC
 York U

Potential Temperature (K)
H

ei
gh

t (
m

)

EFB-closure profiles of the wind speed and potential temperature   

compared with the GABLS1 LES 

Comparison with GABLS1 (Holtslag et al, 2003) 
Nocturnal Stable PBL 
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Temporal development of the Obukhov 
length-scale and friction velocity 

•  No tuning of empirical constants to this particular case 

•  Very little sensitivity to spatial resolution 

•  Works well with only one prognostic equation (TKE) 
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§  TKE budget equation is INSUFFICIENT 
  EK and EP are equally important  → Е = EK + EP 

§  There is no Ric  in the energetic sense; experimental 
data confirm this theoretical conclusion up to Ri ~ 103 

§  Ri ~ 0.2-0.3  (hydrodynamic instability limit) separates 
regimes of “strong” and “weak“ turbulence 

§  Newly discovered “weak turbulence regime” is typical 
of free atmosphere and deep ocean, wherein it 
determines turbulent transport of the energy and 
momentum and diffusion of passive scalars 

§  The EFB closure provides advanced tools for research 
and modelling applications 

Conclusions 



§  EFB turbulence closure à new vision and modelling of 
geophysical stably stratified turbulence 

§  No Ric  in the energetic sense: experimental data 
confirm this conclusion up to Ri ~ 103 

§  Instead: Ri ~ 0.2-0.3  (hydrodynamic instability limit) 
separates regimes of “strong” and “weak“ turbulence à 
the boundary between PBL and free atmsophere à 
another view at the PBL height 

§  MOS is applicable to the “strong” turbulence regime 
typical of boundary layer flows but inapplicable to “weak 
turbulence” typical of free atmosphere / ocean 

Conclusions 



References (last decade) 
 

Zilitinkevich, S.S, Gryanik V.M., Lykossov, V.N., Mironov, D.V., 1999: A new concept of the third-order transport and 
hierarchy of non-local turbulence closures for convective boundary layers. J. Atmos. Sci., 56, 3463-3477. 

Mironov, D.V., Gryanik V.M., Lykossov, V.N., & Zilitinkevich, S.S., 1999: Comments on “A new second-order turbulence 
closure scheme for the planetary boundary layer” by K. Abdella, N. Mc.Farlane. J. Atmos. Sci., 56, 3478-3481. 

Zilitinkevich, S.S., Elperin, T., Kleeorin, N., Rogachevskii, I., 2007: Energy- and flux-budget (EFB) turbulence closure 
model for the stably stratified flows. Pt.I: Steady-state, homogeneous regimes. Boundary-Layer Meteorol. 125, 
167-192. 

Mauritsen, T., Svensson, G., Zilitinkevich, S.S., Esau, I., Enger, L., Grisogono, B., 2007: A total turbulent energy closure 
model for neutrally and stably stratified atmospheric boundary layers, J. Atmos. Sci., 64, 4117–4130.  

Zilitinkevich, S., Elperin, T., Kleeorin, N., Rogachevskii, I., Esau, I., Mauritsen, T., Miles, M., 2008: Turbulence energetics 
in stably stratified geophysical flows: strong and weak mixing regimes. Quart. J. Roy. Met. Soc. 134, 793-799. 

Sofiev M., Sofieva V., Elperin T.,  Kleeorin N.,  Rogachevskii I., Zilitinkevich S.S., 2009: Turbulent diffusion and turbulent 
thermal diffusion of aerosols in stratified atmospheric flows. J. Geophys. Res. 114, DOI:10.1029/2009JD011765 

Zilitinkevich, S., Elperin, T., Kleeorin, N., L'vov, V., Rogachevskii, I., 2009:  Energy- and flux-budget (EFB) turbulence 
closure model for stably stratified flows. Pt.II: The role of internal waves. Boundary-Layer Meteorol. 133, 139-164.  

Zilitinkevich, S.S., 2010: Comments on numerical simulation of homogeneous stably stratified turbulence. Boundary-Layer 
Meteorol. DOI 10.1007/s10546-010-9484-1 

Zilitinkevich, S.S., Esau, I.N., Kleeorin, N., Rogachevskii, I., Kouznetsov, R.D., 2010: On the velocity gradient in the stably 
stratified sheared flows. Part 1: Asymptotic analysis and applications. Boundary-Layer Meteorol. 135, 505-511. 

Kouznetsov, R.D., Zilitinkevich, S.S., 2010: On the velocity gradient in stably stratified sheared flows. Part 2: Observations 
and models. Boundary-Layer Meteorol. 135, 513-517.  

Zilitinkevich, S.S., Kleeorin, N., Rogachevskii, I., Esau, I.N., 2013: A hierarchy of energy- and flux-budget (EFB) 
turbulence closure models for stably stratified geophysical flows. Boundary-Layer Meteorol. 146, 341-373.   



Major results 
•  CONCEPT of turbulent potential energy analogous to Lorenz’s 
available potential energy; both ~ squared density (O & T, 1986) 

•  CONCEPT of self-control: down-gradient buoyancy flux àTPE à 
compensating counter-gradient flux / TPE converts back into TKE 

•  Geophysical (high-Re) flows remain turbulent at supercritical Ri.    
“Critical” Ric ~ 0.25 demarcates two different turbulent regimes:                       
- known strong-mixing turbulence KM ~ KH at Ri < Ric typical of PBLs             
- new wave-like turbulence PrT = KM /KH ~ 4Ri at Ri >>Ric free flows 

•  Hierarchy of closure models of different complexity – for use in 
research and operational modelling  

•  Observations in atmosphere, LES and DNS confirm EFB theory up 
to Ri ~ 103 (free atmosphere/ocean) 
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