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Bayesian Inversion

min ](x)——(x x) ' B1(x - xb)+ [h(x) — y°]"TRI[h(x) — y°]

x Control Variable h Model/observation operator
x? Prior y° Observations
B Prior error covariance R Model/observation error covariance
° |ncrementa| A4D-Var Control Variable (CV)
1 1 Increment
h(x'™1 + 6x) ~ h(xi™1) + EI@
Jacobian

e Square-root Preconditioning
Sx = Preconditioned
CV Increment

B=LL'



Incremental 4D-Var 1@ =5@-2)B"(x-)

+2 [h(0) ~ Y TR AG) — ]

Nonlinear Model
(residual and h(xn_l) -
trajectory)

Initial Gradient b, =V] Aév" = b,
(Least Squares)

,dooq Ja1nQ,,

A, ~A=V? | “InnerLloop”

Ox™ = Lév™ = LAF;‘;lb — x™ = x"1 4 §x™




Incremental 4D-Var

Nonlinear Model
(residual and h(x™ 1)
trajectory)

Initial Gradient — V]~ TARGET OF
THIS WORK
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Also for

“Inner Loop”|—{ Posterior
Covariance

x™ = Lév" = LA’;‘;lb — x™ = x""1 + 8x"




“Inner Loop”

— A, ~I+LTH'RT'THL=A

Conjugate Gradient — Lanczos
sequential — iteration — traditional
(e.g., Golub and Van Loan, 1996)

_ (initial gradient)

q1 = by

doi=2,..,k

q; = f(Aql-_l)-» Q,, Hessian Basis Set

end dO (dependent)

N —xT A vl
A, = VAV,
(approximate eigen-decomposition)

f —e.g., Lanczos recurrence

nxn

n~ 10> — 107

(1) Can not store in memory
(2) Can multiply by vectors



“Inner Loop”

— A, ~ 1+ LHR'HL = A

Adjoint and Tangent
Linear models use
majority of wall- |
time, storage,
memory

CG — Lanczos

sequential — iteration — traditional
(e.g., Golub and Van Loan, 1996)

Iterations imply
additive wall-times

q: = with increasing k.
doi=2,..,k +

. . Scalable parallelismin H
. = f(Ag@g;:_+ )l Q, Hessian Basis Set
qi = [(Agi_)]> & H' are model/domain

b (initial gradient)
0

dd (dependent) o
enda ao _ o o dependent and limited
A = VAL Vy due to lower resolution
(approximate eigen-decomposition) than h(x)

f —e.g., Lanczos recurrence



“Inner Loop”

— A, ~I+LTH'RT'THL=A

RIOT
(Bousserez and Henze, 2017)
/
CG — Lanczos Randomized SVD (RSVD)
sequential — iteration — traditional parallel — ensemble — new

(e.g., Golub and Van Loan, 1996) (e.g., Halko et al., 2011)

_ank ~ N(O,l) normal random noise

(initial gradient)

q, = by

Yk = AQ™YF =|[Aw; Aw, - Awy]

doi=2,..,k

(independent)

q;. — f(Aql-_l)» Q,, Hessian Basis Set <—QR(YTle)

end dO (dependent)

N —xT A vl
A, = VAV,
(approximate eigen-decomposition)

f —e.g., Lanczos recurrence
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(temporal)
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x = In(FLUX)
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1 33.0°
+5 [h() = y] "R [A(x) — y]

n{ = 241 observations

DOFs~15+«

(# independent sources constrained)

racer emissions inversion

WRF-Chem residual error for
ARCTAS Aircraft SP2 black
carbon (22 June, 2008)
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[Guerrette and Henze, 2015, GMD; Guerrette and Henze, 2017, ACP]



First Inner Loop Incre

ment Convergence

3 «10% . .
Least Squares: — — Randomized SVD
Adv* = b, —— CG-Lanczos
N 25F  /\
5x% = LA.'b \ RSVD:
\
.l \ (1) Up to X10 faster for Q |
\\ estimation

% —||2

Perfect increment
from full-rank SVD
(k=241)

Conclusion for each inner
loop:

* CG requires 10 iterations

0.5

(2) X4 FLOPs

1 L N — —
5 15

0
0

* RSVD requires 40 ensembles
(both proportional to DOFs , A-spectrum dependent)
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Cost Function Convergence
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Computational Scaling

Wall-Time

4 days

2 days

1 day -

15 hr

8 hr

4 hr

T

G4

cG.S

MPI Limit

!

CG_16
X

CG.32
CG_64

CG.96

X 16 cores per Hessian multiplication

1 I

| 1 | |

1

CG_128*

* CG scalability limited by
model-level
parallelization and
architecture

e RIOT wall-time could be
further improved by
using more cores per
ensemble

RIOT_656
X

4 8

Cores

16 32 64 96 128

656

*128-core simulation
introduces errors due to
WRF MPI parallelization
limit for 80-by-80
model columns
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Incremental 4D-Var

P2 estimation in
final outer iteration

~

— A, ~ A=V?] | “Innerloop”| P2 = LA"ILT

12



Posterior Covarianc

500

e Convergence

|Pa —(P9)|

(Frobenius Norm)
400

Perfect covariance from
full-rank SVD (k=241)

=
P2 = LA;'LT A
|
A

Conclusion for final

inner loop:

* CG requires ~40
iterations 50

T

T

— — Randomized SVD
—— CG-Lanczos |

RSVD:

(1) Approx. x40 faster
for Q estimation

(2) x1.2 FLOPs ‘

* RSVD requires ~47 0
ensembles

(both proportional to DOFs , A-spectrum dependent)
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Total Inversion Wall-Time  (a0s~a2 minutes

Traditional RIOT
(sequential, 16 cores) (parallel, 656 cores)
Increment (AD+TL)Xx54 (AD+TL)x8.8
(k — 101 Nout = 5) (k — 401 Nout = 7)
Posterior (AD+TL)x40.5 (AD+TL)Xx 1.2
Covariance (k = 40) (k =47)
TOTAL (AD+TL)Xx94.5 (AD+TL)x11.0

Further Scaling Improvements:

» Code/scripts not optimized for I/O yet

* WRFDA-Chem 4D-Var includes line search & checkpoint I/0, NWP does not
e RIOT wall-time benefits improve for higher k (higher DOFs)



Summary and Next Steps

RIOT enhances computational scalability for 4D-Var in WRFDA
Existing code+script is applicable to all WRFDA applications

Optimal configuration for each application and architecture
requires tradeoff analysis:

* |/O requirements
* Model parallelization (# cores/ensemble, MPI, OpenMP?)
* 4D-Var algorithm parallelization (# ensembles vs. accuracy, RIOT)

(not shown) RIOT preconditioning techniques can further
reduce both wall-time and core-time (hardware energy
consumption)

Need to apply to higher DOFs problem
Need to test with physical nonlinearities (besides lognormal J)
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How can CG be that efficient for

increment?

gradient/ b=LTHTR™! [H(xn—l) —y]

seed vector

Hessian A = I +|LTHTR™YHL

Increment §x = LAA:lb

(1) Least squares: dominant eigenmodes align with b,

(2) shared spectral informatioN —————

— consistent with Hansen (2010)
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Full Optimization Scenarios

Cores per Hessian #lterations # outer
Hessian Approx. |,& | feratons
Multiplication | Method
CG_4 4 CG 10 6
CG_16 16 CG 10 6
CG_96 96 CG 10
CG_128 128 CG 10

RIOT_656 16 RSVD 40
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